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MULTIPLE MIXING AND DISJOINTNESS FOR
TIME CHANGES OF
BOUNDED-TYPE HEISENBERG NILFLOWS

BY Grovannt Fornt & Apam Kanicowskr

Asstract. — We study time changes of bounded type Heisenberg nilflows (¢:) acting on the
Heisenberg nilmanifold M. We show that for every positive 7 € WS(M), s > 7/2, every non-
trivial time change (¢]) enjoys the Ratner property. As a consequence, every mixing time
change is mixing of all orders. Moreover, we show that for every 7 € W$(M), s > 9/2 and
every p,q € N, p # gq, (d);t) and ( ;t) are disjoint. As a consequence, Sarnak conjecture on
Mobius disjointness holds for all such time changes.

Résumic (Mélange multiple et disjonction pour les reparamétrisations des flots nilpotents de type
borné)

Nous étudions les reparamétrisations (¢ ) des flots nilpotents de Heisenberg de type borné
sur une variété nilpotente de Heisenberg M. Nous montrons que, pour des fonctions positives
T € W9(M) (espace de Sobolev) avec s > 7/2, toute reparamétrisation non triviale (¢7) a la
propriété de Ratner. En conséquence, toute reparamétrisation mélangeante est mélangeante de
tous les ordres. De plus, nous montrons que pour toutes les fonctions 7 € W*(M), avec s > 9/2
et pour tous p,q € N, p # ¢, les flots ( ;t) et ( ;’t) sont disjoints. Il s’ensuit, en particulier, que
la conjecture de Sarnak sur la disjonction de la fonction de Mobius est valable pour toutes ces
reparamétrisations.
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64 G. Fornt &« A. Kantcowskr

1. INnTRODUCTION

In this paper we study ergodic properties of time changes of Heisenberg nilflows.
Nilsystems on (non-abelian) nilmanifolds are classical examples of systems which share
some features from both the elliptic and the parabolic world. They always have a non-
trivial Kronecker factor which is responsible for the elliptic behavior (in particular they
are never weakly mixing). On the other hand, orthogonally to the elliptic factor they
exhibit polynomial speed of divergence of nearby trajectories and are polynomially
mixing, which are properties characteristic of parabolic systems.

We are interested in the lowest dimensional (non-abelian) situation, i.e., nilflows on
3-dimensional Heisenberg nilmanifolds. In [3] it was shown that, for every (ergodic)
Heisenberg nilflow, there exists a dense set of smooth time changes which are mix-
ing. This result was strengthened in [13], where it was shown that for a full measure
set of Heisenberg nilflows a generic time change is mixing, and moreover one has a
“stretched-polynomial” decay of correlations for any pair of sufficiently smooth observ-
ables. For Heisenberg nilflows of bounded type the decay of correlations is estimated
in [13] to be polynomial, as expected according to the “parabolic paradigm” (see [18,
§8.2.f]). The mixing result of [3] was generalized in [27] to a class of nilflows on higher
step nilmanifolds, called quasi-Abelian, which includes suspension flows over toral
skew-shifts, and then recently to all non-Abelian nilflows in [4]. These general results
reach no conclusion about the speed of mixing.

For time changes of horocycle flows, polynomial decay of correlations, as well as the
property that the maximal spectral type is Lebesgue, were proved in [14]. A different
proof of the absolute continuity of the spectrum was given simultaneously and in-
dependently by R. Tiedra de Aldecoa [29] under the so-called Kushnirenko condition
(a positivity condition which holds for small time changes) and later in general [30].
More recently, B. Fayad and the authors [6] have proved that the spectrum is Lebesgue
of countable multiplicity, also for a class of Kochergin flows on the two-torus. Nothing
is known about the spectrum of smooth-time changes of nilflows beyond the mixing
results of [3] and [13]. In particular, even for Heisenberg nilflows of bounded type,
it is unclear whether the spectrum has an absolutely continuous component.

It follows from [3] and [13] that by a time change one can alter the dynamical
features of Heisenberg nilflows, i.e., the elliptic factor becomes trivial for the time-
changed flow and the mixing property holds (with polynomial decay of correlations for
bounded type nilflows). It is therefore natural to ask to what extent the time-changed
flow can behave, roughly speaking, as a “prototypical” parabolic flow (there is no
widely accepted formal definition of a parabolic system). One of the characteristic
features of parabolic systems is the Ratner property which quantifies the polynomial
speed of divergence of nearby trajectories. It was first established by M. Ratner in [25]
in the class of horocycle flows and was applied to prove Ratner’s rigidity phenomena
in this class. Moreover, in [26], M. Ratner showed that the Ratner property survives
under C'! smooth time changes of horocycle flows, hence similar rigidity phenomena
hold for time changes. One of the most important consequences of this property is
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that a mixing system with the Ratner property is mixing of all orders. Indeed, Ratner
showed that the Ratner property implies so-called PID property of the set of joinings
which in turn implies higher order mixing, as observed by del Junco and Rudolph.

Recently Ratner’s property (or its variants) was observed in a new class of (non-
homogeneous) systems, that of smooth flows on surfaces with finitely many (saddle-
like) singularities. In [7], the authors studied the case of smooth mixing flows on the
two-torus and established the SWR-property.(!) This property allows to establish the
Ratner-type divergence of orbits, either in the future or in the past (depending on
points), and moreover it has the same dynamical consequences as the original Ratner
property. Then the authors showed in particular that the SWR-property holds for a
full measure set of mixing flows with logarithmic singularities (Arnol’d flows) thereby
proving higher order mixing in this class. The result in [7] was strengthened in [20],
where the authors showed that the SWR-property holds for a full measure set of
Arnol’d flows on surfaces of higher genus.

It is therefore natural to ask whether a Ratner property holds in the class of
Heisenberg nilflows. In [21] it is shown that Ratner’s property implies in particular
that the Kronecker factor is trivial and hence no nilflow can enjoy it. The situation
is very different for non-trivial time changes of Heisenberg nilflows.

Let $) denote the 3-dimensional Heisenberg group and let ) denote its Lie algebra.
Let M := I'\$ denote a Heisenberg nilmanifold, that is, the quotient of §) over a
(co-compact) lattice I' < . For any W € b, the flow (¢}") generated by the projection
to M of the left-invariant vector field W on $), is called a Heisenberg nilflow (see
Section 2.4 for the definition).

For any W € b and any positive function 7 € C*(M), let (¢;"") denote the time
change of the nilflow (¢}"), that is, the flow generated by the vector field 7W on M.
The flow (¢;""7) is a reparametrization of the nilflow (¢/V) in the sense that there
exists a function .7 : M x R — R such that

1T (@) = 0%y, forall (z,t) € M xR,
One can verify that the group property of the flow ( ZV '™} implies that the function &
is a cocycle over (¢}"7), in the sense that

T (x,t+38) = T(¢) (), ) + T (1),

and it is uniquely determined by the above cocycle condition and by the identity
0
ay(mi)hzo =r71(z), forallze M.

The time-change (¢;" ") is called trivial if the cocycle .7 is cohomologous to a con-
stant, that is, there exist a constant ¢ € R and a measurable function v : M — R
such that

T (x,t) —c=(uo ¢ ) (x) —u(x), forall (z,t) € M x R.

(1)Acr0nym for switchable weak Ratner. It was also shown that the original Ratner property does
not hold.
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66 G. Fornt & A. Kantcowski

All trivial time changes (¢}") are measurably conjugate to the nilflow (¢/V) and
the regularity of the conjugacy is equal to the regularity of the so-called transfer
Sfunction v on M.

A vector field W € b and the corresponding flow (¢}') are called of bounded
type if their projections on the Kronecker factor (which are respectively a constant
coefficients vector field and the corresponding linear flow on a 2-dimensional torus)
are of bounded type.

Our first main result establishes the Ratner property (see Section 3 for the defi-
nition) for time changes of bounded type Heisenberg nilflows in a very strong sense.
In fact our first main result is the following. For every s > 0, let W*(M) denote the
standard Sobolev space. By the Sobolev embedding theorem we have that W*(M) C
Ck(M), for every s > 3/2 + k.

Taeorewm 1. Let W € b be of bounded type. For any positive function 7 € W*(M)
with s > 7/2, either the time change is trivial or the time-changed flow (d)fV’T) enjoys
the Ratner property.

Recall that the famous Rokhlin problem asks whether mixing implies mixing of all
orders. The above result implies that the answer to the Rokhlin problem is positive
for smooth time changes of bounded type Heisenberg nilflows:

Cororrary 1.1. — Let W € b be of bounded type and let
2 (W) ={(¢,"7) : 7 € W¥(M), T > 0}.

Then, for any s > 7/2, every element of 2°(W) is mixing if and only if it is mizing
of all orders. As proved in [3] and [13], for s > 7/2 and W of bounded type, mizing is
generic in the set 2°(W).

Moreover, by [21], we have the following strong dichotomy for time changes of
Heisenberg nilflows:

Cororrary 1.2. — Let W € b be of bounded type. Then for every positive function
T € W3(M) with s > 7/2, either the time change is trivial or (¢}""7) is mildly mizing
(no non-trivial rigid factors).

It turns out that Heisenberg nilflows of bounded type (as in Theorem 1) are the
only known examples, beyond horocycle flows and their time changes, for which the
original Ratner property holds.

Our second main result deals with disjointness properties of time changes of Heisen-
berg nilflows. It is based on a variant of a parabolic disjointness criterion from [22].
We have:

Tueorem 2. — Let W € be of bounded type. For any positive function 7 € W*(M)
with s > 9/2, if the time change is non-trivial, then the flows (¢X‘t/’r) and ((bgtV’T) are
disjoint for all p,q € N, p # q.

JE.P.— M., 2020, tome 7



MULTIPLE MIXING AND DISJOINTNESS FOR TIME CHANGES OF BOUNDED-TYPE HEISENBERG NILFLOWS 67

As mentioned above, if the time-change 7 is trivial, then (¢);) and (¢} ) are
not disjoint (since (¢/") has a non-trivial Kronecker factor). However, L. Flaminio,
K. Fraczek, M. Lemariczyk and J. Kulaga-Przymus [11] have recently proved that any
ergodic nilsystem satisfies the AOP-property: as p,q — +00, the set of joinings be-
tween (¢py

The above theorem should be compared with analogous disjointness results for
other flows with Ratner’s property. It follows from the renormalization equation for
the horocycle flow, which states that gshy = he-2::9, for all s,¢ € R, that hy, and hy,

are isomorphic (and hence not disjoint) for any p,q € R ~ {0}. In [26], joinings

) and (¢}} ) weakly converges to the product measure.

of time changes of horocycle flows were completely characterized by M. Ratner. From
Ratner’s work one can derive that distinct powers of the same time change are disjoint
unless the time change is trivial [10]. A different proof of this result, based on a new
disjointness criterion for parabolic flows, was given recently in [22]. Moreover, in [22] it
is proved that for almost every Arnol’d flow on T? the same assertion as in Theorem 2
holds. Therefore, among known flows with Ratner’s property, the horocycle flow is the
only one for which the conclusion of Theorem 2 does not hold. The heuristic reason for
that is that the Ratner property for the horocycle flow depends only on the distance
between points, and not on their position in space (since the space is homogeneous).
In all other examples (for flows as in Theorem 2 in particular) the divergence depends
also on position which allows to get stronger consequences (see Section 4).

Let us now briefly discuss the connection between Theorem 2 and Sarnak’s conjec-
ture on Mobius disjointness [28], which is recently under extensive study, see e.g. [8].
We say that a continuous flow (7;) on a compact metric space (X, d) is Mobius dis-
joint, if for every F' € C(X) and every x € X and every ¢t € R we have

1
(1) NN g;v F(Tpu)u(n) = 0,
here p denotes the classical Mébius function. ()

Mobius disjointness for horocycle flows was proved by J. Bourgain, P. Sarnak and
T. Ziegler [5]. Moreover, as explained in [10], it follows from Ratner’s work [26] that
Mobius disjointness also holds for non-trivial time changes of horocycle flows. More-
over, in view of a criterion due to I. Katai [23] and to Bourgain, Sarnak and Ziegler [5],
for non-trivial time changes of horocycle flows the convergence in (1) is uniform in
x € X. It is an open question whether for horocycle flows the convergence in (1)
(for fixed F' and ¢t € R ~\ {0}) is uniform with respect to z € X. A corollary of The-
orem 2, again by the Katai-Bourgain-Sarnak-Ziegler (KBSZ) criterion [23], [5], is the
following:

Cororrary 1.3. Let W € b be of bounded type. For any positive function T €
Ws(M) with s > 9/2, if the time change is non-trivial, then (¢;""") is Mébius disjoint.
Moreover, the convergence in formula (1) is uniform with respect to x € M.

(2)Sarnak’s conjecture states that every system of zero topological entropy is Mobius disjoint.
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68 G. Fornt & A. Kantcowski

It follows from the work of B.Green and T.Tao [17] that, if the time change is
trivial, then (¢;7) is Mobius disjoint and the convergence in formula (1) is also
uniform (the uniform convergence in (1) follows also from the AOP property, [11]).

The structure of the paper is as follows. In Section 2 we recall some basic definitions
of the theory of joinings and recall the definition Heisenberg nilflows and their special
flow representations over skew-shifts of the 2-torus. In Section 3 we recall the Ratner
property and then formulate a version of it for special flows. In Section 4 we state a
disjointness criterion (Proposition 4.1) and then formulate a version of it for special
flows (Lemma 4.3). In Section 5 we derive from results of [9] (see also [12]) estimates
on Birkhoff sums for smooth functions over skew-shifts of the 2-torus. Finally, in
Sections 6 and 7 we prove our main theorems by applying the estimates from Section 5.

2. DEFINITIONS

2.1. JoNnings AnND prssointNess. — We refer the reader to [16] for basic theory of
joinings. Let (¢¢) : (X, %, u) — (X, %B,un) and (¢r) : (Y, €,v) — (Y,€,v) be two
ergodic flows. A joining of (¢;) and (¢¢) is any (¢ X 1;) invariant measure such that
p(X x B) = u(X)v(B) and p(C x Y) = u(C)v(Y). The set of joinings of (¢;) and
(¢¢) is denoted by J((¢4), (¢+)). Notice that p @ v € J((¢p¢), (¢1)). We say that (¢)
and () are disjoint (denoting (¢¢) L () if J((¢¢), (V) = {pn @ v}.

2.2, Heisenserc NiLrLows. — The (three-dimensional) Heisenberg group $ is given
by
1 x 2z
H = 01 y]:xyzeR
001
Let T be a lattice in $. A Heisenberg manifold M is a quotient T'\$. It is known that

up to an automorphism of £

1 m p/K
I'=Tg = 01 n tm,n,pEZy,
00 1

where K is a positive integer. Notice that M has a (normalized) volume element vol
given by the projection of the (bi-invariant) Haar measure on §.

Since the Abelianized Lie group $ := $/[$), ] is isomorphic to R? (as a Lie group)
and Tk := I'x /[Tk,Tk] is a lattice in §, the Heisenberg nilmanifold M fibers over a
2-dimensional torus M = $/T' , with fibers isomorphic to a circle.

Let W be any element of the Lie algebra b of §. The Heisenberg nilflow for W is
given by

oY (x) = vexp(tW), for all (x,t) € M x R.
Every Heisenberg nilflow (¢}') on M preserves the volume element vol on M. The
classical ergodic theory of nilflows (see [2]) implies that a Heisenberg nilflow (¢}") is
uniquely ergodic iff it is ergodic iff it is minimal iff the projected flow on M (which
is isomorphic to its Kronecker factor) has rationally independent frequencies. More
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generally, the Diophantine properties of a vector W € h, and of the corresponding
nilflow (¢;*), under the renormalization dynamics introduced in [9] can be entirely
read from the Diophantine properties of the projection W of W onto the Abelianized
Lie algebra b := bh/[b, h], which is also isomorphic to R? (as a Lie algebra). In partic-
ular, a vector W € b is called of bounded type if and only if is projection W € R? is
of bounded type.

Let 7 € L' (M), 7 > 0. The flow (¢;""7) is called a time change (or a reparametriza-
tion) of the flow (¢}V) if

{7 (@) = 0% (@), forall (z,t) € M xR,
where the (¢;"")-cocycle 7 (x,t) is uniquely defined by the condition that
%y(m,t)hzo =r71(z), forallze M.

The above condition is equivalent to either of the following integral conditions

T (a,t)

[ @ @nds =7ty and [ 1r(ol @)as =t
0 0

By definition the time change is trivial if the (¢ZV ")-cocycle J is cohomologous to a
constant. It follows from the above formula that the time change is trivial if and only
if the function 7 is ((bfv 'T)-cohomologous to constant, in the sense that there exist a
constant ¢ € R and a function u : M — R such that

e (bfV’T(x) —u(zr) = T(qﬁXV’T(m‘)) —¢, forall (z,t) € M xR,

or, infinitesimally, if and only if 7Wwu = 7 — ¢. Finally we see that this condition is
equivalent to the property that the function 1/7 is (¢}")-cohomologous to constant,
that is, —Wwu/c =1/7 — 1/c or, equivalently,

(~u/c)o ¢} — (—ujc) = 1/7(¢1" (z)) — (1/c).

We have thus reduced the condition that a time change of a nilflow be trivial to the
existence of solutions of cohomological equation for the nilflow itself, a question that
can be analyzed by Fourier analysis [24], [9], [3], [12].

2.3. SeeciaL rows. — Let @ : (X, %, u,d) — (X, %, u,d) be an ergodic automor-
phism of a compact metric probability space and let f : X — R be strictly positive.

We recall that the special flow (®;) := (<I>f ) constructed above ® and under f acts
on X7 :={(z,s):2€ X,0< s < f(z)} by

(pt(xa S) = ((?N(I’S’t) (l‘), s+t— SN(w,s,t) (f)(x))7
where N(z, s, t) is the unique integer such that

0 < s+ 1= Sn(a,en (@) < f@VED(2)),
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70 G. Fornt & A. Kantcowski

and
f@)+--+ f(@"12) ifn>0
Sn(f)(x) =10 Fn—0
—(f(®"z) + -+ f(®'x)) ifn<O.

Notice that the flow (®;) preserves the measure ,uf = u®Ag restricted to X I where \g
denotes the Lebesgue measure on R. Let moreover df denote the product metric (of d
and the absolute value metric on R).

2.4. SPECIAL FLOW REPRESENTATION OF NILFLOWS. It is classical that an ergodic
nilflow (¢}') can be represented as a special flow, where the base automorphism
Dy p: T2 — T? is given by @, 5(x,y) = (z+a,y+z+8) fora €[0,1)\Q, 3R
and under a constant roof function f(z,y) = Cw > 0.

Let (g,);t25 denote the sequence of denominators of a € [0,1) \ Q. The vector field
W € b is of bounded type if and only if « is of bounded type, i.e., there exists C, > 0
such that g,4+1 < Cyug, for every n € N.

For any function f € L*(T2), f > 0, let (®{"*") denote the special flow over ®, g
and under f. Then every time change QSZV '™ is isomorphic to a special flow (@{ 7B ),
where the roof function f, is as smooth as 7. In view of the above representation,
Theorems 1 and 2 are respectively equivalent to the following two theorems:

Turorem 3. — Let a € R\ Q be of bounded type and let f € W*(T?), with s > 7/2,
be a positive function. Then the flow (@f’a’ﬁ) has the Ratner property.

Turorem 4. — Let a € [0,1)\Q be of bounded type and let f € W*(T?), with s > 9/2,
be a positive function. Then the flows (@ﬁ;a’ﬂ) and (@g;a’ﬁ) are disjoint for allp,q € N
with p # q.

Remark 2.1. — It seems to the authors that a necessary condition for the Ratner
property (or any of its variants) to hold in

W) ={(¢})"7) : 7€ W*(M),7 > 0,(¢}"7) is a non-trivial time-change}
is that W is of bounded type.

3. RATNER’S PROPERTY

Let (¢¢) : (X, B, pu,d) — (X, B, u,d) be an ergodic flow on a o-compact metric
probability space.

Derinition 3.1. Let P = {-1,1} and let ty € R. The flow (¢:) has the
R(tq, P)-property if for every e > 0 and N € N, there exist k = k(g),d = d(¢, N) and a
set Z = Z(e, N) with u(Z) > 1—e¢, such that: for every x,y € Z with d(z,y) < 6 and =
not in the orbit of y, there exist p = p(z,y) € P and M = M(z,y),L = L(z,y) > N,
L/M > &, for which

#{n € M, M + LI NZ : bty (@), utosp(y)) < €} > (1 —)L.
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The flow (¢;) is said to have Ratner’s property if
{s € R : (¢:) has property R(s, P)}

is uncountable.

3.1. RATNER’S PROPERTY FOR SPECIAL FLOWS. In what follows @ : (X, %, u,d) —
(X, B, p,d) is an ergodic automorphism of a o-compact metric probability space and
f € LT (X). We have the following proposition (see [19, Prop. 4.1]):

Prorosition 3.2. — Let P = {—1,1}. If for every ¢ > 0 and N € N there exist
k=k(€)>0,8=08(&N)>0and aset Z=2Z(e,N) C X with u(Z) > 1—¢, such
that, for every x,y € Z with d(x,y) < 0, there exist M,L > N, L/M > x and p € P
such that for everym € [M,M + L|NZ

d(@"x,®"y) <e and |Sp(f)(z) = Sn(f)(y) —p| <e,

then the special flow (<I>{) satisfies the Ratner property.

In [19], Proposition 3.2 was proved for the SR-property, which is a modification
of Ratner’s property in which one allows for divergence either in the future or in the
past. However the proof in [19] immediately extends to a proof of Proposition 3.2.

We will use Proposition 3.2 to prove Theorem 3.

/l. DTSJOINTNESS CRITERION

Let (¢1) + (X, 2, p,d1) = (X, P, pi,dy) and (4b¢) = (Y, €, v,d2) — (Y, €, v,d3) be
two weakly mixing flows (and X,Y are o-compact). In this section we prove the
following proposition:

Prorosition 4.1 (Disjointness criterion). — Let P’ C R be a compact set and let
v #0. Fiz 1 > ¢ > 0. Assume there exists (Ax) C Aut(Xy, Blx,, 1lx,), such that
p(Xr) = p(X), A — Id uniformly. Assume moreover that for every e > 0 and
N € N there ezist (Ex, = Ei(e)) C B with u(Ey) = cu(X), 0 < k = k(e) < ¢,
0=0(,N)>0,asetZ=27N)CY withv(Z)>= (1—¢e)v(Y), such that for all
v,y € Z satisfying da(y,y') < 8, every k such that dy(Ag,1d) < § and every x € Ey,
a' = Agx, thereare M > N, L>1, L/M > k and V € P', v € {—v',v'}, for which
the following holds:

(2)  max(di (¢, prrviox’), do(Pry, Vipvy')) <e
fort e U C [M,M + L] with \x(U) > (1 —¢)L.

Then (¢¢) and (3:) are disjoint.

The proof of the above proposition follows similar lines to the proof of [22, Th. 3].
We provide a proof for completeness.
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Proof. — Let p € J((¢¢)ter, (¢1)ter) be an ergodic joining with p # u x v. Since (¢;)
is weakly mixing it follows that, for v € {—v’,v'}, the map ¢, is ergodic and hence
disjoint from Id. Therefore, there exist B, € & and C, € ¥ such that

(3) |p(0—v(By) x Cy) — p(By x Cy)| >

for some 0 < n < 1. Let V2(B,) := {z € X : di(x, B,) < €} and similarly V2(C,) :=
{y €Y : da(y,Cy) < e}. There exists € € (0,cn/1000) such that

max (|u(V2(B,) — u(B.)], [/(V2(C,)) — w(C)]) < n/32

Since p is a joining, by the triangle inequality, for each ¢ € R, we have
(4) p(6-eVE(B.) X V(CL)) = pl6-eBy x Cu)| < 1L

By applying Birkhoff point-wise ergodic theorem to the joining flow (¢¢ X vy, p)
and to the characteristic functions of the sets ¢_, B, x C, and gb_stl(BU) X Vf (Cy)
for v € {—v',v'}, it follows that there exist Ng € N, k > 0 and aset U; € ZQ €,
with p(Uy) > (1 — ¢/100)p(X x Y), such that, for every L, M > Ny with L/M > k
and v € {—v',v'} U {0}, and for all (z,y) € Uy, we have

)

| ML .
(5> ’L / X¢_oByxCly (¢t$7¢ty> dt — P(Qb—va X Cv) < TG;
M
| ML .
(6) ‘L/M X o VA(By)xV2(Cy) (062, ey dt — (¢, VI (By) x V2(Cy))| < 16"

Let Uy := Uy N (X x Z), where Z = Z(e, Ng) comes from our assumptions. Then
p(U2) > (1 —¢/50)p(X xY). Note also that since X x Y is o-compact, the measure p
is regular, and hence we can additionally assume that Us; is compact. Define proj :
X xY — X, proj(x,y) = x. Then the fibers of proj are o-compact, and since Us is
compact, the fibers of the map proj |y, : Uz — proj(Us) C X are also o-compact and
proj(Us) is also compact. Thus, by Kunugui’s selection theorem (see e.g. [15, Th. 4.1]),
it follows that there exists a measurable (selection) sy : proj(Uz) — X x Y such
that (z, sy (z)) € Ua. Note that u(proj(Usz)) = p(Usz) > (1 — ¢/50)(X). By Luzin’s
theorem there exists Xcont C proj(Usa), with p(Xeont) = (1 —¢/50)u(X), such that sy
is uniformly continuous on X.ont. Finally, we set

U:=UsN (Xeont X Y).
We have p IZ) > (1 —¢/10)p(X x Y). Moreover, for the set Ux := proj(U) we have

(
w(Ux) = p(U) > (1—-¢/10)p(X xY). Hence, by the definitions of sequences (Ay) and
(Ex) = (Ex(g)), it follows that there exists ko = ko(e) such that for k > ko,

(7) ,U(A—}c(UX ﬂXk)ﬁ(UX ﬂXk)ﬂEk) > 0.

Let 6 = (e, No) come from the assumptions of our theorem. By the uniform continuity
of sy : Xcony — Y it follows that there exists 0 < §’ < § such that dj(x1,z2) < &
implies da(sy (z1), sy (z2)) < 0 for each x1, 23 € Xcont. Since Ay, — Id uniformly and
U C Xeont X Y, there exists k1 = k1(e) such that for k > ky, da(sy (2), sy (Axx)) < d
for x € Xi N Xeons- Fix k& > max(ko, k1 + 1) (so that di(Ag,Id) < §'). Let © €
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A_,(Ux NXk)N(Ux NXg)N Ey. Such a point does exist in view of (7). Set ' = Az,
y = sy(z), ¥ = sy(a’). By definition, (z,y), (z',y) € U and da(y,y’) < 0 and all
other assumptions of our theorem are satisfied for (z,y), (z/,y’) (so that we obtain
M, L,V,v depending on (z,y) and (z',y’) satisfying (2)).
We claim that
n

(8) p(d—v(By) x Cp) > p(By x Cy) — 9

Indeed, in view of (4), the estimate (8) follows if we can prove that

p6-u(V2(B.)) x VA(CL)) > p(By x C) = 7.

Using (2) (for v = v'), (5) (for v = 0) and (x,y) € U C Uy, we obtain that

1

M+L
7 / XV2(B,)xV2(Cy) (Prrvo® s heyvy) dt
M

M+L ’I’]
> f/ XB,xC, (P17, y) dt —e > p(B, x Cy) — € — 16
M

Hence to complete the proof of Claim (8), it is enough to show that

1 M+L n
O 7 [ amsze) Guviam v dt < - V2B x VAC) + 3.
Notice however that

1

M+L
I / XV (B,)xV2(Cy) (Pt4V 0T, Yryvy) di
M

1 M+V+L
= E/M L X o (V2(B,))xV2(Cy) (Pe, Ury) dt,
+

hence the estimate in (9) follows from (6) with M = M +V and L = L.
By a similar reasoning, we get

(10) pl6-u(Bu) x C) < p(By x Co) + 7,
so putting together (8) and(10) we derive the estimate
P6—0(Bo) X Cu) = p(Bu x C)] < 5.
This however contradicts (3), hence the argument is complete. O

4.1. DISIOINTNESS CRITERION FOR SPECIAL FLOws. — In this section we assume that
(@) = (®f) and (¥,) = (V) are special flows over ergodic ® € Aut(X, 2, p,dy),
v € Aut(Y, €, v,dp) respectively and under f € LY (X, %, ), g € LL(Y,€, ). Let
(®/) act on X/ with metric d] and (¥9) act on X9 with metric dJ. For (z,s) € X/
and ¢t € R we denote by n(z,s,t) € Z the unique number for which

Sn(:c,s,t)(f)(x) St+s< Sn(m,s,t)+1(f)(x)’
i.e.,

®f (w,5) = (D" Dz, 541 = S0 (f) (@)
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We define m(y,r, t) analogously for (y,r) € Y9. We tacitly assume that
f and g are bounded away from zero.

Before we state a disjointness criterion for special flows, we need the following general
lemma:

Levma 4.2, Fiz & such that infx f/10 > e > 0. Let t € R and (z,s),(2',s") € X/
be such that |s — s'| < €2, di(P"@5V g, @3Ny < 22 gnd

®f (2,5) € {(w,5) 1 e < s < f(z) —e)}.
Let V(t) = V(Jf, s, ', S/’t) = n(a:,s,t)(f)(‘r) n(z s,t) (f) 37/). Then
A (D] (w,5), ®]_y, (2, ') < 267

Proof. — Notice that since ®] (z,s) € {(z,s) 1 e < s < f(z) —e} and |s — §/| < €2,
we have

Sn(a,st)(f)(&) <t =V (t) + 5 < Spa,s,4+1(f) (@)
Therefore, <I>t v (@8 = (@n@s)! t —V(t) + 5 — Sps.0)(f)(2')). By definition
& (2,5) = (@@ Dy ¢ 45— Sn(z,s,t)(f)(x)). The statement follows by the definition
of V(t) since d{ is the product metric and we have dy (®™(®:58) g o5ty < £2 and
|s — 8’| < &2 O

Levva 4.3 — Let V e R and P = {—p',p'} forp' #0 and ¢ := [ fdu/ [, gdv. Let
A € Aut(X, B, 1), Ax — Id uniformly. Assume moreover that for every & > 0 and
N’ € N there exist 0 < k' = £/(¢') <&, &' =0'(¢',N') > 0, such that for ally,y’ €Y
satisfying ds(y,y') < &', every k such that dy(Ag,1d) < & and every z,z' := Az € X
there are M' > N', L > 1, L'/M’' > k' and p € P satisfying:

(11) |Sa (f) () = S (f) ()] <V,

(12)  [(Sar(F)(x) = Snr (F)(@") = (Siear(9)(y) — Sienr (9)(y') — pl < €'
(13) di (D%, dVa’), do(W"y, UVy') < K’

for w € [0,max(1,¢)(M’' + L") NZ; and for h ={f,g},

(14) |(Sw(h)(x) = Sw(h)(z")) = (Su(h)(x) — Su(h) (@) < €,

Jor every w,u € [0,2max(1,¢)(M' + L')], |w — u| < L. Then () and (¥¢) are
disjoint.

The proof of the above proposition follows similar lines (although is simpler) than
the proof of [22, Prop.4.1]. We provide a proof here for completeness.

Proofof Lemma 4.3. — We will show that the assumptions of Proposition 4.1 are
satisfied. Let P’ := [-2V — |p/],2V + |p/|]] and v' = p’. Let ¢ = 1, and Ai(m,s) =
(Agz,s) on X7 (then A£ — Id uniformly). Fix ¢ > 0 and N € N. Let ¢’ = ¢*, N'=
and let ', 8’ be as in Lemma 4.3. Define x := 2 and ¢ := min(e'?, §"2).
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By the ergodic theorem for @] there exist N” € R and a set E = E(e) C X/,
p/(E) > 1 — ¢, such that for every M,L > N”, L/M > & and every (z,s) € F,
we have
(15) Ap({t€[M,M + L] : & (z,5) € {(z,5) : /2 < s < f(x) —e3/2}1)

> (1-e"3)L
and for ¢t € R such that n(z,s,t) € [M, M + L], we have

(16) [t — n(x,s,t)/ fdu| < &t
X

Similarly, by the ergodic theorem for WY there exist N” € R and Z = Z(¢) C Y/,
v9(Z) > 1—¢ such that for every M, L > N”  L/M > r and every (y,r) € Z, we have
(17) )\]R({t €[M,M+ L] : V(y,r)€{(y,r): 32 << g(y) — 53/2}})

2 (1 - 54/3)L7

and for ¢t € R such that m(y,r,t) € [M, M + L], we have

(18) [t —m(y,r, t)/ gdv| < Kt
Y

For k € N let Ey, = Ei(e) :== E. Fix E > (x,s), (2/,s) = Ag(z,s) with
d{((m,s), (a',s)) < & and (y,7),(y',7") € Z with d3((y,r),(y',r")) < d. Let M',L",p
come from Lemma 4.3 for z, 2’ and y, 3. Define M, L by n(z,s, M) [ fdu = M’ and
n(x,s, M + L) [ fdu = M'+ L'. It follows by (16) that L/M > x and M > N.

Let U C [M, M + L] be such that for ¢t € U, we have
& (2,5) € {(1,5) + Y2 <5< f@)—¥), Wiy r) € {(wr) : P <r<gly)—cV?)
and

dl(q)n(m,s,t)x, (I)n(r’s’t).’l,‘/)7 d2(,‘I/m(y,r,i&)y7 \IJm(y,r,t)y/) < 52-
By (15), (17) and (13) it follows that |U| > (1 — &) L. Let us then set
V(t) = Sn(w,s,t)(f) (I) - Sn(w,s,t) (.f)(x,)a
W(t) = Sm(y,r,t) (g)(y) - Sm(y,r,t) (g)(y/)
By Lemma 4.2 (for (/) and (¥9)) it follows that

f (&S ! 2
d1 (1 (2, 9), @}y ()1 w vy vy (@5 8)) < 2¢

and
A3 (0 (y, 1), U7y, (' 7)) < 2%
Notice that for ¢t € [M, M + L], by (14) (and (16),(18)), we have
V(t) = V(M)],|W(t) - W(M))| < &
Moreover, by (12) and (14), we have
V(M) —W(M) —p| <&
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Hence
A[(f (2,5), @1y 114y (@ 8)) < 4e7.
and
a3 (vi(y,r), \Ilffw(M))(y/a ') < 4e2.
Finally, by (11) and (14) it follows that [W(M)| < |[V(M)| + p + 2e2 < 2V + p and
hence W (M) € P. This finishes the proof. 0

We will use Lemma 4.3 to prove Theorem 4.

5. BIRKHOFF SUMS OVER TORAL SKEW-SHIFTS

In what follows ®, 5(z,y) = (z + o,y + x + ) is a (linear) skew-shift on T2,
with a of bounded type and g € W#(T?), with s > 7/2 and Jp2 9dAT2 = 0, where Ape
denotes the normalized (Haar) Lebesgue measure on T2. We also assume that g is not
a coboundary (although some lemmas below are true also for coboundaries).

5.1. COHOMOLOGICAL EQUATION FOR SKEW-SHIFTS. The cohomological equation for
(linear) skew-shifts on T? can be completely solved by Fourier series (see [24], [3]).
Let @, 5 : T? — T? be given for a € [0,1) \ Q by the formula

¢a,ﬁ(aj7y) = ($+Oé,y+.13 +B)
It follows (see [1]) that

L*(T?) = @ Hp o,
(m,n) €L xZ~{0}

where the spaces H,, , are ®, g-invariant and

Hpypn = @ Ceppjnn C L*(T?)
JEZL

with e, (7, y) = exp(2mi(az + by)), for all (a,b) € Z2.
Turorem 5 ([24, Th.11.25], [3, Th.10]). — For every (m,n) € Z2, there exists a

unique distributional obstruction to the existence of a smooth solution u € C*°(H,y, »)
of the cohomological equation

uo®,g—u=g

with right hand side g € C°(H,y,,,). Such an obstruction is the invariant distribution
Dy, € W=5(T?) for all s > 1/2 defined as follows:

amiemmisen it (o) = (m-+ o
Dm,n(ea,b) = 0

otherwise.

The solution of the cohomological equation, for any function g € C°(Hp, n) such that
Dy,.n(g) =0, is given by the following formula. If g = ZjeZ Gj€m—+ijn,n, the solution
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u= Zjez Ujemtjn,n has Fourier coefficients:

uj = 2m[(am+ﬁn)y+an Z gre 2m[((xm+6n)k+an( )]

k=—oc0
27r1[(o¢m+[5n)j+an Z gre 27r1[(o¢m+ﬁn)k+o¢n( )]

_J+1

If g € W8 (Hyn ) for any s > 1 and Dy, ,(g) = 0, then the above solution u belongs
to Wt(Hm,n) for allt < s —1 and there exists a constant Cs; > 0 such that

ulle < Cs

The results below establish the quantitative behavior of the square mean of ergodic
averages for smooth functions under the skew-shift.

Lemva 5.1 ([3, Lem. 15] or [13, Lem.8.1]). — Let (m,n) € Zy, x Z ~ {0} and let
s > 1/2. There exists a constant Cs > 0 such that, for any g € W*(Hp, ),

ZgoCP’

CYDpn(g)] < liminf

N —+o00 N1/2 Lg(r]IQ)
N—-1
< limsup ——= go ®F ‘ < C4|D g)l.
= N—+oo N1/2 I;O @ L2(T?) = S| (m,n)( )|
5.2. GENERAL ESTIMATES
Lemma 5.2, — There exists a constant Cqo g > 0 such that, for every N € N and every

(x,y) € T?, we have
SN (9)(@, )| < CagN'2.

Proof. — Since a € R \ Q is of bounded type, the statement follows from [12,
Lem.1.4.9] or from [13, Lem. 6.1 & Th.6.2]. In fact, since any constant roof suspen-
sion of ®,, 5 is smoothly isomorphic to a Heisenberg nilflow (¢}") on a nilmanifold M,
generated by a bounded type vector field W € b, for any g € W*(T?) and every
(x,y) € T?, there exist a function G € W*(M) and p € M such that

N
g)(x,y)=/0 Go ¢} (p)dt

By [12, Lem.1.4.9], for any Heisenberg triple .# := (X,Y,Z) and for any o > 2,
there exists a function B, (%, T) (defined [12, Eq. (1.71)]) such that, for any function
feW?(M) and for all (p,T) € M x R,

‘/f X (v dt\ B 7.1y,
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For X = W of bounded type, by definition there exists a constant C' > 0 such that
B, (Z,T) < C,T'/?, hence we derive

N
sxtaenl<| [ Gool G < NG,
0

(see also the comments after the proof of [12, Lem.1.4.9]). Alternatively, from [13,
Th.6.2] we derive that for a = (X,Y, Z) satisfying an explicit Diophantine condi-
tion (depending only on Y') and for any f € W*(M), there exists a Holder cocycle
B (a,p,T) such that

T
]/ Fod¥ )t — 8 (a.p. T)\ < Cu(@)||f1l

and [13, Lem.6.1] implies that whenever X = W is of bounded type, the cocycle
B7(a,p,T) satisfies the upper bound

|ﬂf(a7p, T)| < CS(G)T1/2Hf||S7

which again implies our statement. O

Lemma 5.3. There exists a constant c'g’ > 0 such that for every N € N,
1SN (9)llcocrzy = ¢y N1/2.

Proof. — Since g has zero average, but it is not a coboundary, and @ € R \ Q has
bounded type, we can assume that g € W*(H,, ), for some (m,n) with n # 0. In fact,
otherwise g is the pull back of a function on the circle T, which belongs to W#(T)
with s > 7/2, and since « is of constant type, it follows by Fourier series that g
is a coboundary with transfer function v € W*(T) for all ¢ < s — 1 (in particular
u € C*(T)).

By orthogonality of the decomposition W#*(T?) as a direct sum of components
W (H,.n), for all s € R, we can assume that g € W*(H,, ), for some (m,n) with
n # 0, hence by Lemma 5.1 there exists ¢’ > 0 such that, for all N € N,

IS8 (9)llz2cr2) > 18 (gmon)llzz(rzy > ' N2,

This finishes the proof. O

Levmva 5.4, For every x > 0, ¢ > 1 there exists V¢ > 1 such that for every T > 0
there exists n,, K, € [T,V, (T for which

1S (9)llcoerzy = (1= x)¢ 211 (9) o2
and, for q = (p,

1S4, (9)llcor2) = (1= 2)¢ 2118, (9)lloor)-
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Proof. — For x > 0 let k € N be such that (1 — x)* < ¢’/Cy 4 and let V, ¢ := (F.
By contradiction, if the statement is not true, then

"2 < ||Sr(9) ooy < (L —X)¢2([Ser(9)lcogrey < - -
<(1- X)kcfk/QHS[CkT] (9l corzy < Cag(l — X)kT1/2.

This contradicts the choice of k. The proof of the second inequality follows the same
lines. ]

For (a,b), (¢c,d) € T? let dy((a,b), (c,d)) = |la — c|| and da((a,b), (c,d)) = ||b — d||.

Lemvia 5.5. - There exists C' = C, , > 0 such that, for every (z,y), (z',y) € T?
and for every n € N, we have

190 (9)(x, ) — Sul(g)(@, )| < C'(n*2di((2,y), (2',y) + n'2da((z,y), (', 4))).

Proof. — By the mean value theorem for S,,(g), we have for some 6,, € T?
S, n o 09
19)  I5u0)e.0) = 5,00 )| = | 252 0,) (0 o) 4 2500

0.)(y—y)|.
By the chain rule and Lemma 5.2

\855;” (6n)| = 1Sn(99/0y)(0n)| < Cagn' /2.
Moreover, by the chain rule, we have
9Sn(9) .09 4
——nJ/ < 7
|57 )] < 150(09/02)0n) + 3 57 (i 560)
and by summation by parts
n—1 n—1
g,
2 52 (Papbn)| < [n5n(99/02) ()] + ;Sr(ag/ax)((?n) :

By Lemma 5.2, for some C > 0,

n—1
[0S (0g/0x)(0n)] < Cn®? and |~ S.(9g/0x)(0,)] < Cn®/2.
r=0
Using the above estimates in (19) finishes the proof. O

Lemma 5.6. Fiz ¢ € N. For every n > 0 there exists D, > 1 such that for every
n,m € N and every (z,y) € T?, we have
max }lsn(g)(q’ff,g(%y))\ z (L =mlSn(9)llcocr)-

ie{m,...m+Dyn

Proof. — Since a is of bounded type, there exists D,, > 1 such that for every (z,y) € T?
and every n € N, the orbit {@25(;10711)}?:"0” is (n?/n,n?)-dense in T?. Notice that, if
(a,b) € T? is any point such that |Sy,(g)(a,b)| = [|Sn(g)llco(r2) and [la — ¢|| < n/n
and ||b — d|| < n?, then by Lemma 5.5, |S,,(g)(a,b) — Sn(g)(c,d)| < 2C"n?*n'/2, which

together with Lemma 5.3 finishes the proof is 7 > 0 is small enough. |
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Recall that (g,) denotes the sequence of denominators of a. The following simple
lemma is a consequence of the pigeonhole principle:

Lemma 5.7. — Fiz p,q € N. For every n > 0 there exists L, > 0 such that for every
(z,y), (z,w) € T? and for every n € N, there exists {1 5,2, € {0, ... JLpt, i # by,
such that

l1,nqn l2,nqn 01, nqn 02 nqn
d2(¢i,g ! (ny)7(¢i,g ! (w7y))) <n and d2(®§,; ! (Z7w)7((I)Z,QB ! (Z7w))) <.

Proof. — Let L, := 2n~2. By the pigeonhole principle there exist positive inte-
Lqy, ' qn

gers l1,...,l-141 € {0,..., Ly} such that do(®7 % (2,9), (7 4" (x,9))) < n for

0,0 € {€1,..., €141} Again by the pigeonhole principle, there exist positive in-
01, nqn €2, nqn

tegers £1,, o0 € {{1,...,-1)41} such that dg(fbi’lﬁ’ " (z,w), (@Z’Qﬂ' " (z,w))) < 7.

This finishes the proof. O

Lemma 5.8. —  There exists a constant C"" > 0 such that for any (a,b), (c,d) € T?,
for every W, K € N with W < |la — ¢|| 7!, we have

99
1Sk (9)(Pa (a, b)) — Sk (9)(Pe (e, d)) — WSK(@)@%(% b))(a —c)|

< C"(KVAW2a — cf? + K20 — ol + Kb~ d]).

Proof. — Let

Ow = (a+Wa,d+We+W (W —1)a/2)
and O = (a+Wa,b+We+W(W —1)a/2).
Then

SK(Q)(‘I)K,B(C% b)) — SK(Q)(CI)ZKB(C’ d) = (SK(9)<(I)2,/B<G’ b)) — SK(!])(%V))
+ (Sk(9)(0w) — Sk (9)(0w)) + (Sk(9)(Ow) — Sk(g)(fbfffg(c, d))).
By Lemma 5.5, we have
Sk (9)(01) — Sk (9)(Ow)| < C'K'/2||b—d|
and
Sk (9)(0w) = Sk (9) (P 5(c,d)| < C'K?[|a —¢].
Finally, by Taylor formula and the chain rule, for some 6y € T2,
SK(Q)(‘I’KMG’ b)) — Sk(g)(Oyw)
= Sk (99/9y)(24 5(a, )W (a — ¢) + Sk (829/0%y) (0r ) (W (a — €))%,
and by Lemma 5.2, we get
Sk(99/0y*) () (W (a = ¢)* < C"K'2W2|a — o>
This finishes the proof. (|
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5.3. ESTIMATES OF SECOND ORDER TERMS. In what follows p,q € N, { = ¢/p, and a
zero-mean non-coboundary h € W#(M), s > 5/2 is fixed. We assume WLOG that
q > p, that is ¢ > 1.

The following lemma is important, it crucially uses the fact that p # g¢:

Lemma 5.9, There exist D',d’ > 0 such that, for any (x,y),(z,w) € T? and any
T >0, for some n' € [0, D'T], we have
(20) [ Sy (h) (2, w) — C_1/2S[Cn/](h)(ac,y)| >d'TY?

Proof. — We will consider only numbers of the form n’ = pk, for k € N. We will show
that there exist D’,d’ > 0 such that

1) |(Spre ()@ (2 w)) = Spuc () (@R @FS, (2, w)) )
= (S () (@25, y) — Saxc (M@0, (2,1)) )| > 1642,
for some K, W,Q < D'T. This will finish the proof since by cocycle identity
Spic () (@5 (2, w) = Sprc (W) (@h5 TV (z,w))
= Spw+@) (M) (2, w) = Spxywr@) (M) (2, w) + Spx 4wy (h) (2, w) — Spw (h) (2, w)

and the same splitting for Syx(h)(-). Hence (20) then holds for n’ being one of
{pW,p(K + W), p(W + Q), p(K + W + Q)}.
Let n > 0 be small. By Lemma 5.4, let K € [T, V,, T] be such that

(22) 1545 (01/0Y) | cogray = (1 =12 1Spr 91/ 3Y) | o 72 -
(T2) (T2)

Let now n = n(K,n) > 0 be the smallest number such that 7%/2q,1/L, > D,q¢K
(L, from Lemma 5.7 and D,, > 1 from Lemma 5.6). Let ¢ ,,, (2, € {0, ..., L, } be as
in Lemma 5.7 for n,x,y, 2z, w and let ¢, = {2, — {1,,. Denote (Z,7) = @i’fg”q” (z,y)
and (z,w) = @];f;;"q"(z,w).

Notice that by definition, 2(n"/2¢, 41 /€n) =1 2 @1 /ln = D, ¢K, hence by Lemma
5.6 there exists W € 02 41/4n, 20" ?qny1/4n] such that

(23)  |Sqr (0h/0y)(@875(Z, 7)) = (1 =) Sqx (0h/Dy) | corz) (= ¢'q"/>K?).
Therefore,
(20)  [Saxc(Oh/Oy)(@L LT D)W Lallgnad| > ¢g* 2K EW L lgna.
Since We,|gna|| € [n*/?/2,2n'/?], if n < min(p, q), we have for b € {p, ¢}
nl/loc’q5/2K1/2W€n||qna|| > (bK)1/2(Wb2£n||anéH)2,
similarly
L PRKY W |gnal > (bK) 2,
and since W > n'/2q,,11/2¢,, > n~'D,qK /2, for n > 0 sufficiently small, we have
0P KW lgnal| > (06K)* bt lgnal
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Notice that by Lemma 5.8 for (a,b) = (z,7y) and (c,d) = @g‘i’éq" (Z,7), by for-
mula (24) and the three above equations for b = ¢, we have

|Sac (W) (@85(Z, 7)) — Sqrc (h) (@1 (DL (7, 7))
> [ Sy (0h/0y) (L5, 9)|a* Wt |gnar|
= 0" ((@B) WPt gaal)? + (@K) 0 + (aK)* gt |anal))
> (1= 30"10C")| Sk (0h/0y) (245 (%, 7)) | W bl anarl
Moreover, by (23) and (22), we have
|Sarc (9/0y) (@U@, 9))] = (1= 0)*¢/2| Sy (9 Dy) (@115 (7, 7).
Therefore, by Lemma 5.8, (24) and the three above equations for b = p, we have
|Spxc (R) (@2 (2,0)) — Spic (B) (@1 (D239 (2,)))|
< | Spic (01 0y) (@07 (Z,0)) [P* Wk |l gnar |
+C" () W ballgnal)? + (0K) 20 + (0K)*/ 2t |anal] )
< (PP =) 722 4301100 )| Sk (Oh ) 0y) (RLL (T, 7)) |[W b | gnar]|-

Let dp g = q* —p*(1 —n) 7271 = C"" (3 + (V21062 then dp 4.y > 0 if 7 > 0
is small enough (since ¢ > p).
We have by the above
| St (1) (@2 (2, 7)) — Sqr () (@2 (2257 (7)) |
= (V2] Sy (B) (@21 (2,7)) — Spic () (B2 (D237 (2,70)))|
> dyg.n| Sarc (O1/3y) (P17, 7)) W by [lgner|
> d;,,qm(qK)l/2W€n||qna|| > dg7q7nK1/2.

Since K > T and by the definition of (Z,7), (Z,w), this finishes the proof of (21) with
K=K, W = W+/{1 nq, and Q = {,,qy, hence the proof of Lemma 5.9 is complete. [

For (z,y), (z,y') € T?, let 6, = |y — y'|. We also have the following lemma:

Levma 5.10. — There exist D" = D"(a, f,p,q) > 0, d’ = d"(a, f,p,q) > 0 such that
for every (z,y), (z,y), (z,w), (z,w') € T2, if T" := min(6,?,6,,%) > 1, then there
exists s € [0, D"T'] such that

(25) [(Ss(p™ ' f)(z,w) = Ss(p' )z, w")) = (Siesr (a7 )@, 9) = Sieap (@™ ) (,9))|

> d”.

Proof. — Notice that by Taylor formula and the chain rule, for some 6 € T?
Ss(™ ) (zw) = Ss(p™ ) (z,w)
= (w—w)p~'Ss(9f/0y) (2, w) + (w — w')*p~185(9° f/0*y)(6),
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and by Lemma 5.2 for 92f /0%y
|(w = w')?p™ S, (02 F/0%y)(0)] < Cayp~'0s"/2 < T/

for s < T"*/1°. An analogous reasoning for Sics) (¢~ f)(2, y) — Sics) (¢ f)(z,y’) shows
that (25) follows by showing that there exist D", d” > 0 such that

(26)  |(w—w")p~'Ss(f/0y)(z,w) — (y — ¥/ )a~ ' Sics (OF /0y) (w, y)| = 2d”

for some s € [0,D"T"].
To simplify notation let h = 9f/0y. Let x € (0,1) be a small number, x < d'/D’
(d', D' from Lemma 5.9). We will consider two cases.

(A) [I(w—w")g"?/(y =y )"/ = 1] = x.

We will (WLOG) assume that |(w — w’)¢*?| > (1 + x)|(y — %')p*/?|, the proof in
the case |(w —w')q"/?| < (1—x)|(y —y')p"/?| is symmetric and follows the same lines.
Notice that in this case

T < Bl 5.2
q
Let Vi/3¢ > 0 come from Lemma 5.4 and let ng € [T",V,/3.1"] be as in the

statement of Lemma 5.4 for ¢ = h. Then
(27) 1S (B)ll o2y = (1 = x/3)C™ 2 1S (cmo) (W)l (r)-

Let D, /3 > 0 come from Lemma 5.3 and let u = u(ng) € {0,..., D, /3n0} be such
that

(28) S (R)(® 5(2,w)| = (1= X/3)Sno (h) |Gy (z2)-
Let v = [((ng + u)] — [¢no]. We will show that
(29) P71 |So (M) (@Y 4z, w))| fw—1w'| > (1+x/100)g ™ [Sicng) (R) (@, gz, )| [y—1/I-
Then
|[(w —w")p™ Sy (W)@ 5 (2,w)) = (y = y)a ™ Sicne) (M) (Pt 5(2,y))|
> (1= (14 x/100) ™ w — w/|p~" Sy (R) (@ (2, w))| = d”w — w'|ng’*
> d"(x)0,T"? = d"(x),

for some d”(x) > 0. But then by cocycle identity we know that (26) holds for s = ng
or s =ng+wuandd(x)=d"(x)/2>0.

Therefore, it only remains to show (29). By (28) and (27) and the assumptions
of (A), we have

P Sy (M) (@4 5(2,w))| | — w'| s
_ - P
> p (1= x/3)2C 2 S 1enol (B)llccre) (14 %) RYE ly =]

> g (1+ x/100) |Sicne) (h)(@0 5 (2, y) 1y = ¥/].
This finishes the proof of (29) and hence also the proof of case (A).
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(B) [l(w —w')g"?/(y —y")p"/?| = 1] < x-
In this case the LHS in (26) is larger than
jw —w'[p™Ss(h) (z,w) — 2 Sicq (B) (2, 9)| = xly = 'la ™" Sico) (B) (2, )]
By Lemma 5.9 for T'=T" and the definition of 7", there exists an sy € [0, D'T"] such
that
w = w'[p7|Se (W) (z,w) = ¢3S e (M) (w,y)| = p~ '
Moreover, by Lemma 5.2 and the definition of 7" for h it follows that

/

- - . d
Xy = ¥ a7 |Sicso) () (@, y)| < Can(D)3¢H 27 < p ' 5

if x > 0 is sufficiently small. This finishes the proof of Lemma 5.10. ]

6. RATNER’S PROPERTY: PROOF OF THEOREM 3

In this section we will use the estimates from Section 5 to prove Theorem 3.
We will use Proposition 3.2. Before we do that, we will prove a crucial proposition:
For (z,y), (z',y") € T? denote |x — 2'| = §, and |y — y/| = J,.

Prorosition 6.1. For any a € R~ Q of bounded type and for any f € W3(T?),
s > T7/2, there exists a constant Dy 5 > 0 such that the following holds. For every
(2,y), (2" y') € T2, if T := min(5;2/3,6y_2), there exists ng = no((z,y), (z',y")) €
[0, Dy, sT) NZ such that

(30) |Sno (£)(@,y) = Sno (f)(, )] > 1.

Proof. — Denote a,, = S,(f)(z,y) — Sn(f)(«',y'), let n < 1/100 and let D, > 0
come from Lemma 5.6 for g = 9f/0y. Let moreover ¢/ > 0 be as in Lemma 5.3 for
g =09f/9y and C" > ¢” > 0 be as in Lemma 5.5 for g = f — [, fdAr2. Let k :=
[100T/c?]4+1. We will show that there exists m € [10C"k/c”, (10C"k/c")+ D, k+1]NZ
such that

(31) |Sk(F)(@E 52, y)) — Sk(F)(@as(’,y)] = 3.

This will finish the proof since then, by cocycle identity |a,+r — ax| = 3 and con-
sequently (30) holds for ng = m + k or ng = k. By Lemma 5.6 and 5.3 there exists
mi € [10C'k/c”, (10C'k/c") + Dyk + 1] N Z and my € [10m4,10mq + D,k + 1] such
that

(32) |S(0f /0y) (D% 5(x,9))| = (1= m)"kY2, for m = my, mo.

Moreover, since ms > 10mq, by the triangle inequality we have

1)
max  |m(z—2')+ (y—y)| = max(ﬁéx, —y>
me{my,ma} 2 2

Let now m denote the element above which attains the maximum. Since m >
10C"k /", we have

(33) (1=n)"|m(z—2") + (y — y’)|k1/2 > 205,k
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Let z,, := (x + ma,y’ + ma’ + m(m — 1)a/2). Notice that

(34)  Sk(FI@R s(x,y)) — Sk(F) PR 52" ) = (Sk(H)(®0 5(2,y)) — Sk(f)(2m))
+ (Sk(f)(zm) = Se(F)(@2 5(2",y))) -
By Lemma 5.5 for g = f — [, fdAr2, we have

|Sk(f) (@ 52", y)) = Sk(f)(zm)| < C'6,k>.

By Taylor formula (and chain rule), for some ), € T2,

Sk(£)(@2 (@, 1) = Se(f)(zm) = (m(z — 2') + (y — y))Sk(0f /0y) (27 5(2, )
+(m(z —a') + (y — y')*Sk(8* F /9y*) (6.).-
Since m < C™T (for some C" > 0), we have |m(z—2")+(y—y')| < mé,+6, < T~1/3,
for T' > 1 large enough, and therefore by Lemma 5.2 for g = 9f /0y, we have
[(m(z —2) + (y = ¥))*Sk(9° f /0y*) (6)| < 1/100.
Therefore, by (33), (32) and (34), we have
Sk (F) (@0 () — Sk(f) (@ 52" y")]
> (1 =)’ |méy + 6,|kY? = 1/100 — C'5,k%/?
/!
> % Imd, + 8,| K2 — 1/100.
However, since m; > 10C"'k/c” > 10k, we have
CI/ 1 C/I m 5
- 2> Mg Qu)p1/2 s
3 |méy + 6y k™= > 3 rnax( 5 O, 2)k > 2,
the last inequality since k = [1007'/c"?] + 1. This finishes the proof of (31) and hence
also the proof of Proposition 6.1. |

Now we can prove Theorem 3:

Proofof Theorem 3. — We will use Proposition 3.2. Fix e > 0 and N € N. Let Z = T?
(see Definition 3.1), and take any (x,y), (2, y’) € T? with d((z,y), (z/,y')) =8, + 6, <
(we will specify § and & in the proof). Let

(35) T := min(5;%/3,62).

1Oy
Denote ap = S (f)(z,y) — Sk(f)(2’,y’) and let D, ¢ > 0 be as in Proposition 6.1.
Notice that for every k € [0,2D, T, we have

A (D 5(2,9)), (Bh 5(a',y))) = |z — | = &,
and  da((®F 45(z,y)), (PF 4(2',y))) < ky + 6, < 2Dg 164/3 + 6y,
hence by Lemma 5.5 and by the cocycle identity, for any € > 0 there exists d. > 0
such that for § € (0,0.), we have that |axt1 — ag| < /4 for every k € [0, Dy, ¢T).

Since by Proposition 6.1, there exists ng € [0, Dq,fT] such that |a,,| > 1, it follows
that there exists M € [0, D, ¢T] such that

(36)

min{|ay + 1|, |arr — 1|} < &/3.
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Notice that by Lemma 5.5, for every N € N there exists dy > 0 such that for
0 €(0,0n), we have M > N. Let L = kM. Notice that [M, M + L] C [0,2D,, ¢T] and
therefore

(37) d(®7, 5(x,y), P4 5(2',y")) <&, for every n € [M, M + LJ.
Moreover, by the cocycle identity, for every n € [M, M + L], we have

lan = anr| = |Sn—mr (F)(@N 5(2,9)) = Snemr ()@ 5(2",9))]-

By Lemma 5.5 (for ¢ = f — [, fd\r2), (36) for k = M and (35), we have (since
n—M < L=xM < D, ¢kT), there exists k. > 0 such that for x € (0, k), we have

|Sn—n () (@35(2,)) = Sumr (F)(@215(2",y))|
< C'(DayT)*26, + C'(Da,pkT) (2D 153/ + 8,)
< C' (Do tK)*? + C' (D 1k) Y2 (2D + 1) < /3.
Therefore, for every n € [M, M + L],
lan + 1] < lan —anm|+ oy +1]<e or Jap — 1 < lan —ap| + lan — 1] < e

This property, together with (37), finishes the proof of the hypotheses of Proposi-
tion 3.2 and hence also the proof of Theorem 3. O

7. DI1SJOINTNESS: PROOF OF THEOREM 4

Notice that if (®]) is a special flow over T and under f then (®7,) is isomorphic
to (<I>§71f). We will therefore use Lemma 4.3 for (@?’pilf) and (@f’qilf) (notice that
by Corollary 1.2 we know that (), and hence also (@f’pilf) and (@?’qilf), are
weakly mixing).

We assume WLOG that ¢ = ¢/p > 1. Recall that for (x,y),(2',y’) € T2,
0y = |z — 2’| and §, = |y — ¢/|. For the proof of Theorem 4 we need the following
crucial proposition:

Prorosition 7.1. — There exists D' =D"(«, f,p,q) > 0 and "' =d"(«, f,p,q) > 0
such that for every (z,v), (z',y'), (z,w), (z,w') € T? if
T :=min(5,%/*,5,2,5,%),
then for some s € [0, D"'T], we have
(38) [(Ss(@™ " F)(z,w) =Ss(p™ )z, w") = (Sicsy (4™ )@, y) = Sic (a7 )", 9) |
> d".

Proof. — Let Cp 4, > 1 be a large constant (specified at the end of Case 1). We will
consider the following cases.
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Case 1. 6, = Cpgmax(8,, 8’ °) or 6, < Cy b max(,, 85/%).
If §,, = Cp g max(d,, 6;/3), then T' = §,,2. By Proposition 6.1 for (z,w) and (z,w’)

we have
20" F)(zow) = Sulp™ ) (0| > 0™

for some s < D, fT. Moreover, by Lemma 5.5, for (z,y) and (2, y’) we have

|Siesi (@™ F) (@) — Sies) (a™ F)(@, )]

c' —1<3/2D3/2 —1
< O ((CDa s T)*/20, + (Do yT)V20,) < —————0L < P

Cpa S
if Cp 4 > 1 is large enough.
Similarly, if §,, < C’];,} max(dy, 5i/3), using Proposition 6.1 for (z,y) and (2/,y") we
have
|Sicsi (@ )@, y) = Siegla )@,y = a7,
for some s < (7' D, ¢T. Moreover, by Lemma 5.5, for (z,w) and (z,w’) we have
) ) 1/2C 1/2 _1
5407 ) (e) = 5.7 ) ev!)| <t ol < T
Pq
if Cp 4 > 1 is large enough. This finishes the proof of Case 1.
Case 2. Cp, g max(d,, 5% = 6, > C, 4 max(dy, 5.
Let R = R;,q > 1 be a constant to be specified later (at the end of the proof of
Subcase 1).
We consider two subcases.

Subcase 1. R’61/3 < by Notice that, by Lemma 5.5, we have, for all k € N,

- — —1cv 3/2
') — / / q " C'(Ck /
’S[Ck](q lf)( 7y) S[Ck](q 1f)($7y)| <q 10 (Ck)3/25m < %3/)2

Moreover, in this case we have T' = min(d, 2, d,,%), hence by Lemma 5.10, there exists
s € [0, D"T] such that

|(Ssp™ ' F)(z,w) = Ss(p™ ' ) (z,0")) = (Sieai(a™ ) (@, y) = Siesi (@™ ) (2, y")) | = d”.

Hence if only ¢~ *C’(¢D"T)?/?/R"*T3/? < d”/2 (which is true if R’ is large enough),
then (38) follows by triangle inequality.

Subcase 2. R'§Y3 > dy. — Notice that by Lemma 5.5, for every k,m € N
(39) Sk~ (@0 5z w)) = Sk(p™ ) (@0 5z, 0))| < C'p7 K26,
Moreover, for every m € N denote h,, = (' + ma,y + ma + m(m — 1)a/2). Then
(40)  Spex alt a5, y) = Sien (a ') ng(x’,y’))
= (Sicn(a (@ s(x,y)) = Sieu (@™ ) (hm))
+ (S (g 1f)( m) = Sien (@™ (@0 52", y)).
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By Lemma 5.5 for g = f — [, fdAr2, we have
(41) St (@ F) (@2 5 (2, ) — Siewy (@™ ) ()| < a7 13207 6,372

By Taylor formula (and the chain rule), for some 6 € T?,

(42)  Sier (@ @Y (")) = Siery (@ F) (ham)

= (m(z —2') + (y = y))Sicr (a " 0f /0y (P 5( 1))

+ (m(z —a') + (y = ¥))* Sy (a0 f/0y*) (O).

For m < T'1/10 we have |m(z — 2') + (y — ¢/')| < md, + §, < T~/3 and therefore,
by Lemma 5.2 for g = 9% f/0y?,

|(m(z — ') + (y = y))*Se(9° f/0y*) (61)| < T~V
Let now R” > R’ (to be specified later) and let

m € [R" max(k,T), R" max(k,T) + D, (k]|
(see Lemma 5.6) be such that
Stk (a1 0f | 0y) (@R 52", y")) = S

Then since R'65/° > 9, and we are in Case 2, for R” > 1 large enough we have the
inequalities md, > R"T6, > 100,, hence by (42) we have

C/
(43) |Ster (@ " H@T 5("y) = Siewy (@™ f) ()| = 3 q~'¢" 2K 2 ms,.

Since R'65° > dy, m = R" max(k,T) and we are in Case 2, for R” > 1 large enough
we have the following lower bound:

/
%q—1<1/2k1/2m5x > 10 maX(C’p_lkl/zéw,q_1C3/2C"k3/2(5$)
and, for any k > T, we have (¢//2)q~'¢Y?k'/?mé, > d” > 0. This, together with
(40), (43), (41) and (39), implies that

|(Sk(p™ N)(@F (2, w)) = Sk(p™ /) (@R 5(2,w"))) —

(Sier(a™ 1)@ 5(5,9)) — Siew (@ N@T ()| = d” /2.
Thus, by cocycle identity, (38) follows for s = k or s = k 4+ m. This finishes the
proof. O

We can now prove Theorem 4.

Proof of Theorem 4. We will prove that the hypotheses of the disjointness criterion
for special flows given in Lemma 4.3 are satisfied. Theorem 4 will then follow.

Let Ag : (T? Ap2) — (T2, A\p2) be given by Ax(z,y) = (z,y + 1/k). Obviously
Ay — 1Id uniformly. Fix ¢ > 0 and N € N. Let us consider any (z,y), (z/,y’) € T?
with d((z,y), (z',y')) < 6 and any (z,w), (z,w") = Ag(z,w) with k < 5~1. Let

T :=min(6; /3,62, 62).

vy )
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Let us define a, := a1 s — a2, with
ars = S5(p~ f)(z,w) = Ss(p~ ' f)(z,0'),
az,s = Sics) (a7 ) (@, y) = Sie) (™ )@, y)).
Let D" > 0 be as in Proposition 7.1. For every s € [0,2D"'T], we have
da (5, 5(2,w)), (25, 5(2,0))) = du,
(44) di((®5, 5(2, ), (25 5(2',Y))) = 0z
and  dy((®3 5(2,9)), (®55(2",y))) < 80: + 8, < 2D"'8,/° + 6.

Hence (since f is C'), for every x > 0 there exists d, > 0 such that, for § € (0,6,)
and for every s € [0,2D"'T], we have

las41 — as| < k.
Thus by Proposition 7.1 there exists M € [0, D"'T] such that
min{|ay + d"'|, |aps — d"'} < g/3.

This gives (12). Notice that, for any given N € N, there exists x5 > 0 such that, for
0 € (0,0n) we have M > N, and by Lemma 5.5 (for a1 as, az,a), by the definition of
T > 0, there exist V' > 0, independent of € > 0, § > 0 and N € N, such that

|aM| < Vv

for some V' > 0. This gives (11).
Let L = kM. Notice that [0, (1 + {)(M + L)] C [0,2D"'T] and therefore by (44)

d(®g, (), Z’B(:c',y/)) <eg, forevery n € [0,max(1+ ()M + L]
and analogously for (z,w), (z,w’). This gives (13).
By the cocycle identity and by Lemma 5.5, there exists k7 > 0 such that for
k€ (0,k)), for all u,w € [0,2((M + L)] with |u — w| < kM, we have
|a1,w = arul = |[Sw—u(P (@G 4(2,w)) = Sw—u(p™ (PG 52, 0))]
< O//|u _ w|1/26w < C//K1/2D1/2T1/26w g c.
Analogously we show that |as , — a2,.| < €/10:
a2, = az.ul = [Se, . (a7 (@5 E (@.9) = S, (a7 (@G5 )],
for some Cy,u < ¢(Colw — ul. By Lemma 5.5 (for g = f — [, fdAr2) and (44) for
s = [¢M], there exist C" > 0 and k. > 0 such that for x € (0,x”), we have (since
|lw—u| < L=rM < D"KT) (for some C" > 0)
[Stuu (a7 @G @) = e (07 D@L (4)
< C”/(D”/KT)?)/zéx + C///(D///HT)1/2(2D///6i/3 + 5y)
< C/”(Dml{)g/2 + K1/2C/1/D/N(2Dm + 1) < 6/10.

This finishes the proof of (14) and hence by Lemma 4.3 completes the proof of
Theorem 4. O
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