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COMPLETED TWAHORI-HECKE ALGEBRAS AND
PARAHORIC HECKE ALGEBRAS FOR
KAC-MOODY GROUPS OVER LOCAL FIELDS

BY Ramra AspeLiaTir & AucusTeE HEBERT

AsstracT. — Let G be a split Kac-Moody group over a non-Archimedean local field. We define
a completion of the Iwahori-Hecke algebra of GG, then we compute its center and prove that it
is isomorphic (via the Satake isomorphism) to the spherical Hecke algebra of G. This is thus
similar to the situation for reductive groups. Our main tool is the masure .# associated to this
setting, which plays here the same role as Bruhat-Tits buildings do for reductive groups. In
a second part, we associate a Hecke algebra to each spherical face F' of type 0, extending a
construction that was only known, in the Kac-Moody setting, for the spherical subgroup and
for the Iwahori subgroup.

Riésumic (Algebres d’Iwahori-Hecke complétées et algébres de Hecke parahoriques pour les
groupes de Kac-Moody sur les corps locaux)

Soit G un groupe de Kac-Moody déployé sur un corps local non archimédien. Nous défi-
nissons une complétion de l'algébre d’Iwahori-Hecke de GG, puis nous prouvons que son centre
est isomorphe (via Iisomorphisme de Satake) a ’algébre de Hecke sphérique de G, ce qui est
analogue au cas des groupes réductifs. Notre outil principal est la masure associée a G, qui joue
ici un role similaire & celui de 'immeuble de Bruhat-Tits dans le cas réductif. Dans une seconde
partie, nous associons une algebre de Hecke a chaque face sphérique F' de type 0. Jusqu’a
présent cette construction n’était connue que pour le sous-groupe sphérique et le sous-groupe
d’Iwahori.
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1. INnTRODUCTION

Let Gg be a split reductive group over a non-Archimedean local field J# and set
Go = Go(#). An important tool to study complex representations of Gy are Hecke
algebras attached to each open compact subgroup of Gy: if K is such a subgroup, the
Hecke algebra .7% associated to K is the convolution algebra of complex-valued K-bi-
invariant functions on Gg with compact support. Two choices of K are of particular
interest: the first one is when K = K, = G(0) with & being the ring of integers
of . In this case, K, is a maximal open compact subgroup of G and J4, = %,
is a commutative algebra called the spherical Hecke algebra of Gy. This algebra can
be explicitly described through the Satake isomorphism: indeed, if W denotes the
Weyl group of Gy and QY is the coweight lattice of Gg, then %, is isomorphic to
the subalgebra C[QY]"" of WV —invariant elements in the group algebra of (QY,+).
A second interesting choice is when K = K is an Iwahori subgroup of Gg: then
H = Hk, is called the Iwahori-Hecke algebra of Go. This algebra comes with a
basis (called the Bernstein-Lusztig basis) indexed by the affine Weyl group of Gy
and such that the product of two elements of this basis can be expressed via the
Bernstein-Lusztig presentation [Lus89]. This presentation enables us to compute the
center of 77 and to check that it is isomorphic to the spherical Hecke algebra of Gy.
These results can be summarized as follows:

A2l s, and Tm(g) = Z(),

where S denotes the Satake isomorphism and g comes from the Bernstein-Lusztig
basis.

This article aims to study how far this theory can be extended to split Kac-Moody
groups. Among the different definitions of Kac-Moody groups that are available in
the literature, we choose to use the definition given by Tits in [Tit87] as it is more
algebraic. Given G a split Kac-Moody group over £, set G = G(%). To study G,
Gaussent and Rousseau built in [GRO8] an object .# = #(G) that they called a
masure (also known as affine ordered hovel), and later extended by Rousseau [Roul6,
Roul7]. This masure is a generalization of Bruhat-Tits buildings introduced in [BT72,
BT84] as it gives back the Bruhat-Tits building of G when G is reductive. As a set,
& is a union of apartments that are all isomorphic to a standard one (denoted by A
in the sequel) and G acts on .. We still have an arrangement of hyperplanes, called
walls, but in general this arrangement is not locally finite anymore. This explains
why faces in A are not sets anymore but filters. Another main difference with Bruhat-
Tits buildings is that in general, two points of .# are not necessarily contained in a
common apartment.

Analogues of Ky and K; (and more generally of parahoric subgroups) can be
defined as fixers of some specific faces in .#. When G is an affine Kac-Moody group,
Braverman, Kazhdan and Patnaik attached to G a spherical Hecke algebra and an
Iwahori-Hecke algebra [BK11, BKP16], and they obtained a Satake isomorphism as
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well as Bernstein-Lusztig relations. All these results were generalized to arbitrary Kac-
Moody groups by Bardy-Panse, Gaussent and Rousseau [GR14, BPGR16]. In this
framework, the Satake isomorphism appears as an isomorphism between J7; := %,
and (C[[Y]]Wv7 where Y denotes a lattice that can be, in first approximation, thought
of as the coroot lattice (though it can be really different, even in the affine case)
and C[Y7] is its Looijenga’s algebra (which is a completion of the group algebra C[Y],
see Definition 4.6). So far, the analogy with the reductive case stops here. Indeed,
let 7 be the Iwahori-Hecke algebra of G: following what happens in the reductive
case [Par06], one would expect the center of . to be isomorphic to the spherical
Hecke algebra J7;. Unfortunately, this is not the case, as we prove that the center
of # is actually more or less trivial (see Lemma 4.31). Moreover, in the non-reductive
case, C[Y]W" is a set of infinite formal series that cannot embed into ., where all
elements have finite support. All these reasons explain why we define a completion Va
of 2 as follows: letting (ZAHw)XGYtu,GWU be the Bernstein-Lusztig basis of .77, we
define J# as the set of formal series J# whose support satisfies some conditions
similar to what appears in the definition of C[Y]. One of our main results states
that J# can be turned into an algebra when endowed with a well-defined convolution
product compatible with the canonical inclusion of 5 into H (see Theorem 4.21 and
Corollary 4.23). We then determine the center of A and show that it is isomorphic to
C[YT"", as wanted (see Theorem 4.30). As before, these results can be summarized
as follows:

—

A S5 ey <L ., and Tm(g) = Z(),

where S denotes the Satake isomorphism and g comes again from the Bernstein-
Luzstig basis.

Another part of this paper is devoted to the construction of Hecke algebras attached
to more general subgroups than K and K;. Recall that K is the fixer of {0} while K
is the fixer of the type 0 chamber Cj . When G is reductive, any face F' between {0}
and CO+ corresponds to an open compact subgroup of G (namely the parahoric sub-
group associated with F') contained in its fixer K, hence one can use it to attach a
Hecke algebra to F'. This explains why it seems natural, in the non-reductive case, to
wonder whether one can attach a Hecke algebra to K for all faces F' between {0}
and C’g’ . We succeed in defining such an algebra when F' is spherical, which means
that its fixer under the action of the Weyl group is finite. Our construction is very
close to what is done for the Iwahori-Hecke algebra in [BPGR16]. We also prove that
when F' is not spherical and different from {0} (that cannot happen if G is affine),
this construction fails because the structural constants are infinite.

Finally, recall that up to now, there was no known topology on G that gener-
alizes the usual topology on Gg(£), for Go a split reductive group over %, in
which K and K; are open compact subgroups of Go(#"). We prove (see Theo-
rem 3.1) that when G is not reductive, there is no way to turn G into a topological
group such that K, or K; (or, more generally, any given parahoric subgroup of G)
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82 R. Asperearir & A. HEBERT

is open compact. This result implies in particular that one cannot define smooth
representations of G in the same way as in the reductive case.

The paper is organized as follows: we first recall the definition of masures in Sec-
tion 2. The reader only interested in Iwahori-Hecke algebras can read the two first
sections and the last one, and skip the rest of this section. Section 3 is devoted to
prove that G cannot be turned into a topological group in which K, or K; is open
compact. In Section 4, we define the completed Iwahori-Hecke algebra H of G and
compute its center, as well as the center of 7. Finally, we use Section 5 to attach
a Hecke algebra to any spherical face between {0} and Cy and to prove that this
construction fails if F' is not spherical and different from {0}.

Remark. — As explained in Section 2, this paper is actually written in a more general
framework, as we only need .# to be an abstract masure and G to be a strongly
transitive group of (positive, type-preserving) automorphisms of .#. In particular,
this applies to almost split (and not only split) Kac-Moody groups over local fields.

Acknowledgements. We warmly thank Stéphane Gaussent for suggesting our col-
laboration, for multiple discussions and for his useful comments on previous versions
of this manuscript. We also thank Nicole Bardy-Panse and Guy Rousseau for dis-
cussions on this topic and for their comments on a previous version of this paper.
Finally, we thank the referee for their valuable comments and suggestions, and for
his/her interesting questions.

2. MASURES: GENERAL FRAMEWORK

We recollect here some well-known facts. Further details are available in the first
two sections of [Roull].

2.1. Roor GENERATING sYSTEM AND WEYL GROUPS. A Kac-Moody matriz (or gener-
alized Cartan matriz) is a square matrix A = (a; j); jer indexed by a finite set I, with
integral coefficients, and such that:

() Viel, a; =2;

(i) V (i, 5) € I%, (i # j) = (ai; < 0);

(iii) ¥ (i,5) € I?, (a;; = 0) & (aj; =0).

A root generating system is a 5-tuple . = (A, XY, ()ier, (o) )icr) made of a Kac-
Moody matrix A indexed by the finite set I, of two dual free Z-modules X and Y
of finite rank, and of a free family (a;);esr (vespectively (o )ier) of elements in X
(resp. Y') called simple roots (resp. simple coroots) that satisfy a; ; = o (ay) for all 4, j
in I. Elements of X (respectively of Y') are called characters (resp. cocharacters).

Fix such a root generating system . = (A4, X,Y, (a)ier, () )icr) and set A :=
Y ® R. Each element of X induces a linear form on A, hence X can be seen as a
subset of the dual A*. In particular, the a;’s (with ¢ € I) will be seen as linear
forms on A. This allows us to define, for any ¢ € I, an involution r; of A by setting
ri(v) == v — a;(v)ay for any v € A. Note that the points fixed by r; are exactly the
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elements of ker o;. We define the Weyl group of ¥ as the subgroup W@ of GL(A)
generated by the finite set {r;, ¢ € I'}. The pair (W",{r;, i € I}) is a Coxeter system,
hence we can consider the length ¢(w) with respect to {r;, i € I} of any element w
of W".

For any = € A, we set a(x) = (;(z))ier € R Let PY := {v € A | a(v) € Z'}
be the coweight-lattice, which is not a lattice when A;, = ﬂie[ ker cv; is non-zero,
QY = @,c; Za} be the coroot-lattice and Qg = ,.; Ray. Furthermore setting
QY := @, Noy, we can define a pre-order <gv on A as follows: for any z,y € A,
we say that z <qv y iff y — 2 € QY. We also set Q¥ := —QY for future reference.

There is an action of the Weyl group W* on A* given by the following formula:

VeehA weW', achA*, (w-a)(z):=alw - ).

Let @ := {w-a; | (w,i) € WY x I} be the set or real roots: then ® is a subset of
Q = @B, Za;. We will also use the set A := & U Al UA C Q of all roots, as
defined in [Kac94]. Note that A is stable under the action of W?. For any root a € A,
we set Ay, :=Z if @ € @, and A, := R otherwise (i.e., if « € Ay, := A;rn UA;,). For
any pair (o, k) € A x Z, we set

(2.1) D(o,k):={teA|alt)+k>0} and D°(a,k):={t€A]alt)+k>0}

For any root o € A, we also set D(a, +00) := A.

Finally, we let W := Q¥ x WY C GA(A) be the affine Weyl group of ., where
GA(A) denotes the group of affine isomorphisms of A. Note that W C PY x W?
and that «(PY) is contained in Z for any o € Q. Consequently, if 7 is a translation
of A of vector p € PV, then for any a € @, 7 acts by permutations on the set
{D(a, k), k € Z}. On the other hand, as W stabilizes A, any element of W" permutes
the sets of the form D(«, k), where o runs over A. Hence we have an action of W on
{D(a, k), (a,k) € AXZ}.

2.2. VEcTorIAL FACES AND Tits coNE. — As in the reductive case, define the funda-
mental chamber as C} = {v € A [ Vi € I, a;(v) > 0}. For any subset J in I,
set

F'(J)y={veA|VjeJ ajv)=0 and Vi I\ J, o;(v) > 0};

then the closure C’i}’ of C} is exactly the union of all F¥(J)s for J C I. The posi-
tive vectorial faces (resp. negative vectorial faces) are defined as the sets w - F(J)
(resp. —w - F'*(J)) for w € W¥ and J C I, and a vectorial face is either a positive
vectorial face or a negative one. A positive chamber (resp. negative chamber) is a cone
of the form w - C} (resp. —w - C}) for some w € W". Note that for any x € C} and
any w € W", we have (w-z = 1) = (w = 1), which ensures that the action of w € W?
on the set of positive chambers is simply transitive.

Let 7 = Uyew» w Ci}’ be the Tits cone and —7 be the negative cone. We can
use it to define a W'-invariant pre-order < on A as follows:

V(z,y) €A?, z<y <= y—zecT.
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84 R. AsperraTiv & A. HEBERT

Wealsoset YT := FNY and Y := Yﬁ@. We can now recall the following simple
but very useful result [GR14, Lem. 2.4 a)].

Lemma 2.1, — For any A € Y and any w € WY, we have w - A <gv .

2.3. FiLters AND MAsURES. — This section aims to recall what masures are. As stated
in the introduction, the reader only interested in the completion of Iwahori-Hecke
algebras can skip this section and go directly to Section 4.

Masures were first introduced for symmetrizable split Kac-Moody groups over a
valued field whose residue field contains C by Gaussent and Rousseau [GRO08]. Later,
Rousseau axiomatized this construction in [Roull], then generalized it with further
developments to almost-split Kac-Moody groups over non-Archimedean local fields
in [Roul6, Roul7]. For the reader familiar with this work, let us mention that we
consider here semi-discrete masures which are thick of finite thickness.

2.3.1. Filers, sectors and rays

DeriNirion 2.2, A filter on a set E is a non-empty set F' of non-empty subsets
of E that satisfies the following conditions:

— for any subsets S1, S5 of E that both belong to F, then S; N S5 belongs to F;
— for any subsets S1,S5 of E with S7 in F' and S; C So, then S belongs to F.

Given a filter F' on a set F and a subset E’ of E, we say that I contains E’ if every
element of F' contains E’. If E’ is non-empty, then the set Fg: of all subsets of E
containing E’ is a filter on E called the filter associated to E’. By language abuse and
to ease notations, we will sometimes write that E’ is a filter, by identification of E’
with FE/.

Now, let F' be a filter on a finite-dimensional real affine space F. We define its
closure F as the filter of all subsets of F that contain the closure of some arbitrary
element of F', and its convex hull conv(F) as the filter of all subsets of E that contain
the convex hull of some arbitrary element of F'. Said differently, we have:

F:={SCE|35 e€F, S cS}andconv(F):={SCE|35 €F, conv(S') C S}.

Given two filters F} and F5 on the same set E, we say that Fy is contained in Fy iff
any subset of F contained F5 is in Fj. Similarly, we say that the filter F is contained
in a subset Q of E iff any subset of E' contained in 2 is in Fj.

Let Q be a subset of A containing an element z in its closure Q of Q. The germ of
in x is defined as the filter germ, () of all subsets of A containing some neighborhood
of z in 2. A sector in A is a translate s := z+C" of a vectorial chamber C* = +w-C7
(with w € W) by an element x € A. The point x is called the base point of the sector s
and the chamber C" is called its direction. One can easily check that the intersection
of two sectors having the same direction is a sector with the same direction.

Given a sector s := x+C" as above, the sector-germ of s is the filter & of all subsets
of A containing an A-translate of 5. Note that it only depends on the direction C"
of s. In particular, we denote by +oo the sector-germ of iC’}’.
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Finally, let 6 be a ray with base point  and let y # x be another point on ¢ (which
amounts to say that § contains the interval |z, y] = [z, y] \ {2}, as well as the interval
[,y]). We say that d is pre-ordered (resp. generic) if either y < x or & < y (resp. if
y —x € £.7, where +.7 denotes the interior of the cone +.7).

2.3.2. Enclosures and faces. — We keep the notations introduced at the end of Sec-
tion 2.1. Given a filter F' on A, we define its enclosure cly (F) as the filter of all subsets
of A containing some element of I of the form [, A D(a, ko), with k, € Z U {+o00}
for any o € A. Sets of the form D(«, k) with « € ® and k € Z are called half-
apartments in A. Sets of the form M(a, k) :={t € A | a(t) + k = 0} with o € ® and
k € Z are called walls in A.

A local face in A is a filter F'* of the form germ, (x4 F?), where = € A is called the
vertez of F* and a vectorial face FV C A is a vectorial face called the direction of F*.
To keep track of the elements 2 and F”, such a local face may be denoted F*(xz, F).
A local face is said to be spherical when its direction is spherical: in this case, its
pointwise stabilizer under the action of W" is a finite group.

A face in A is a filter F = F(z, FV) associated with a point € A and a vectorial
face F'V C A as follows: a subset S of A belongs to F' iff it contains an intersection of
half-spaces D(a, ko) or open half-spaces ﬁ(a, ko), with @ € A and k, € Z, that also
contains the local face F*(z, ). Note that (local) faces can be ordered as follows:
given two such faces F, F’ in A, we say that F is a face of F' (or F' contains F,
or F' dominates F) when F C F'.

As explained at the end of Section 2.1, the action of W on A permutes the sets of
the form D(a, k), where (o, k) runs over A x Z. In particular, this implies that W
permutes enclosures (resp. walls, faces) of A.

The dimension of a face F is the smallest dimension of an affine space generated
by some element S of F. Such an affine space is unique and is called the support
of F. A local chamber (or local alcove) is a maximal local face, i.e., a local face of
the form F(x,+w - C%) for z € A and w € W". The fundamental local chamber is
ci = FY(0, C7%). A local panel is a spherical local face which is maximal among faces
that are not chambers. Equivalently, a local panel is a spherical local face of dimension
dim A — 1. Analogue definitions of chambers and panels exist, see for instance [GR08,
§1.4]. Finally, a local face is of type 0 (or: is a type 0 local face) if its vertex lies in Y.
We denote by Fy the local face F*(0, Ay,), where Aj, = F(I) = ﬂieI
now on, we will write type 0 face instead of type 0 local face to make it shorter.

ker(c;). From

Remark 2.3. — In [Roull], Rousseau defines a notion of chimney that he uses in his
axiomatization of masures. We do not define here what chimneys are: we only recall
that each sector-germ is a splayed, solid chimney-germ, that each spherical face is
contained in a solid chimney and that the action of W on A permutes the chimneys
and preserve their properties (being splayed or solid for instance). For more details
about this, see [Roull, §1.10].

JE.P.— M., 2019, tome 6



86 R. Asperearir & A. HEBERT

2.3.3. Apartments and masure of type A. An apartment of type A is a set A together
with a non-empty set Isom(A, A) of bijections (called Weyl-isomorphisms) such that,
given fo € Isom(A, A), the elements of Isom(A, A) are exactly the bijections of the
form fyow with w € W. All the isomorphisms considered in the sequel will be Weyl-
isomorphisms, hence we will only write isomorphism instead of Weyl-isomorphism.

An isomorphism ¢ : A — A’ between two apartments of type A is a bijection such
that: f € Isom(A, A) <= ¢ o f € Isom(A, A’). By construction, all the notions that
are preserved under the action of W can be extended to any apartment of type A.
For instance, we can define sectors, enclosures, faces or chimneys in any apartment A
of type A, as well as a pre-order <4 on A.

We can now define the most important object of this section: the masures of type A.

Derinition 2.4. — A masure of type A is a set # endowed with a covering & of
subsets (called apartments) such that the five following axioms hold.

(MA1) Any A € & can actually be endowed with a structure of apartment of
type A.

(MA2) If F is a point (resp. a germ of a preordered interval, a generic ray, a solid
chimney) contained in an apartment A and if A’ is an other apartment containing F,
then AN A’ contains cla(F) and there exists an isomorphism from A to A’ that fixes
ClA (F)

(MA3) If R is the germ of a splayed chimney and if F' is a face or a germ of a solid
chimney, then there exists an apartment that contains both R and F'.

(MA4) If two apartments A, A’ contain both R and F as in (MA3), then there
exists an isomorphism from A to A’ that fixes cla(RU F).

(MAO) If x and y are two points that are both contained in two apartments A
and A’ and such that x <4 y, then the two segments [z, y]4 and [z, y]as are equal.

Recall that saying that an apartment contains a germ of a filter means that it
contains at least one element of this germ. Similarly, a map fixes a germ when it fixes
at least one element of this germ.

From now on, .# will denote a masure of type A. We assume that .# is thick of
finite thickness, which means that the number of chambers (= alcoves) containing a
given panel is finite and greater or equal to three. We also assume that there exists a
group G of automorphisms of .# that acts strongly transitively on .#, which implies
that all the isomorphisms involved in the axioms above are induced by the action
of elements of G. We fix an apartment in .# that we identify with A and call the
fundamental apartment of #. As the action of G on & is strongly transitive, the
apartments of .# are exactly the sets ¢ - A with ¢ € G. Let N be the stabilizer of A
in G: it defines a group of affine automorphisms of A, and we assume that this group
is W¥ x Y. As we will see in Section 2.4, these assumptions are not very restrictive
for our purpose as they are all satisfied by the masure attached to a split Kac-Moody
group G over a non-Archimedean local field (see also [GRO08] and [Roul6]).
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Remark 2.5. In a recent work [Héb17a, §5], the second author gives a much sim-
pler axiomatic for masures. To simplify the arguments, the reader can assume that G
is an affine Kac-Moody group, in which case the three axioms (MA2), (MA4) and
(MAO) can be replaced by the following statement [Héb17a, Th.5.38]: for any two
apartments A and A’ in Z, we have AN A" = cl(AN A") and there exists an isomor-
phism from A to A’ that fizes AN A’. This partially explains why the affine case is
less technical, as it does not require to question the existence of isomorphisms that
fix subsets of an intersection of apartments.

Remark 2.6. Let F be a local face of an apartment A and A’ be another apartment
that contains F. Then F is also a local face of A’ and there exists an isomorphism
from A to A’ that fixes F. Indeed, if x is the vertex of F' and if J is a germ of a pre-
ordered segment based at x and contained in F', then the enclosure of J contains F'
and the application of (MA2) to J now proves the claim.

Remark 2.7. — Pick w € W and .# a filter on A fixed by w: then w fixes cl(.%).
Combined with the argument used in Remark 2.6, this proves here that for any vec-
torial face F¥ and any base point , the fixer in G of the face F(x, F’) is exactly the
fixer in G of the corresponding local face F*(x, F?).

Remark 2.8, — As we noticed earlier, each apartment A of .# can be endowed with
a pre-order <4 induced by <4. Let A be an apartment of .# and x,y be two points
in A such that x <4 y. By [Roull, Prop.5.4], we know that for any apartment A’
of .# that contains both x and y, we also have z <4 y. We hence get a relation <
on .# and [Roull, Th.5.9] ensures that this relation is a G-invariant pre-order on .#.

2.4. MASURE ATTACHED TO A spLiT Kac-Mooby Group. As in [Tit87] or in [Rém02,
Chap. 8], we consider the group functor G associated with the root generating sys-
tem . fixed in Section 2.1. This functor goes from the category of rings to the
category of groups and satisfies axioms (KMG1)-(KMG9) of [Tit87]. For any field R,
the group G(R) is uniquely determined by these axioms [Tit87, Th.1’]. Furthermore,
this functor G contains a toric functor T (denoted by .7 in [Rém02]) that goes from
the category of rings to the category of abelian groups, and two functors U* going
from the category of rings to the category of groups.

In particular, let # be a non-Archimedean local field. Denote by & its ring of
integers, by w a fixed uniformizer of &, by ¢ the cardinality of the residue class field
O/w0 and set G := G(#) (as well as UT := Ut (x), T := T(%), etc.). For any
sign ¢ € {4, —} and any root a € ®¢, there is an isomorphism z, from ¢ to a
root group U,. For any integer k € Z, we get a subgroup U, = zo(wwk0) of U,
(see [GROS, §3.1] for precise definitions). Let .# denote the masure attached to G in
[Roul7]: then the following properties hold.

— The fixer of A in G is H := T(0) [GR0O8, Rem. 3.2].
— The fixer of {0} in G is K := G(0) [GR08, Exam. 3.14]. Applying (MA2) to {0}
and using Remark 2.7, we get that K is also the fixer in G of the face Fj.
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— For any pair (a,k) € ® X Z, the fixer of D(o, k) in G is H.U, [GROS,
Exer. 4.2.7)].
— For any sign € € {+, —}, U® is the fixer in G of eco [GRO08, Exam. 4.2.4)].

Moreover, each panel is contained in ¢ + 1 chambers, hence .# is thick of finite thick-
ness.

Remark 2.9. — The group G is reductive iff W is finite. In this case, .# is the usual
Bruhat-Tits building of G and we have F = Aand YT =Y.

3. A TOPOLOGICAL RESTRICTION ON PARAHORIC SUBGROUPS

3.1. STATEMENT OF THE RESULT AND IDEA OF THE PROOF. — In this section, we will
prove that beside the reductive case, it is impossible to endow G with a structure of
topological group for which K or K are open compact subgroups, where K; denotes
the (standard) Iwahori subgroup.™!) In fact, we will prove the following result, which
is slightly more general.

Turorem 3.1. — Let I be a type 0 face of A and let Kp be its fizer in G. If WV is
infinite, then there is no topology of topological group on G for which K is open and
compact.

Let F' be a type O face of A, i.e., a local face whose vertex lies in Y. First note
that, up to replacing F' by h - F' for some well-chosen h € G, which leads to consider
the conjugate of Kr under h instead of Kp, we can assume that F is contained
in C’Oi. As the treatment of both cases is similar, we assume that F' is contained
in CS' . To prove Theorem 3.1, it is enough to prove the existence of g € G such that
Kr/(KrNg-Kp.g~') is infinite.

To explain the strategy of proof, we need to introduce some more notations. Let
a € ' and (w,i) € W¥ x I be such that « = w - o;. For any k € Z, set

Mo :={teAl|a(t)=Fk}, D:={tcA|alt) <k},

and let K, be the fixer of Dj in G. Furthermore, pick a panel P in M and a
chamber Cf contained in conv(Mg', M, ) that dominates Py

For any i € I, we let ¢; +1 (resp. ¢} +1) be the number of chambers containing Py
(resp. P{*%). By [Roull, Prop. 2.9] and [Héb16, Lem. 3.2], ¢; and ¢, do not depend on
the choices of the panels Py and P;**. (This fact will be explained in the proof of
Lemma 3.4.) As a;(ay) = 2, and as there exists an element of G that induces on A
a translation of vector af (because we assumed that the stabilizer N of A in G induces
W@ x Y for group of affine automorphisms), the value of 1 + ¢; (resp. 1+ ¢}) is also
the number of chambers that contain P’ (resp. Py, ;) for any integer k.

Let us now explain the basic idea of the proof. Pick g € G such that g-0 € C}
and set F' := g+ F: then Kr/(Kr N Kg) is in bijection with Kz - F’. For a = w - o,
set If(\; = UkEZ K i then Ty, := If(voé - A is a semi-homogeneous extended tree with

(DWe recall that K 7 is the fixer in G of the fundamental local chamber Ca' .
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parameters ¢; and ¢.. Using the thickness of .#, we can prove that the number n,
of walls between 0 and g - 0 that are parallel to a~1({0}) satisfies |K, 1g- 0| > 2",
which implies that |Kpg-0] > 2™=. As n, can be made arbitrarily large (for a suitable
choice of &) when W7 is infinite, this will end the proof.

3.2. DeraiLep proor or Turorem 3.1. — Fix for now o = w - «;. Set Ky := Kq1
and pick a sector-germ q contained in D§. By (MA3), we know that for any z € .7,
there exists an apartment A, that contains both x and q. Axiom (MA4) implies the
existence of an isomorphism ¢, : A, — A that fixes q, and [Roull, §2.6] ensures that
¢.(x) does not depend on the choice of the apartment A, nor on the isomorphism ¢,,
hence we can denote this element by pq(z). The map p, : & — A is the retraction
of .# onto A centered at q, and its restriction to T, does not depend on the choice of
qe Dg.

Remark 3.2. — Let A be an apartment containing q and ¢ = p,|4 be the restriction
to A of the retraction map p,. Then ¢ is the unique isomorphism of apartments that
fixes AN A. Indeed, (MA4) implies the existence of an isomorphism of apartments
¥ : A — A that fixes q. By definition, pq coincides with @ on A, hence ¢ = 7 is an
isomorphism of apartments, and fixes A, hence ¢ fixes ANA. If f: A = Ais an
isomorphism of apartments that fixes ANA, then fo¢~!: A — A is an isomorphism
of affine spaces that fixes g, hence it must be trivial, which proves that f = ¢ is
unique.

Lemva 3.3. — Letv € K, and x € A be such that v-z € A. Then v fizes D?oz(ac)]‘

Proof. — Set A:=v-A and let k € Z be such that AN A contains Df. By [Héb16,
Lem.3.2], ANAis a half-apartment,®) hence there exists an integer k1 € Z such
that AN A= Dy . Let ¢ : A — A be the isomorphism of apartments induced by v:
Remark 3.2 ensures that ¢ fixes ANA, which means that v fixes ANA. As v-z belongs
to ANA, we obtain that v- (v-x) = v-x, hence v-x = x belongs to Dy . This implies
that D‘f‘a(z)] is contained in Dy = AN A, hence is fixed by v. O

Levmva 3.4. — Let x € A and M, = Mﬁa(zﬂ. Then the map f : Ko -x — KoM,

defined by f(v-x) :=v - M, is well-defined and bijective.

Proof. — Let v,v' € K, be such that v-x = v’ x: by Lemma 3.3, we get that v=! v’
fixes M, hence f is well-defined. Now assume that v, v’ € K, satisfy v- M, = v'.M,,.
Set w:=v 10" and A :=u - A: then u - M, = M, is contained in A N A hence u fixes
D?oz(w)] by Lemma 3.3. In particular, we have u -z = z, i.e., v-2 = v -z and [ is
injective. As f is surjective by definition, the lemma is proved. O

Set a.y := aopq and, for any integer £ > 0, let € be the set of all chambers C' that
dominate some element of K,.P; and satisfy a#(C) > k (which means that there

(2)Our definition of half-apartments is a bit different from the definition of [Héb16]: what we call
half-apartments correspond to the true half-apartments of [Héb16].

JE.P. — M., 2019, tome 6



9o R. Asperearir & A. HEBERT

exists X € C such that a s (z) > k for all z € X). Assume also that the chamber Cy
chosen in Section 3.1 is not contained in Dj.

Lemva 3.5. — For any integer k > 0, the map gi, : Ko M, — € sending v - Mg,
onto v - Cy is well-defined and bijective.

Proof. The proof of the first part of the assertion is as in Lemma 3.4: if v, v’ € K,
are such that v - Mg , = v".Mg |, then u := vl .o satisfies w - Mg, C A and
Lemma 3.3 implies that u - C = Cf, ie., v-Cy = v - C. As we moreover have
ags(v-Cf) =a(C) >k, v-CF = - Cf belongs to 6 and the map gy, is well-
defined.

Assume now that v,v’ € K, are such that v-C2 =o' - C. Set u :=v~'v" and let
X € Cf be an element fixed by u. Let € X be such that o(z) > k: by Lemma 3.3,
u fixes My, | C D‘ﬁa(m)], hence g, is injective.

It remains to check that g is surjective, i.e., that € = K, - Cp*. If C € €%, then
there exists u € K, such that C' dominates u- PZ. By [Roull, Prop. 2.9.1)], there is an
apartment A that contains both v - Dj and C, and Remark 3.2 now gives an explicit
isomorphism ¢ : A — A that fixes ANA. If v € K, induces ¢, then a #(C) = a(v-C),
hence a(v-C) > k, and v-C C A dominates P, hence v-C = Cg, i.e., C = v~ 1. Cg,
which ends the proof. O

Combining Lemmas 3.4 and 3.5, we get the following corollary.

CoroLrAry 3.6. For any x € A, if k := max(1, [a(z)]), then |Kq - z| = ¢.qiq; - - -
(k — 1 factors).

Until the end of this section, we assume that W7 is infinite.

Lemva 3.7. — Let F be a type 0 face of A. If WV is infinite, then there exists g € G
such that Kp/Kp N Kg.p is infinite.

Proof. — Let g € G be such that a := g - 0 belongs to C’}’ and set F/ := ¢g- F. Let
(an)n>0 be an injective sequence of positive real roots (i.e., a, € ®T for any non-
negative integer n). As we have K, C K, hence |Kr - F'| > |K,, .al, for all n > 0,
it is enough to check (by Corollary 3.6 and thickness of .#) that a,(a) — +oo as
n — +00.

By definition, any a,, can be written as ) ;. ; Apic; with A, ; € Z, for all (n,i) €
Zy x I. The injectivity of the sequence (an)n>0 implies that ), ; Ay — +o0 as n
goes to 400, hence lim,,_, { » a,(a) = +00 as required. O

Cororrary 3.8. Let F be a type 0 face of Z. If WV is infinite, then there is no
topology of topological group on G for which Kr is open and compact.

Proof. — 1If there was such a topology, then for any g € G, Kp and K. p = gKpg™*

would be open and compact in G, hence K N K, p would have the same properties.
This would imply the finiteness of the quotient Kr/Kp N K,.p for any g € G, which
contradicts Lemma 3.7. |
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Considering F = Fy (resp. F' = C ), we obtain that K (resp. K) cannot be open
and compact in G when WV is infinite, i.e., when G is not reductive. This shows how
different reductive groups and (non-reductive) Kac-Moody groups are from this point
of view.

4. Tue comPLETED IwanORI-HECKE ALGEBRA

4.1. DeriNtTioN OF THE USUAL Iwaniori-HECKE ALGEBRA. Let us first recall briefly
the construction of the Iwahori-Hecke algebra via its Bernstein-Lusztig presentation,
as done in [BPGRI16, §6.6]. Note that this definition requires some restrictions on
the possible choices for the ring of scalars; nevertheless, choosing C or Z[,/q, \/(j_l]
is allowed when G is a split Kac-Moody group over J£. Another definition of the
Iwahori-Hecke algebra (as an algebra of functions on pairs of type 0 chambers in a
masure) is given in [BPGR16, Def.2.5] and allows more flexibility in the choice of
scalars. This will be recalled in Section 5.

Let %1 = Z[(0s,0})ic1], where (0;);er and (0});c; denote indeterminates that
satisfy the following relations:

— if a;(Y) = Z, then o; = o;

—if (i,j) € I?* are such that r; and r; are conjugate (i.e., such that ai(aj) =
aj(ay) = —1), then 0; = 0; = 0] = 0.

To define the Iwahori-Hecke algebra ¢ associated with A and (o, 0});er, we first
introduce the Bernstein-Lusztig-Hecke algebra. Let BL# be the free %;-module with
basis (Z*Hy,)xey.wewe . For short, set H; := H,. fori € I, as well as H,, = Z°H,, for
w € WV and Z* = Z*H, for A € Y. The Bernstein-Lusztig-Hecke algebra B“7 is the
module Bl equipped with the unique product * that turns it into an associative
algebra and satisfies the following relations (known as Bernstein-Lusztig relations):

(BL1) V(\w) €Y x W, Z*x H, = Z H,;
H,,w if £(rw) = £(w) + 1,
(0i — 07 YHy + Hypy if £(riw) = €(w) — 1;
(BL3) V(\pu) €Y?, Z*x2Zr =7 H
(BL4) VA€Y,Viel, H;x2"—2Z"NxH; =b(o;,0); 2% (2 — 2" W),
t—tH+(u—-ut)z

1— 22 '
The existence and unicity of such a product * comes from [BPGR16, Th. 6.2]. Follow-
ing [BPGR16, §6.6], the Twahori-Hecke algebra 5z, associated with A and (0, 07})icr
is now defined as the %;-submodule of Bl spanned by (Z*Hy) ey + wews (recall

that Y™ = Y N.7 with 7 being the Tits cone). Note that for G reductive, we recover
the usual Iwahori-Hecke algebra of G.

(BL2) Viel, Ywe W", Hi*Hw:{

with  b(t,u;2) =

Remark 4.1. — This construction is compatible with extension of scalars. Let in-
deed Z be a ring that contains Z and ¢ : #Z1 — % be a ring homomorphism such
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that ¢(o;) and ¢(o}) are invertible in Z for all ¢ € I: then the Iwahori-Hecke algebra
associated with A and (¢(0;), ¢(0}))icr over Z is Hp = X Qz, Hop, -

Remark 4.2, When G is a split Kac-Moody group over £, we can (and will) set
0; = o, = /g foralli € I and Z = Z[,/g*']. The corresponding Iwahori-Hecke
algebra 7% will simply be denoted by 2.

4.2. ALMOST FINITE SETS IN Y AND YT, We fix a pair (%, ¢) as in Remarks 4.1
and 4.2. In this section, we introduce a notion of almost finite sets in ¥ and YT,
that will be used to define the Looijenga algebra Z[Y] in the next section and the
completed Iwahori-Hecke algebra H = j/ff\@ in Section 4.4.

4.2.1. Definition of almost finite sets

Derinition 4.3. — A subset E of Y is almost finite (in Y') if there is a finite set
J CY such that: VA€ E, Jv e j| A <gv v.

Replacing Y by YT in the previous definition, we have the definition of almost
finite sets in Y. Nevertheless, the following lemma (applied to ' = Y1) justifies
why we do not set this other definition apart: it shows indeed that almost finiteness
for Y can already be seen in Y, which explains why we will just write almost finite
sets with no more specification.

Lemma 4.4. — Let E CY be an almost finite set. For any subset F' of Y, there exists
a finite set J C F such that FNE C ;e ;(7 — Q).

Proof. — As E is almost finite, we can assume that F is contained in y — QY for some
well-chosen y € Y. Let J be the set of all elements in F'N E that are maximal in FNE
for the pre-order <¢gv. As E is almost finite, we already have: Vo € E, v € K |
x <qgv v. Let us prove that J is finite, which will conclude the proof. To do this, we
identify Qv with Z! and set J' := {u € Q¥ | y —u € J}. We define a comparison
relation < on QY as follows: for all & = (2;);er and ' = (x});er, we write z < 2’
(in Z) for all ¢ € I and x # z’. By definition of J, elements of J’ are
pairwise non comparable, hence [Héb17b, Lem. 2.2] implies that J’ is finite, which
requires that J itself is finite and completes the proof. O

when x; <

4.2.2. Examples of almost finite sets in Y+

In the affine case. Suppose that A is associated with an affine Kac-Moody matrix A.
By [Roull, Rem. 5.10], we know that .7 = 6! (R% )UA;,, where 6 denotes the smallest
positive imaginary root of A, and that J is W"-invariant, thus d(«y) > 0 for all 4 € I.
Therefore, an almost finite set of Yt is a set E contained in Ule(yi — Q) for some
integer k > 1 and some yy,...,yx € Y.

In the indefinite case. — Unlike the finite or the affine case, when A is associated with
an indefinite Kac-Moody matrix A, we have: Vy € Y, y — QY € Y*. Indeed, due to
the proof and the statement of [GR14, Lem. 2.9], there exists a linear form § : A — R
such that 6(.7) > 0 and §(«)) < 0 for all ¢ € I. Consequently, if y € Y and ¢ € I,
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then §(y—nay) < 0 for n large enough, hence y—QY is not contained in Y *. However,
YT may be contained in QY , as stated by the following lemma.

Lemwma 4.5. — We have YT C QY iff we have YT C QY.

Proof. — As YT is contained in Y, the direct implication is obvious. Assume
conversely that Y™ C QY. By Lemma 2.1, we know that A <gv ATT forany A € Y,
with AT in Y*F, hence we must have Y+ C Q¥ and the proof is complete. O

We say that A is the essential realization of the Kac-Moody matriz A when
Ajn = {0}, or equivalently when dimg A equals the size of the matrix A. If A is
the essential realization of an indefinite matrix A = (a22,1 “5?) of size 2, with ay,
and ag 1 negative integers, then A = Ray @ Roy. For any integers A and p of opposite
sign (i.e., such that Ap < 0), we have (2\ + ay2p)(ag1A + 2u) < 0, hence Y7 is
contained in QY U QY. By [Kac94, Th.4.3], we get that Q¥ N Y*T = {0}, hence
YT is contained in @Y, and Lemma 4.5 implies that Y* is also contained in Q.
Consequently, every subset of Y* is almost finite.

Note that this conclusion does not always hold when A is of size n > 3. Indeed,
assume for instance that A is the essential realization of the matrix

2 0-2
A=1020
—50 2

Then —2ay + oy — ay is in Y but not in QY.

4.3. Tue LoouExca aLcesra Z[Y]. — We keep the previous notations. The next
definition follows the definition of the algebra A given in [Loo80, §4].

Derinition 4.6. — Let (ex)aey be a family of symbols that satisfy e*e# = e* ™+ for
all \, u € Y. The Looijenga algebra Z[Y] of Y over Z is defined as the set of formal
series )\ cy axe* with (ax)rey € #ZY having almost finite support.

For any element A € Y, let 7y : Z[Y] — Z be the “A-the coordinate map” defined
by (ZueY aue!) := ay. Define Z[Y+] and Z[Y]"" as follows:

Z|YT):={acZ[Y] |VyeY YT m\(a) =0}
ZYIV ={ae Z[Y]|V(\w) €Y x W, m\(w-a)=mx(a)}.
One can check that Z[Y+] and Z[Y]"" are Z-subalgebras of Z[Y].

Derivirion 4.7. — A family (a;)jes € (Z[Y])7 is summable if:
—forall AeY, {j € J|m(a;) # 0} is finite;
— theset {A €Y |3j € J, mr(a;) # 0} is almost finite.

Given a summable family (a;);es € (Z[Y])”, we set D e @ = D ey brer, with
by = > jeymalay) for any A € Y. For A € Y, set E(N) := > oy e € Z[Y].
(Note that this is well-defined by Lemma 2.1.) Finally, for any A € 7, let AT be
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the unique element in C’i}’ that has the same Wv-orbit as A (i.e., such that W¥ .-\ =
Wo AT,

Levvia 4.8. — Lety € Y. Then WV -y is upper-bounded (for <gv) iff y belongs
to Y.

Proof. — Tf y belongs to Yt, then Lemma 2.1 implies that W? - y is upper-bounded
by y*+. Assume conversely that y € Y is such that W -y is upper-bounded for <qv
and let € W7 - y be a maximal element. For any ¢ € I, we have r;(z) <gv @, hence
a;(x) 2 0, which proves that  belongs to Ci}’ and implies that y is in Y. O

Denote by AF%(Y 1) the set of elements of 7280 having almost finite support.

Prorosirion 4.9. The map E : AFz(Y++) — Z[Y]V" that sends a € AF5(Y )
to Y sey++ mala)E(N) is well-defined and bijective. In particular, we have Z[YV" C
Z[YT].

Proof. — Let a = (a))aey++ be an element of AF%(Y*T). As a has almost finite
support, there exists a finite set J C Y such that: VA € supp(a), Jv € J | A <gv v.
We start by proving that (ayE(A))yey++ is summable. Let v € Y and set

F, = {\e Yt | m(axE(N) # 0}

For any A € F,,, v belongs to W"- A, hence Lemma 2.1 implies that v <gv A. As there
exists moreover some j € J such that A <gv j, we get the finiteness of F,,. Now let
F =, cy F. We just saw that any element of F' is dominated (for <qv) by some
element of J, hence F is by definition almost finite, and (a)E(A)) ey ++ is summable.

By construction, E()) is in Z[Y]"" for any A € YF, hence >, y+s arxE(N) is
in Z[Y]"" too and E is well-defined. Now assume that a € AF%(Y*+") is non-zero
and let v be maximal (for <gv) among the elements A of Yt such that 7y (a) # 0.
Then 7, (E(a)) = m,(a) # 0, hence E(a) is non-zero and F is injective. To prove FE
is surjective, let u = 3",y ure® be any element of Z[Y]"" and let A € supp(u). As
supp(u) is almost finite and W¥-invariant, W? - X is upper-bounded, hence Lemma 4.8
implies that A belongs to Y+. This proves that supp(u) is contained in Y, and that
u = E((mx(u)) xesupp(u)++) 18 in the image of E, which completes the proof. O

Remark 4.10. — Lemma 4.8 and Proposition 4.9 are not explicitly stated in [GR14],
but their proof is basically contained in the proof of [GR14, Th.5.4].

4.4. Tk compLetep Twanori-HEcke aLcesra 7. In this subsection, we define an
Z-algebra H as a “completion” of the usual Iwahori-Hecke algebra, what justifies
the name of completed Iwahori-Hecke algebra given to . In the next section, we will
compute the centers of 7 and of J/f: and recover the reasons that motivated the
introduction of 77 in this context.

Endow W" with its Bruhat order < and, for any w € W7, set

[1,w] :={ueW’|u< w}

JEP — M., 2019, lome 6



CompLETED Iwanori-HECKE ALGEBRAS FOR KAc-MoODY GROUPS OVER LOCAL FIELDS 95

This notation makes sense as 1 < w for all w € W". Let Z :=[[,cy+ wews Z-

Derinition 4.11. — For any a = (axw)(xw)ey +xwe in %, the support of a is the set

supp(a) := {(A\,w) € Yt x W’ [ arw # 0} .
The support of a along Y is the set

suppy (a) == {A € YT | Jw e W’ ay, # 0}
and the support of a along W is the set

suppyo(a) :={w € WY [IXN€ YT, ay,, #0}.
DeriNiTion 4.12. — A subset Z of YT x WY is almost finite if
{fweW’|INeY T, (\w) e Z}

is finite and if, for all w € W?, the set {A € YT |(A\,w) € Z} is almost finite (in the
sense of Definition 4.3).

Let J be the set of all elements in % with almost finite support. An element
(@xw)(awyey+xwe of A will also be written as Z(A,w)eY+va axwZ*H,. Any
pair (\,w) € Yt x WV defines a projection map 7y, : H — R defined by
T w (Z(y,u)ey+xvv'u ayuZVHy) 2= a0

To extend the product * to %/”\, we start by proving that for any elements

> axwZ*H, and > bawZ H,
Aw)EY +Xx WP Aw)EY+x W

of j?: and any pair (g,v) € YT x WY, the sum

Z WM,U(aA>wb)\’,w’Z>\Hw % Z,\/Hw/)
Aw),(Nw)eY +x W

is a finite sum, i.e., that only finitely many terms 7ru7v(a,\,wb,\/7w/Z)‘Hw * ZXHw/) are
non-zero. The key fact to prove this is that for any pair (A, w) € Y x W7, the support
of Hy x Zy along Y is in the convex hull of {u - A, u € [1,w]}. This fact comes from
Lemma 4.15 below.

For any subset E of Y and any i € I, set R;(E) := conv({E,r;(E)}) C E+ Q.
When E = {\} is reduced to a single element, we write R;()\) instead of R;({A}). For
any w € WY and any A € Y, set Ry,(N\) := JRi, (Ri, (... (Ri,(N))...)), where the

union is taken over all the reduced writings r;,.r;, ... 15, of w.

Remark 4.13. For any pair (A\,w) € Y x WY, the set R, ()\) is actually finite.
Indeed, given any finite set E and any ¢ € I, the set R;(E) is bounded and contained
in F 4+ @V, hence must be finite. By induction, we get that for any integer £ > 0 and
any list (i1,...,1;) of elements of I, the set R;, (R;,(...(R;, (E))...)) is also finite.
As w has only finitely many reduced writings,®) we obtain that R,,()\) is finite.

(3)The number of reduced writings of w is upper-bounded by |I|[(w).
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Lemma 4.14. Foralli € I and all X €Y, the product H; x Z* is in

X - 7" Hy.
(L) ER; (N x {1,r:}

Proof. — Leti eI and A € Y. If 0; = o}, then (BL4) implies that

1—
Hix 2> = 27N« H, + (07 — 07 ) 2>

7

hence we have the following alternative.
— Either o;;(\) = 0, and H; * Z* = Z*x H;, i.e., H; and Z* commute to each other.
- Or a;(A\) > 0, in which case we have
Oci()\)fl
Hyx 2% = 27N w Hi+ (0, —07Y) Y 27l
k=0
with r;(A) and A — ko in R;(A) for all k € [0, a;(A) — 1].
— Or «;(\) <0, in which case we have
—a;(A) .
Hi * Z)‘ = Zri()‘) * Hi + (Ui _ Ui_l) Z ZAJrkai
k=1
with 7;(A) and A + ke in R;(X) for all k& € [1, —a;(N)].
In any case, we have proven that H;*Z> is in Ga(u,t)eRi(/\)x{l,m} HZY Hy when o; = 0.
If 0; # o}, then «o;(Y) = 2Z, so we have now

H;« 7> = 2N « H; + 27 ((o; =07 ")+ (0 —0i™) z=o,
and similar computations as those done in the o; = o} case complete the proof. O

Levmya 4.15. — For allw,w’ € WY and all A €Y, Hy * Z H,, is in

D % Z'H,.
(V,t)ERw (A) X [1,w]-w’
Proof. — The proof goes by induction on ¢(w’) > 0. There is nothing to prove if
L(w’) =0, and if (w’) = 1, this is exactly Lemma 4.14. Now, fix an integer k > 1 and
a pair (w,\) € WY x YT, and assume that for any u € W satisfying ¢(u) < k — 1,
the product H, * Z*H,, belongs to @, »ecr, (xyx[1,0)uZ " 2" Hi- Let w' € W be an
element of length k& and write w’ = r;u for ¢ € I and u € WY of length & — 1. Then
H, x Z H, = H; x H, * Z*H,, belongs to ®(u,t)eRu(A)x[1,u]~w ZH; « Z*H,, with

@ %H’L*ZAHtC @ @ %‘ZV/*Ht/*Ht
(v, t)ERy (N) x[1,u]l-w (W) ER,(N) x[Lul-w (Vv t")ER; (v)x{1,r; }
by Lemma 4.14. Using (BL2) for ¢’ € {1,r;} and ¢ € [1,u] - w, we get that Hy * Hy

belongs to ZH,,+ & #ZH;, hence to @ve[l’w,],w X H,, and the lemma follows. O

Levma 4.16. Let (A, w) € Y XW?. For anyv € Ry, (), there is a family (ay)ugw €
[0, 1)) such that D uefiw) Gu=1andv =3

weltw] Gu - U A
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Proof. — This proof goes again by induction on £(w) > 0. There is nothing to do when
f(w) = 0. Let k € Z be non-negative and assume that the statement of the lemma is
true whenever w € WV is of length k. Let w’ € W? be of length k + 1, fix A € Y and
pick v € Ry (). Then there exists some triple (i,w,v’) € I x W? x WY, with w of
length k and v/ € Ry, ()), such that v € R;(v'). As we can write v/ =3_
for some family (ay)ueqi,w) € [0,1]0% and v = s/ + (1 — s)r;v/ for some s € [0,1],
we finally get that v =3 c(y ) (sauu- A+ (1 = s)ayru- A) with ryu € [1,w'] for all
u € [1,w], hence the lemma follows. O

]auu-/\

Levma 4.17
(1) For all \,p € YT, we have (A4 p)™F <gv ATT 4 ptt.
(2) Let (\,w) € YT x WV. For all v € Ry, (), we have v <gv ATT.

Proof. — Let \,up € YT and w € WV be such that (A + p)** = w - (A + u). By
Lemma 2.1, we have w- A <ov AT and w - p <gv p*T, hence we get the first state-
ment. Together with Lemma 2.1, Remark 4.13 and Lemma 4.16, the first statement
implies the second one. U

Define the height h(x) of any x = Y, w0 € QY by h(z) := >, ; x;. For any
A€ YT, let wy € WY be the element of minimal length such that w= -\ € C’i}’: then
we have A = w) - A*TT.

Levva 4.18. — Let A€ Y and (pn)ns0 € (WY - N2+ be such that

nggloo E(wu") - +OO

Then limy, 4 oo Ay, — A) = —00.

Proof. — By Lemma 2.1, we know that h(u, — A) is well-defined. For all « € &, we
have a(A) > 0. Assume that a(A) = 0: then a;(A) = 0 for all ¢ € I, hence r;A = A
for all @ € T and W" - X is then reduced to {A}, which contradicts the fact that
limy, o0 #(wy,,, ) = +00. This proves that a(\) > 0 for all & € @ .

Now let p: A — R be a linear form satisfying p(ay) =1 for all i € I. Pick n € Z
and set w := w,,,. Then we have

B = A) = hw A= X) = plw- A= A) = (w™2p — p)(\).
Thanks to [Kum02, Cor. (3)], we know that w™'-p—p= =37 5  «awith &, :=
At Nnw=! A=, By [Kum02, Lem. 3.14], we also know that |®,,-1] = £(w™!) = £(w).
Letting n go to 400, we obtain that

h(pn —A) = — Z a(})

aced

Ypn

goes to —oo, as required. O

Levvia 4.19. — For all (A, p,w) € YT x YT x WY, the set {v € WY -\ | n € Ry(v)}
is finite.
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Proof. Let N > 0 be an integer that satisfies the following property:

(4.1) Vv e WY -X|L(wy) =N, h(v/ =) < h(p—N).

(Such an integer exists by Lemma 4.18.) Let v € W" - X be such that u belongs
to Ry(v) and set u := w,. Following Lemma 4.16, write p = }_ [y ,, @ - v With
(az)zen,w € [0, 1]%] such that che[l,w] a; = 1. For all x € [1,w], set v(z) := wy.p.
Then there exists € [1,w] such that £(v(x)) < N. Indeed, suppose by contradiction
that £(v(z)) = N for all x € [1,w]. As

n—A= Z az(x-v—MA) = Z az(v(z)y — N),
z€[1,w] ze[l,w]
we obtain from (4.1) that
hp=X = ) a:h(v@) =A< Y ah(n—X)=h(un—2),
z€[1,w] z€[1,w]
which is absurd. We can hence pick @ € [1,w] such that {(v(7)) < N. AsTw-v =
v(@)-vTT, we have £(u~1v(w)) > £(u) by definition of u. It implies that £(v(@))+£(u) >
L(v(w)) + £(w) = £(u), hence we have £(u) < N + £(u), so £(u) is upper-bounded and

the lemma follows. O

To allow infinite sums in f%/’?, we need a suitable notion of summable families, as
we have by Definition 4.7 for the Looijenga algebra R[Y]. This is the purpose of the
next definition.

Derinition 4.20. — A family (a;)jes € A7 is summable when the following proper-
ties hold.

—~Forall A\ € Y, theset {j € J | Jw € WY, mx(a;) # 0} is finite.

~ U,essupp(a ) is almost finite.
If (aj)jes € 7 is a summable family, we define ZjeJ aj € j/f?by

Z(Zj = Z a)\,wZ/\Hwa

jeJ Aw)EY+xW?
with  ay . = Zm\,w(aj) for all (A\,w) € YT x W".
jeJ
The next result claims that the product of two summable families is well-defined.
This is the crucial step in the process that turns J into a convolution algebra for x.
Recall that elements of J# corresponds to elements of J with finite support.

Tueorem 4.21. Let (aj)jes € 7 and (by)res € K be two summable families.
Then (aj * by)(jkmesxk is summable and Z(j Kesxx @ * bp only depends on the two

elements 3 ya; and Yy by of H
Proof. — For any j € J and k € K, we can decompose a; and by, as follows:

a; = Z aj,)\,uZ)\Hu and bk = Z bk,u,vZHH'u-
(ANu)EY +xWe (p,0)EY + X W
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For any A € Y+, we set
JA)={jeJ|IueW? ajr,#0}and K(\):={ke K|3JveW?, by ., #0}

For any triple (u,v, 1) € WY x W? x YT, the application of Lemma 4.15 to H, * Z* H,
gives a family (2,77")w.t)eRu(u)x[1,u)-w Of scalars that satisfy

H, % Z'H, = Z 2 M ZY H.
(v, t)ERy (@) X [1,u]-v
Given j € J and k € K, we then have
(4.2) a; * by = Z Z aj,A,ubk,M,vZE,’Z)’HZ)\+DHt-
(M), (1,0) EY X W (1,8) € Ry, (1) X [1,u]-v
This equality implies that suppy.(a; * by) is contained in S;.S,l;, where Sy =

Uw€suppwy (e[, w] for ¢ € {a,b} and n € {j, k}. This already gives the finiteness of

Swel(a,b):= U suppylan +bn) € (U SH-( U Sh).

(n,m)eJXK neJ meK

Ifweset S := ;¢ supp(a;)UlUye g supp(be) and Sy :=my (S), where my: Y x W* =Y
is the projection on the first coordinate, then S and Sy are by construction both
almost finite. We can hence choose an integer N > 0 and elements k1,...,ky € YT
such that: for all z € Sy, there exists ¢ € [1, N] such that 7% <gv &;.

Now pick a pair (p,s) € YT x W?. The image of a; * by by the projection 7, , is
given by

Tp,s(aj * by) = Z Z ajxubk pozys
(M), () EY X WP veR, ()| A\ +v=p

Set

F(p):={(\v) €Sy x YT | 3(,u) € Sy x Swe,v € Ry(u) and A + v = p}.

If (\,v) is an element of F(p), choose some (u,u) € Sy X Syv such that v € R, (1)
and A + v = p. Then Lemma 4.17 implies the existence of n,m € [1, N] such that
A <gv AT <gv Ky and v <gv putt <gv K, which proves that F(p) is finite.
Set
F'(p) :=A{n € Sy | 3(u, (A, v)) € Swv x Fp), v € Ru(p)}-
If 11 is an element of F'(p) and if (u, (A, v)) € Sy x F(p) is such that v € R, (1), ap-
plying again Lemma 4.17 gives an integer i € [1, N| such that v+ <gv utt <gov K.
This implies the finiteness of F’(p)™", which implies itself the finiteness of F’(p) by
Lemma 4.19.
Set
Fi(p):={ eYT|IveYt (\v)e F(p) and L(p) := U JA) x K ().
(AR)EFL(p) X F'(p)
By construction, L(p) is finite and for all (j,k) € J x K, the non-vanishing of
Tp,s(aj * by) implies that (j, k) belongs to L(p). Also, if (p, s) is in

U supp(a; * by),
(j,k)eEIJXK
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then there exists (A, u) € Sy x Sy, u € Sy and v € R, (u) such that A +v = p.
Applying once more Lemma 4.17, we get integers n,m € [1, N] such that

pTT <ov AT+ vt <gv B+ K.

Summed up, all this shows that U(j KeTx K supp(a; * bg) is almost finite and that
(aj * be)(jkyesxk is a summable family.
Moreover, we have

Wms( > a4 *bk) = > > > ajaubrpzitt
Gk

JETXK (M), () EY T XW? vERy ()| A+v=p (§,k)EJ X K

u,v
= E : E akaub#ﬂ) Zys "

(M), (p0) EY T XWY vERy (1) | A+v=p

where we set

Zaj = Z aA,uZ’\Hu and Z by, = Z by 2" Hy,

jeJ (Au)eY+xwe kEK (yv) €Y+ X WY
hence the lemma is proved. O
Derintrion 4.22. For any summable families (a;);e; € 57 and (by)res € HK,
we set

axb:= Z aj*bkej/f: Witha::Zajandb::Zbk.

(5,k)eIx K jEJT keK

CoroLLARY 4.23. The convolution product x provides S with a structure of asso-
ciative Z-algebra.

Proof. — Theorem 4.21 ensures that (,ﬁg’: *) is an Z-algebra. The associativity of
in ## comes from Theorem 4.21 and from the associativity of * in 7. |

The algebra A is called the completed Iwahori-Hecke algebra of (A, (04,0})ier)
over X.

Exavpere 4.24. — Let . be a thick masure of finite thickness on which a group G
acts strongly transitively. For any ¢ € I, pick a panel P; of {z € A | a;(x) =0} and a
panel P/ of {z € A | a;(x) = 1}. Let 1 + ¢; (resp. 1 + ¢;) be the number of chambers
in .# that contain P; (resp. P) and set 0; = /q;, 0] = \/qj Then (0, 0})icr satisfy
the relations stated at the beginning of Section 4 and the completed Iwahori-Hecke
algebra of (A, (0y,0})ier) over Z is called the completed Twahori-Hecke algebra of %
over X.

4.5. CentER oF THE Iwanori-HEcke ALGEBRAS. — The goal of this section is to com-
pute the center of the Iwahori-Hecke algebra 5 and of its completed version H. Our
proof is basically an adaptation to this context of the proof of [NR03, Th.1.4]. In the
sequel, we denote by Z°(A) the center of any Z-algebra A.
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4.5.1. The completed Bernstein-Lusztig bimodule B . — To determine 2 (%, we
want to compute elements of the form Z# x z x Z7# for z € f’f(ff) and p € Y.
However, left and right multiplication by Z* are only defined in H for A\ € Y.
To extend multiplication by Z* for arbitrary A € Y, we need to pass to a bigger space:
indeed, if A € Y is not in YT, multiplication by Z* obviously does not stabilize j{’:
as Z) %1 = Z* is not in JZ in this case. The bigger space aforementioned is a
“completion” BLZ of BL3# that contains . Note that BL#Z will not be equipped

with a structure of algebra, but with a structure of Z[Y]-bimodule compatible with

the convolution product * on 2
Any a = (axw) € ZY*W" will also be written as a = Z()\ w)EY X W a)\,wZ)‘Hw.
For such an a, we define the support of a along W' as

suppyyo (a) :={w € WY | IX € Y, ax . # 0}.

We set BLZ := {a € Z¥*W" | suppyy . (a) is finite}; note that BL# and H can be
seen as subspaces of BL#Z. For any pair (p,s) € Y x WY, we have again a projection
map 7, : Bt — # defined by:

vV Y a w2 H, €PUAZ, w,,,s< > aA,wZAHw>=ap,s.
(A w)EY XxW? (A w)eEY xW?

DeriniTion 4.25. A family (a;);es € BRA is summable if the following properties
hold.

— For all pair (p,s) € Y x W*, the set {j € J | 75 ,(a;) # 0} is finite.
= U, suppyyv (a;) is almost finite.
If (a;)jes € B is a summable family, we define } . ;a; € BL# as
Zaj = Z a,\7wZ>‘Hw, with ay = Zw,\w(aj) for all (A\,w) € Y xW".
j€J (Aw)EY X W jeJ
Levva 4.26. — Let (aj)jes € (B2#)7 be a summable family in B2 and a =
djesaj € B Forany p € Y, (a; x Z")jey and (Z" * aj)je; are summable
families of BLZ, and the elements 3, ; ZV * a; and )
and pv (but not on the choice of the family (a;);e.
Moreover, setting a * ZV =3, ja;x Z" and Z! ¥ a:= ), ;

a convolution product that provides BLi# with a structure of Z[Y]-bimodule.

jes @ * Z" only depend on a

Z" x aj, we define

Proof. — Let (a;)jes € (P7)” be a summable family and set S:= |, ; suppyy. (a;)-
For all pair (A, w) € Y xW?¥, set J(A\,w) :={j € J | mx w(a;) # 0}. Forall (u, p, s,j) €
Y xY x WY x J, we have 7, (Z" * aj) = mp—p s(a;), hence the summability of
(Z" % aj)jes directly comes from the summability of (a;);e.s and

Tp.s <Z ZM % a]—) =Tp_ps(a)

jeJ

only depends on a and pu.
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The corresponding statement for (a; * Z*);c s is a little bit trickier to prove. Given
w € WY, Lemma 4.15 gives a family (2;)w.1)eR. (u)x[1,w] Of coefficients in # such
that
Hy * ZM = Z 20 2V H,y.
(v,t) ERy (1) x[1,w]
For j € J, write a; = Z(A,w)erWv ajawZ Hy With a; ), € % for any pair (A, w) €
Y x W". Then we have, for all (u,p,s,7) €Y XY x W¥ x J:

mps(ajx Z1) = 7Tp7s( Z aj7)\7wZ>‘Hw * Z“)
(A w)eY xS

:W"’S( > ( > aj’A,wzi‘ftZ"MHt))
(

(Aw)eY XS M, t)ER (1) X [1,w]
= Z ( Z aj7,\)wzl’,‘js).
(Mw)EY XS “WER (1) |v+A=p
Fix p €Y and set F(p,s) :={j € J |m,s(a; *x Z*) # 0} for all pair (p,s) € Y x W?.
By the previous computation, we have F'(p,s) C U, )esxry, () 7 (P — V> w), hence
F(p, s) is finite. Moreover, for any j € J, suppy.(a; * Z*) is contained in (J,,cg[1, w],
hence ;¢ ; suppyy» (a; * Z") is almost finite and (a; * Z") je s is summable. Also note
that the calculation of 7, s (a; * Z*) we did above implies that for all (p, s) € Y x W?,

we have
ﬁp,s(zaj*zu)zz( 3 ( T aj,A’wzg,Q)

jeJ JEJ Y(ANw)EY XS WER, (u)|v+A=p
w
= § : ( 2 : (E :a'jv)‘vwzl/,s>>7
(Mw)EY XS “WER (u)|v+A=p “JEJ
hence if a = Z(A w)EY X W aA,wZAHw, then

pe(Tarz)= XY

j€J (A w)EY XS VvERy, (1) |v+A=p
only depends on a and pu.
To conclude the proof, we are left to show that for any (b, u, p') € Y3, we have

ZrFE (ZF Fb) = (2T b, (bF ZM) % 2 =bF (ZMHH)
and ZrFE (bF ZM) = (ZF % b) F 2V

To do this, write b = Z(A,w)erWv bawZ Hy, with (by.) € ZY>*W" and apply the
first part of this lemma to J = Y x W?: by associativity of * in BL#, we get the
required identities. O

CoroLLARY 4.27. For all a € J and w € YT, we have Z¥ xa = Z* ¥ a and
ax M =ax ZM.

This statement justifies that we will from now on denote * instead of *.
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4.5.2. Computation of the centers

—

LEvma 4.28. Forallae () and p €Y, we have a x ZM = Z" x a.

Proof. — Write u = py — p— with py,u_ € Y. The associativity of * proven in
Lemma 4.26 implies that Z+#- x (Z7H- % a) = a, hence Z7#~ xa = ax Z~H- and
Zhxa=27ZMrxaxZ - =ax M. |

For any w € W, we introduce the following subsets of BL#:
BLf 4, = {Eu,v)eyxwv axoZ H, € B | (ay, #0) = (v w)};
B — = { Dnwersavs a2 Hy € P | (04 w) = (ar, = 0)}.

We let j@w = Bl %, N A and ﬁiw = Bl N A be the corresponding
subspaces in 7.

LeEmma 4.29. Letwe WY and €Y.
(1) We have

PLIA 4oy * 7> C BLA 4o Z* x PLA 4 CPRH 4, and ZN«BLyf_, C BLy_,,.
(2) There exists S € BL%”;&U such that Hy, x Z» = Z*NH, + S.

Proof. — These statements are consequence of [BPGR16, Th.6.2], of Lemma 4.15
and of Lemma 4.26. O

The following theorem is the heart of this section, as it describes the center of
the completed Iwahori-Hecke algebra . This generalizes a well-known theorem of
Bernstein (see [Lus83, Th.8.1], which seems to be the first published version of this
result) and gives a recovery of the spherical Hecke algebra % as center of a natural
Iwahori-Hecke algebra.

Tureorem 4.30. The center of the completed Iwahori-Hecke algebra His 3"(3%5) =
RIY]W".

Proof. — Let a =Y, cy+ axZ* be an element of R[Y]"" and i € I. We can write
a=x+ywith e =3\ cyirpera, 2 and y = 35 oy o, ()50 (27 + 27). As
and y commute with H;, we obtain that a commutes with H; for all ¢ € I, hence we
have a € ff(ﬁ% and R[Y]V" ¢ ff(j%

Conversely, let z be an element of 2 (9?) C BL and write

z= Z cAva/\Hw.
(A w)EY X W

First assume that the set

F={A\w)eY xW"|w#1and cy, # 0}
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is non empty and choose a pair (v,m) € F with m maximal in W (for the Bruhat or-
der). Write z = z+y withx = ),y x)\meAHm € A and y € jfzm. Lemmas 4.28
and 4.29 imply that for all y € Y, we have

p=Zlwzx M= exmZNTT W H,, 4y
AEY

with 3, € BL#Z #m- By projection on BLYY _,,, we get that

r = Z c,\,mZ’\Jr“_m(“)Hm.
A€Y
Now let J C Y be a finite set that satisfies the following property:

V()\7w) eY x W, (C)\’w 7&0) — (EVG J | )\ng V).

Pick v € Y such that ¢y, # 0. Then for all 4 € Y, we have ¢y ,_m(u),m 7# 0, hence
there exists v(u) € J such that v+ p—m(u) <qv v(u). In particular, pick p € YNC}
and let v € J be such that for all integer n > 0, we have v+ o(n)(p — m(p)) <gv v,
where o : Z — Z is such that lim,,, ;- o(n) = +o00. Then v+ o(1)(x — m(p)) — v
belongs to @V, and Lemma 2.1 implies that ;1 — m(u) is a non-zero element of QY.
Hence for n large enough, we have

v+ o) (p—mp) =7+ o@)(u—m(u) + (e(n) — (1)) (n —m(p) >qv v,
which contradicts the definition of v. Consequently, F'is empty and z belongs to R[Y].
We can hence simplify the above decomposition of z and write z =,y cxZ A with
cx = cy,1. By Lemma 4.29, we know that for any w € W", we have

Hy % 2 = Z ZYNH, 4y
AEY

for some y € BL# Fu- But z commutes with H,,, so we also have

Hy,*xz=2zxH, = ZC)\Z)‘HM.
€Y

By projection on %Zw, we get that

Z exZ*NH, = Z cxZ H,,
reY €Y

hence z is in R[Y]"", which ends the proof. O

As a consequence of Theorem 4.30, we get a description of the center of the usual
Iwahori-Hecke algebra 7. Note that the proof relies on a characterization of finite
Wv-orbits in A that will be proven independently at the end of Section 5 (see Corol-
lary 5.23).

Before we state the result, let us recall some notations. If Ay,..., A, denote the
indecomposable components of the Kac-Moody matrix A, we let J/ be the set of
all j € [1,r] such that A; is of finite type [Kac94, Th.4.3] and J*> be the com-
plement of Jf in [1,7]. Set AT := @D, csr Aj, let ©; be the root system of A; and

JEP — M., 2019, lome 6



CompLETED Iwanori-HECKE ALGEBRAS FOR KAc-MoODY GROUPS OVER LOCAL FIELDS 100

Aj iy = ﬂ(be@j ker ¢ for all j € J/. Finally, set Y/ := Y N A, A .= P
and Y20 =Y NAY.

Ajin

jeJ>

Lewvia 4.31. — We have Z(#) = ()N A = RY & Y.

Proof. — Any a € Z(J) is in s and satisfies ax Z*H,, = Z*H,, * a for all (\,w) €

—

Y x W7, hence belongs to Z°(7) by Theorem 4.21. As the other inclusion is clear,
we already have that () = 2°(¢) N . By Theorem 4.30, we get that Z(¢) =
N R[[Y]}Wv, and Corollary 5.23 now implies that this intersection is reduced to

R[Y7 @ Y], which ends the proof. O

Remark 4.32. — When W7 is finite, it is well-known that /7 is a finitely generated
% (#)-module, and it is natural to wonder whether the corresponding statement
holds in the infinite case. Unfortunately, when W7 is infinite, J is not of finite type
over QF(@ Indeed, let J be any finite set and pick any finite family (h;);ecs € A
For all (z;)jes € f(j/iﬂ\)‘], we have

SUPPyy v (Z Zjhj) C U suppy(hy) € W°,
= ied

hence (h;);es cannot span H over f(%/o\)

46 SO\’II‘] FURTHER REMARKS

4.6.1. The special case of reductive groups. Assume in this paragraph that G is
reductive, in which case 7 = & and Y = Y. Then almost finite sets as defined
in [GR14] are finite sets: indeed, the Kac-Moody matrix A is in this case a Cartan
matrix, hence it satisfies condition (FIN) in [Kac94, Th.4.3]. In particular, Y+ is
contained in QY & Ay, so to be a subset of some (Ule(yi —QY)) NY T amounts
to be finite. Though the algebra A is still different from 7 ,as y. neQy Z~H is for

instance an element of ./ that is not in . , they both have the same center. Indeed,
we have the following result.

Prorosirion 4.33. — Let R be any ring. Then R[Y]W" = R[YI"W" if and only if WV
18 finite.

Proof. — 1f W? is infinite, then for any y € Y NCY, the element } ... € belongs
to R[Y]"" but not to R[Y]"", hence R[Y]W" # R[Y]W".

If W" is finite, let wo be the longest element of W¥. By [Hum92, §1.8], we know
that we.QY = QY. If E C Y is almost finite, there is some finite set J and a family
(yj)jes € Y’ such that E is contained in Ujes(y; — @%). If E is furthermore W*-
invariant, then E = wo - £ is also contained in (J,¢ ;(wo - y; + QY ), hence any element
x € E satisfies wg - y; <gv © <gv y, for some j,j’ € J. This implies that E is finite
and completes the proof. O
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Using [Lus83, Th. 8.1], Theorem 4.30 and Lemma 4.31, we get from Proposition 4.33
that when W7 is finite, we have:

¥(H) = RY|"" = (7).

4.6.2. Iwahori-Hecke algebras and Ky double cosets. — In the completion process we
used to define j%’: we used the Bernstein-Lusztig relations of J#. However, the
Iwahori-Hecke algebra ¢ is initially defined in a different way, namely as a con-
volution algebra of Kj-bi-invariant functions. In particular, a natural basis of JZ is
given by characteristic functions of K double cosets, and the Bernstein-Lusztig pre-
sentation comes afterwards. This leads naturally to address the following question:
can we see the completed algebra at the level of K; double cosets, as it is the case for
the spherical Hecke algebra?

Fix a ring # as before and let €, be the set of positive type 0 chambers. Set
W+ = W¥x Y™ and let dV be the distance defined in [BPGR16] (see also Section 5.2
below). Recall that J# is isomorphic to €., cy+ #ZTw for the product defined by
Tw * Ty = D e+ 0, for all elements w,v € W+, provided that we set, for all
uecwt,

at ., =[{C €% |Cf <C<u-Cf, d(Cf,C) =wand dV(C,u-Cf) = v}|.

For ¢ = (Ta)wew+ € ZW" | also write z = > wew+ Twlw. For now, we do not know
whether it is possible to endow 2" ", or some subspace Z C Z" " containing .,
with a product that extends the convolution product of J#. At least in general, it
seems difficult to embed . into 2" " . Indeed, assume for instance that #Z = C and
let 7: C"" — C be the map defined by

7r< Z :z:wTw> =1 for all z = (T ) wew+ € cvr.
weWw+
(Here, 1 denotes the identity element in W*.) When G is reductive, we know for
instance by [Opd03, Cor. 1.9] that for any A € —Q", 7(Z*) is a positive real number,
which makes it apparently hard to consider ). v (1/m(Z*)Z* € J as an element

of C". In the non-reductive case, we do not know so far whether an analogue of
[Opd03, Cor. 1.9] is true.

5. HECKE ALGEBRA ASSOCIATED WITH A PARAHORIC SUBGROUP

The goal of this section is to attach a Hecke algebra to other subgroups than K
or Kp, by generalizing previous constructions of [BKP16] and [BPGR16] for the Iwa-
hori subgroup Kj. Our motivation comes from the reductive case, where Hecke al-
gebras can be associated with any open compact subgroup (see Section 5.1 below).
When G is not reductive, we know from Theorem 3.1 that there is no reasonable
topology on GG, hence we cannot define “open compact” in our context. Nevertheless,
there is still a notion of special parahoric subgroup, defined as the fixer of a type 0
face of the masure .#.
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Given a special parahoric subgroup K = Kp that fixes a spherical type 0 face F
satisfying Fy C F C O, we will generalize the construction done for K; by Bardy-
Panse, Gaussent and Rousseau [GR14, BPGR16] to build a Hecke algebra associated
with Kp. This requires some finiteness results that fails anytime F # Fj is not
spherical (see Section 5.4).

5.1. MoTIVATION FROM THE REDUCTIVE CASE. — 1o motivate our definition in the Kac-
Moody case (see Definition 5.14), we start by recalling the classical setting for reduc-
tive groups. This section follows [Vig96, 1.3.3], though the idea of considering Hecke
algebras as spaces of bi-invariant functions goes back at least to Weil and Shimura
[Shi59], and to Iwahori [Iwa64] and Iwahori-Matsumoto [IM65].

Assume that G is reductive, in which case it is naturally endowed with a structure
of topological group induced by the topology of J#". For any open compact subgroup K
of G, let Z.(G/K) be the space of compactly supported functions G — Z that are
K-invariant under right multiplication. Define an action of G on this space by setting
g-f =[xz f(g-x)] for all pairs (g, f) € G x Z.(G/K). The algebra H(G, K) :=
Endg(Z.(G/K)) of G-equivariant endomorphisms of Z.(G/K) is called the Hecke
algebra of G relative to K. If Z.(G//K) is the ring of compactly supported functions
G — Z that are K-bi-invariant (for left and right multiplications), then we have a
natural isomorphism of algebras T : H(G, K) — Z.(G//K) given by Y(¢) := ¢(1x)
for all ¢ € H(G, K). This shows that H(G, K) is a free Z-algebra with canonical
basis {eg = 1xgx, g € K\G/K}. The product of two elements ey, e, of this basis is
given by

(5.1) eg.eqg = Z m(g,q';9")egr with m(g,9';9") = |(KgKNg"Kg 'K)/K|.
9" €K\G/K

(Note that the non-vanishing of m(g,¢’;¢”) implies that K¢”K is contained in
KgKJ'K.)

Extension of scalars works as follows: for any commutative ring R, the algebra
Hr(G,K) = H(G,K) ®z R is called the Hecke algebra of G over R relative to K.

When G is not reductive, we will replace open compact subgroups (that are not
defined) by special parahoric subgroups. More precisely, let K = K be the fixer in G
of a type 0 face F that satisfies Fy C F C 63. Following what is done in [BPGR16] in
the Iwahori case, we will see (KgK Ng”Kg'~'K)/K as intersection of “spheres” in .%
and prove that this intersection is finite when F' is spherical (see Lemma 5.11) but
infinite when F' # Fj is not spherical (see Proposition 5.21). Hence for F spherical, we
will be able to define the Hecke algebra £ associated with K5 as the free Z-module
with basis {e; = Lxgx, g € K\GT/K}, where Gt :={g € G| g-0 > 0}, equipped
with the convolution product given by the analogue of formula (5.1) with ¢” € G™T.
To prove this, we use the fact that these results are already known when F' is a
type 0 chamber (by [BPGR16]), and the finiteness of the number of type 0 chambers
dominating F as above. Note that the use of G instead of G in the definition of 77
is related to the fact that two points of .# do not always lie in a same apartment.
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This change of group already shows up in the spherical and the Iwahori cases (see
[BPGR16, BK11, BKP16, GR14]).

From now on, we fix a type 0 face F that satisfy Fy C F C C;. We denote by
K = Kp its fixer in G and by Wy its pointwise fixer in W". Then F' is spherical
when W is finite. We also let Arp = G - F' be its orbit under the action of G on .#.
Note that we have a bijection Tp : G/K — Ap that maps g+ Kp to g - F.

5.2, DISTANCE AND SPHERES ASSOCIATED WITH A TYPE O FAcE. — In this section, we de-
fine an “F-distance” (or “Wg-distance”) that generalizes the W*-distance introduced
in [GR14] and the W-distance defined in [BPGR16].

If A (resp. A’) is an apartment of .# and if F, ..., Ey (resp. EYf, ..., E},) are subsets
or filters of A (resp. A’), we denote by ¢ : (A, En,...,Ey) — (A, Ef,...,E}) any
isomorphism of apartment ¢ : A — A’ induced by some element of G' and such that:
Vi€ [1,k], ¢(E;) = E}. When we do not want to precise which apartments A and A’
are chosen, we simply write ¢ : (E1,...,Ey) — (Ef,...,E}).

We define a relation < on Ap as follows: for FY, Fs in Ap, we write I} < F5 when
a1 < ag, where a; denotes the vertex of F; for i € {1,2}. We then set

Ap X< Ap = {(Fl,FQ) S A% ‘ Fi < FQ}.
For any F' € Ap NA, we set [F'] := Wg - F'.

Provosirion 5.1. — For all (Fy, F2) € Ap X< AR, there exists an apartment A con-
taining Fy and Fy, and an isomorphism ¢ : (A, F1) — (A, F). Moreover, d¥ (Fy, Fy) :=
[¢0(F3)] only depends on the pair (F1, Fy).

Proof. — Given (F1,F) € Ap x< Ap, the existence of an apartment A contain-
ing Fy and F» comes from [Roull, Prop.5.1]. By construction, there is some g € G
such that F; = ¢g- F. Let A’ := g - A: by (MA2), there exists an isomorphism
V(A F) — (A Fy). Set ¢ == g‘lﬁlz then ¢ := 9¢'~! 09 has the required properties.
Let now A; be another apartment containing F; and Fp and ¢1 : (41, F1) — (A, F)
be another suitable isomorphism. By [Héb17a, Th. 5.18], there exists an isomorphism
f: (A F1,Fy) — (Ay, Fi, F). We hence have the following commutative diagram:

(A,Fl,FQ) 4‘}0) (A]_,Fl,Fg)
J¢ Jqﬁl
(A, FL¢(F2)) —— (A, F, ¢1(F2)),

with the lower horizontal arrow that is induced by an element of Wy, hence [¢(Fz)] =
[¢1(F2)] does not depend on any choice and the proof is complete. O

Remark 5.2. — Proposition 5.1 does not require F' to be spherical, thought it is the
most important case for us. When F is spherical, one can use [BPGR16, Prop. 1.10¢)]
instead of [Héb17a, Th. 5.18]. Note that in the sequel, we will only use the F-distance
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attached to a non-spherical face for pairs of type 0 faces based at the same vertex. In
this special case, [Héb17a, Th.5.18] could be replace by [Roull, Prop.5.2].

Remark 5.3. — When F = Fy, we can identify df' with the “vectorial distance” d”
of [GR14] through the usual bijections Ap, ~ G-0and YT+ ~ Y+ /W?,

When F = Cf, we have Wes = {1}, hence [C] = {C} for all chamber C € AC;
and d can be identified with the distance d" of [BPGR16], provided that each
element w of W? x Y is identified with the type 0 chamber w - Cy .

Set
ALp={E€ArnNA|E>F} and [Ap]:={[F],F AL}
Moreover, for any pair (E, [R]) € Ap X [Ap], set
SY(E|R)):={F' € Ap|E' > E and d"(E,E’) = [R]},
Ie(E,[R]) :=={E' € Ap | E' < E, and d" (E, E') = [R]}.
For any FE € A‘;F, we choose some gg € N such that F = gg - F. Such an element
exists: indeed, let g € G be such that E = g - F and set A := ¢g-A. By (MA2) and
[Roull, 2.2.1)], we get an isomorphism ¢ : (A,g- F) — (A, g - F). Letting ¢ = gK,

we have ¢ o 1) € N such that (¢ o ¢)(F) = ¢(F) = E, hence ¢ o ¢ comes from an
element gp as required.

LEvmaA 5.4. For all [R] € [AF], we have
Y (" (F[R) = KrgrKp/Kp and Y'(S0(F,[R]) = Krgg Kr/Kp.

Proof. — For any E € ¥ (F,[R]), there exists some g € Kr such that g- E = R =
gr - F, hence T;l(E) belongs to KpgrKp/Kr. Now let = k1grks be an element of
KrgrKrp: then we have Yp(x) := Yr(kigr) = k1gr-F = k1-R. As d¥ is G-invariant,
we obtain that

d¥(ky - F k- R) = d" (F,R) = d* (F, k1 - R),
hence z is in T'(ST(F,[R])) and the proof of the first equality is complete. The
proof of the second equality is similar and left to the reader. O

5.3. HECKE ALGEBRA ASSOCIATED WITH A SPHERICAL TYPE 0 vacE. — Let C and C’ be
two positive type 0 chambers base at some common vertex x € % := G - 0. We can
(and will) identify W with the set of type 0 chambers of A whose vertex lies in Y.
Thus dV(C,C") = dCJ(C, C") is in W? and we can set d(C, C") := £(d" (C,C")).

Lemva 5.5. Let C be a positive type O chamber of % and let x be its vertex. For
any integer n = 0, the set B,(C) of all positive type O chambers C' of .7 based at x
and such that d(C,C") < n is a finite set.

Proof. — The argument goes by induction on n > 0, noticing that B, (C) contains
B,,(C) each time we have n > m > 0. As .# is of finite thickness, the set By (F) is
finite for all £ € G-C{ . Now let n > 0 be such that B,,(F) is finite for all E € G-C{
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and take C’ € B,,11(C). By [Roull, Prop.5.1], we can choose an apartment A that
contains C and C'. Let ¢ : (A, C) — (A, C{") be an isomorphism of apartments: then
we have ¢(C’) = w-Cy for some w € W? of length at most n+1. We can assume that
l(w) = n+ 1, otherwise C’ is in B, (C) and there is nothing more to do. In this case,
let @ € W be such that (@) = n and d(@ - Cf,$(C")) = 1. Then C := ¢~ (@ - CY)
satisfies d(C’,C) = 1, hence C’ belongs to Ucren, o) B1(C”), which is a finite set,
and the proof is complete. O

5.3.1. Dype of a type 0 face. — Let F} be the set of all positive vectorial faces of A
and .Z) be the set of all positive type 0 faces of A based at 0.

Levva 5.6. — The map f : FP — F2 that sends F¥ € FV to F(0,F?) € FQ is
bijective.

Proof. — The definition of local faces ensures that f is well-defined and surjective.
Now let FY, Fy be two distinct elements of Fy. As 0 is special, we have F € f(F})
for i € {1,2}. But FY N Fy = @ implies that f(F}) # f(Fy) (for otherwise, we would
have @ € f(FY), which does not make sense) and f is thus injective, which ends the
proof. O

For any positive type 0 face F' of .#, there is some type 0 face F; < Cj and some
g1 € G such that F' = g, - Fy. The set J C I such that F; = F*(0, F¥(J)) is called
the type of F' and denoted by 7(F”). This notion is well-defined: indeed, if we also
have F' = g F(0, F¥(J')) for some gy € G and J' C I, then g := g5 'g; is such that
FY0,F°(J)) = g-F*0,F*(J’"). By (MA2) and [Roull, 2.2.1)], we can assume that g
lies in NV, hence g4 is in W and Lemma 5.6 then implies that F*(J) = F"(J'). By
[Roull, 1.3], this requires that J = J’, as wanted.

Remark 5.7. The type of a face is invariant under the action of G. Also note that
for any type 0 chamber C and any subset J of I, there exists exactly one sub-face
of C with type J.

5.3.2. Finiteness results for spherical type 0 faces. — From now on, we assume that the
face F' is furthermore spherical.

Lemma 5.8, — Forall F' € AR, the set €p+ of all type 0 chambers of # containing F’
18 finite.

Proof. — Fix a chamber C € €/, denote by x its vertex and pick another chamber C”
in .7’. By [Roull, Prop.5.1], there exists an apartment A that contains C' and C’.
We identify A with A and fix the origin of A at x: then there exists w € WY such that
C" = w-C. If J denotes the type of F’, then w - F’ is also a sub-face of type J in C’,
hence we have w - F/ = F’ by the unicity property stated in Remark 5.7. This means
that w belongs to W/, which is a finite group as F’ € A is spherical (because F is).
In particular, we must have d(C,C") < max{l(u), u € W/}, which ends the proof
by Lemma 5.5. a

JEP — M., 2019, lome 6



CompLETED Iwanori-HECKE ALGEBRAS FOR KAc-MoODY GROUPS OVER LOCAL FIELDS i8S

Lemma 5.9. Let (E1,Es) and (Ei,E}) be in Ap x< Ap. Then d¥(E1,Es) =
d¥ (B}, EY) iff there exists an isomorphism ¢ : (Ey, Es) — (B}, EY).

Proof. — Assume that d¥'(E1, E) = d¥ (E}, E}) =: [R]. For any choice of
’(/JZ(El,EQ)—>(F,R) and ’(/J/Z(El,Eg) —)(F,R),

the map ¢ := ¢'~! o4 satisfies the required property.

Conversely, suppose that there exists an isomorphism ¢ : (E1, Es) — (B}, EY). Pick
R € d¥(Ey, Ey) and choose v : (Ey, Ey) — (F,R): then ¢! o1 is an isomorphism
that maps (Ef, E}) to (F, R). By Proposition 5.1, we thus have d¥'(E}, E}) = [R] =
d¥ (E1, E3), which ends the proof of the lemma. O

Leymma 5.10. — Let (F1,Fs) € Ap x< Ap and r := df (Fy, Fy). Let R € A‘;F be such
that r = [R] = Wg - R and let €u(r) be the set of all chambers of A containing an
element of r. For any type 0 chambers Cy and Cs respectively dominating Fy and Fs,
we have dV (Cy,Cy) € 6a(r). Moreover, the set 6u(r) is finite.

Proof. — Pick an apartment A containing C; and C5 and an isomorphism
¢ (A,C1) — (A, CY).

By Remark 5.7, ¢(F1) is the unique sub-face of type 7(F) in Cg, hence we have
F = ¢(Fy) and ¢(F3) belongs to W - R = r, which implies that d" (Cy, C3) lies in
Ea(r).

Now note that the map sending a positive type 0 face F’ on its type 7(F”) induces
a bijection from the set of type 0 chambers of A containing w - R onto the fixer Wg
of Rin W. As Wk is a conjugate of W, it is finite (as F' is spherical), hence so is
%A(T’). O

Levva 5.11. — For any pair (F1, F2) € Ap x< Ap and any elements r1,r2 € [Ap],
the set LY (Fy,r1) N YOI;(FQ,TQ) is finite and its cardinality only depends on 11,79
and r = dF' (Fy, ).

Proof. Denote by . the set of type 0 chambers containing an element of
L (F,r)N yolf)(Fg, r9) and let C; (resp. Cs) be a type 0 chamber that contains Fy
(resp. Fy). By Lemma 5.10, any chamber C' € .% satisfies d" (C1,C) € €x(r1) and
dW(C,Cy) € €a(r2). This implies that .7 is contained in
U {CeE |0 <C<Oy, dV(C1,0) =w; and dV (C, Cq) = wy}.

(w1,w2) ECA(r1) X Ca(r2)
By [BPGR16, Prop. 2.3] and Lemma 5.10, this inclusion implies the finiteness of .,
which itself implies that % (Fy,r1) N .E (Fy,r2) is finite.

To prove the independence of the cardinality, assume that (FY, F3) € Ap x< Ap
is such that d¥(F{, F5) = r. By Lemma 5.9, there exists an isomorphism

¢:(F17F2) —>(F1/7F2/)
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Thus we have
SE(F,r) N SL(Fyre) = ¢ (ST (Frr) 0 S (Fayra))
which ends the proof. O

Following Lemma 5.11, and with the same notations, we set

al. = |YF(F1,T1)Q<YOI;(FQ,T2)|.

1,72

Lemma 5.12. — For any elements r,ry in [Ap], the set
Prl,rg = {dF(Fl,FQ), (Fl,F/,FQ) & AF X< AF X< AF |
d¥(Fy,F') =y and d¥ (F', F») =15}
1s finite.

Proof. — Denote by & the set of all triples (C1,C’,C5) of type 0 chambers such
that there exist sub-faces Fy C Ci, F/ C C’ and F, C C5 of these chambers that
satisfy df'(Fy, F') = v and d¥ (F', Fy) = ro. If (C1,C’,C3) is in &, then Lemma 5.10
implies that d" (Cy,C") € €a(r1) and dV (C’,Cy) € 6a(rs). This proves that P :=
{dV (Cy,Cy), (C1,C",Cy) € &} is contained in Uwa.wa) e () x @ (rp) Powa,wa s Where
the Py, w,’s are the finite sets introduced in the proof of [BPGR16, Prop.2.2]. By
Lemma 5.10, this proves that P is finite.

Let (F1, F', F5) € Apx<Ap < A be such that d¥(Fy, F')=ry and d¥' (F', F5) =1ry.
Then there is a triple (Cq,C’,Cs) € & such that F; is a face of C; for i € {1,2}. The
distance df (Fy, Fy) is of the form Wy - F” for some face F"' of d" (C},Cs), hence the
lemma follows. O

5.3.3. Definition of the Hecke algebra "#. — Let R be a commutative unitary ring.¥)
Denote by 7 = ijRf the set of all functions ¢ : G\Ap x< Ap — R. For any
r € [Ap], let T, : Ap x< Ap — R be defined as follows (where . denotes the
Kronecker symbol):

V(Fl,FQ) (S AF X< AF, TT(Fl,FQ) = 5dF(F17F2)7T.
One directly checks that £ is a free R-module with basis {T}., r € [Ap]}.

Tureorem 5.13. Define a product * : I8 x I — A by the following formula:
V(p1,p2) € X TH, o1y = |(FL ) — > 1P F)pa(F )|
F'eAp|F1<F'<F>

Then the product x is well-defined and endow T3¢ with a structure of associative
algebra that has Tig) for identity element. Moreover, the product of any two elements
of the basis {T,, r € [AFp|} is given by the following formula:

V(ri,re) € [Ap] x [Ap], T xToy= > ay T

TEPr

(4)Note that we do not require here any of the additional assumptions made on % in Section 4.
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Proof. Lemmas 5.11 and 5.12 imply that * is well-defined and give the required
formula for T,., % T, for any (r1,7m2) € [Ap] x [Ap]. The associativity of * directly
comes from the definition, and a direct computation shows that Tjp) is the identity
element as we have ¥ (Fy, [F]) = {F} for all F} € Ap. O

Derinirion 5.14. The algebra £5# = 3¢, is called the Hecke algebra of % asso-
ciated to F' (or: to Kp) over R.

Remark 5.15. — Given g € G, there exists some element R, € A‘g p such that

(F' € KpgKp - F, F' C A} = [R,).
Let (F1, F2) € G\AFp x< Ap. We can always assume that Fy = F and write Fp = g- F
for some g € G. One easily checks that f(g) := KpgKr only depends on (Fi, F),

and that the corresponding map f : G\Ar x< Ar — Kp\G'/Kp is bijective.
Via f, we can identify £ with the set of all functions Kz\G*/Kr — R. Under

this identification, Tx, corresponds to e, := L, ¢k, for all g € GT. Moreover, for
any ¢g,9' € Kp\G*/KF, we have
eg * €g = Z m(g,g’;g")egn,

9"€Kp\Gt/Kp

where m(g,¢’;9") = a{gzi/][R ] for all ¢ € Kp\G" /K. Using Lemmas 5.4 and 5.11,

we get that m(g,¢’;9") = |(KgKNg"Kg~1K)/K]|, as in the reductive case (compare
with (5.1)).

Remark 5.16. — For now, we do not know whether it is possible to define a completed
Hecke algebra E/%\” for any spherical face F' as above in the similar manner as what
we did for the Iwahori-Hecke algebra. To generalize our completion process to this
context, one would in particular need an analogue of Bernstein-Lusztig relations for
arbitrary F.

5.4. WHAT ABOUT NON-SPHERICAL TYPE () FACES? In [GR14], Gaussent and Rousseau
defined the spherical Hecke algebra as a Hecke algebra associated with the non-
spherical type 0 face Fp, and we noticed in Remark 5.3 that their distance d” matches
with our d°. Consequently, it seems natural to try to associate a Hecke algebra with
any type 0 face F' between Fj and C’S‘ , i.e., to see whether the extra assumption of
being spherical can be suppressed.

In this section, we consider a non-spherical type 0 face F' such that Fy C F C C'O+ .
Note that this implies that A is an indefinite Kac-Moody matrix of size > 3: indeed,
when A is of finite type, then any type 0 face is spherical, and when A is of affine type,
the only non-spherical type 0 face of Cy is Fy. In this last section, we will prove that
the coefficients involved in the definition of the convolution product introduced earlier
(see Theorem 5.13) are now infinite. The proof of this result requires the injectivity
of the restriction map that sends w € W to wgv. This property is proved in [Kac94]
for less general realizations of A than the one we use, hence we will start by extending
this property to our framework: this is the point of Lemma 5.18 below.
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5.4.1. Realizations of a Kac-Moody matrix. Let A = (a; ;)i jeq,n] be a Kac-Moody
matrix. Following [Kac94, Chap. 1], we say that a realization of A is a triple (&, I1, IIV)
where o7 denotes an R-vector space,® II = {a1,...,a,} afamily of n elements in &7*
(the dual space of &) and IIV = {ay,...,a)} a family of n elements in &7, such that
the following three properties hold.

(F) The elements of II (resp. IIV) are linearly independent in &/* (resp. in &7).

(C) For all 4,5 € [1,n], oj(e)) = a; ;.

(D) We have n — rk(A4) = dimg & — n.
A generalized free realization of A is a triple (&7, I, 11V) with &, II,TI" defined as
above but only satisfying properties (F) and (C). Two realizations (7,11, II) and
(a5, 112,113) are said isomorphic if there exists an isomorphism of vector spaces
¢ @ 9 — o such that ¢*(II;) = Il and ¢(Iy) = IIy. We know by [Kac94,
Prop. 1.1] that up to (non unique in general) isomorphism, A admits a unique re-
alization (@7, ITg, ITY).

Given a generalized free realization (&7, II,IIV) of A, we let the inessential part
of & be the subspace @, := (), ker a;. We also set

QL = P Za; and QR.or = P Rey.
i=1 i=1

The next lemma is easy to prove and thus left to the reader.

Lemva 5.17. — For any generalized free realization </ of A, there exist subspaces
&' C o and B C o, such that o' is isomorphic to <y (as realizations of A),
QY C ' and o = /' & B.

Let W, be the Weyl group of 7, i.e., the subgroup of GL(4/) generated by the r;,
i € I (where r; : & — o/ sends any x € & to © — o;(z)ay).

Lemwva 5.18. For any generalized free realization </ of A, the map
[w e W — wigv € Autz(QY,)]
18 injective.

Proof. — Write & = o/’ @ B with &/’ and B as in Lemma 5.17. For any z € &/
and w € WY, we have w(z) —z € QR . hence o/' is stable under the action of W}.
Moreover, W7, fixes pointwise %y, hence the restriction map W, — W_, is a an
isomorphism. As a consequence, we can assume that &/ = 7. Now apply assertion
(3.12.1) of the proof of [Kac94, Prop. 3.12] to AV instead of A: we get that the only
w € W, satisfying wav = 1is w = 1. As A" is contained in Q,, this ends the
proof. O

(®)Note that in [Kac94], complex vector spaces are used instead of real vector spaces.
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5.4.2. Infinite intersections of spheres. From now on, we assume that F' is a non-
spherical type 0 face of A that satisfies Fy C F C Cf. Recall that this implies
that the fixer Wr of W is infinite. Indeed, we can assume that F has 0 for vertex,
which identifies Wr with a subgroup of W". Let F¥ be the vectorial face such that
F = F*0, FV) and let us prove that W is also the fixer Wg. of F¥ (which will prove
the claim as F is non spherical, hence W*" is infinite by definition). If w € W, let
X € F be fixed by w: then w fixes R7.X D 'Y hence w is in Wr.. Conversely, we
have Wgv C Wr because FV € F (as 0 is special), hence Wr = Wgv is infinite.

Remark 5.19. By [Roull, §1.3], the vectorial faces based at 0 form a partition
of the Tits cone. Therefore, for any vectorial face FY, if there exist some u € F"
and some w € W such that w-u € F, then w - F¥ = F". Consequently, for any
W' c WY, W' - FV is infinite if and only if W’ - is infinite for some u € FV, if and
only if W’ - u is infinite for all u € F".

The proof of the next proposition uses the graph of the matriz A, whose vertices
are the elements 7 € I and whose arrows are the pairs {i, j} such that a; ; # 0.

Lemva 5.20. — Suppose that the matriz A is indecomposable. For any non-spherical
type 0 face ' of A that satisfies Fy C F C Cf, there exists w € W such that Wg-w-F
1s infinite.

Proof. — Write F' = F*(0, V) with
F'=F'(J)={z€A|VjeJ ajx)=0and Vi¢ J o;(z) > 0}

for some subset J of I. Note that J # I as Iy is strictly contained in F'. Let k € I be
such that Wp - o, is infinite (such a k exists by Lemma 5.18). As the graph of A is
connected [Kac94, 4.7], any element j € I\ J can be linked to k via a finite sequence
j =7j1,.--,J0 = k of elements of I that satisfy an;ll a5, jmia 7 0. We fix such a j
and such a sequence ji, ..., js.

Now pick u € FV and let us show the existence of some w € W7V such that
ag(w-u) # 0. Given z € A and m € [1, £], we say that x satisfies P,, when o, (x) # 0
and o , () = 0 for all m’ € [m + 1,1]. If = € A satisfies P, for some m € [1,£— 1],

then o’ := r; () satisfies o, (') = —ay,. (2)aj,, j.. # 0 (vecall that 2’ =
r — aj, (z)aj ), hence z’ satisfies Ps for some s € [m + 1,/]. As u is in IV and

j1 = jisin I~ J, we have o, (u) > 0, hence u satisfies P, for some m € [1,/].
Replacing v by z in the previous argument and using successive iterations, we finally
get some w € W7 such that w - u satisfies Py, i.e., such that ay(w - u) # 0.

We conclude as follows: if Wg-w-u is finite, then Wp.ri,(w-u) = We.(u—og(w-u)ay)
is infinite, hence at least one of the orbits Wg - w - u or Wg.rg(w - u) is infinite, which
implies the required result by Remark 5.19. O

Let Aq,..., A, be the indecomposable components of the Kac-Moody matrix A.
For any i € [1,r], pick a realization % of A;: then A = & @ --- @ .. Also note
that W" decomposes as W¥ = W x --- x W?, where W denotes the vectorial Weyl
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group of &7, and that we can decompose any face F' of A as F' = F| & --- @ F! with
F! C .
Prorvosition 5.21. — Let F' = @._, F! be a type 0 face of A. The following are
equivalent.

(i) There exists w € WY such that Wgr - w - F' is infinite.

(ii) There exists i € [1,r] such that F] is non-spherical and different from F; o =
FY0, % in). (Recall that F; o is the minimal type O face of <7 based at 0.)

Proof. — The decomposition of F’ induces a decomposition of its fixer as W =
WFI/ x -+« x W, First assume the existence of some w € W? such that Wg/ - w - F’
is infinite and decompose w as w = (wy, ..., w,). Then

WF/'w-F’:WFl'-w1-F{@~"@WF;'wr'FT/

hence there is (at least) an integer i € [1, 7] such that W, -w; - F is infinite. For such
an 4, F{ must be non-spherical (otherwise Wr, would be finite) and different from F; o
(otherwise Wi - w; - I = Fj o). Hence (i) implies (ii). The reverse implication is a
consequence of Lemma 5.20. U

The next proposition gives a counterexample to Lemma 5.11 for non-spherical
faces, which explains why we needed this restriction in our construction.

Prorosirion 5.22. — Let F' be a face based at 0 for which there exists some w € W7
such that Wgw- F' is infinite. Then F (F”, [w-F'])ﬂYOI;,(F’, [w=t- F') is infinite.
Proof. It is enough to check that Wgw - F’ is contained in

ST(F  Jw- F)) NS5 (F [w™ - F')).
Let E € Wg -w-F' and let wg € Wr be such that £ = wg-w-F'. Aswg-F' = F’,
we have F' < E < F', hence d¥ (F', E) = [E] = [w - F'] by definition of d¥ . Now the
isomorphism (wg - w)™' : A — A maps E to F and F' tow™" - wy' - F' =w™ - F/,
thus d¥' (E, F') = [w™" - F’]. This shows that E belongs to

S (F w- F)nSE(F [wt - F)),
hence the proposition. O

Recall that the notations Y/ and Y3 used in the next result were introduced in
Section 4.5.2.

CororLrAry 5.23. — Let A € Y*. Its WV-orbit WV -\ is finite iff A belongs to Y ®Y,2°.
Proof. — Given A € YT, write X = X7, \; with \; € o7 for all j € [1,7]. First
assume that X is in Y/ @ Y;>°: then

Wv.\= @ ij')\j@ @ /\j.
jeJrf JeJ>®

As W7 is finite for any j € J f, the finiteness of W7 - X follows from its decomposition
above and the converse implication is proved.
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Now assume that A is not in Y/ @ Y;2°. Let j € J* be such that \; € <,
and let I} be the vectorial face of «/; that contains A;. By Remark 5.19, the map
Wi - FyA; — WPA; that sends w - FJ onto w - A; is well-defined and bijective. If F
is spherical, then its stabilizer is finite and W} - F is thus infinite as W} is. If F}' is

non-spherical, then Lemma 5.20 produces an element w; € W such that W, -w; - F}

J

is infinite, where W, is also the fixer of F/ in W} In any case, W}’ - F is infinite,

hence so is W} - A;, which ends the proof. O
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