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THE MIT BAG MODEL AS AN INFINITE MASS LIMIT

BY NAIARA ARRIZABALAGA, LLoTc LE TrREUsT, ALBERT MAS

& Nicoras Raymonp

Asstract. — The Dirac operator, acting in three dimensions, is considered. Assuming that a
large mass m > 0 lies outside a smooth enough and bounded open set Q C R3, it is proved that
its spectrum approximates the one of the Dirac operator on 2 with the MIT bag boundary
condition. The approximation, modulo an error of order o(1/+/m), is carried out by introduc-
ing tubular coordinates in a neighborhood of 92 and analyzing one dimensional optimization
problems in the normal direction.

Reésumi (Le modeéle MIT bag obtenu comme une limite de masse grande)

Nous considérons 'opérateur de Dirac en dimension 3 dont la masse m > 0 est supposée
grande & l’extérieur d’un ouvert borné et régulier @ C R3. Nous démontrons que son spectre
approche celui de 'opérateur de Dirac sur €2 qui intégre dans son domaine les conditions au bord
dites « MIT bag ». L’analyse asymptotique est réalisée grace a I’'usage de coordonnées tubulaires
et a ’analyse d’un probleme d’optimisation unidimensionnel dans la direction normale.
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1. INnTRODUCTION

1.1. Context. — This paper is devoted to the spectral analysis of the Dirac operator
with high scalar potential barrier in three dimensions. More precisely, we will assume
that there is a large mass m outside a smooth and bounded open set €. From physical
considerations, see [8, 10], it is expected that, when m becomes large, the eigenfunc-
tions of low energy do not visit R? \. Q and tend to satisfy the so-called MIT bag
condition on 9. This boundary condition, that we will define in the next section, is
usually chosen by the physicists [13, 10, 11], in order to get a vanishing normal flux
at the bag surface. It was originally introduced by Bogolioubov in the late 60’s [8]
to describe the confinement of the quarks in the hadrons with the help of an infinite
scalar potential barrier outside a fixed set Q. In the mid 70’s, this model has been
revisited into a shape optimization problem named MIT bag model [13, 10, 11] in
which the optimized energy takes the form

Q— A\ (92) + 0|9,

where A1 (£2) is the first nonnegative eigenvalue of the Dirac operator with the bound-
ary condition introduced by Bogolioubov, || is the volume of Q@ C R3 and b > 0.
The interest of the bidimensional equivalent of this model has recently been renewed
with the study of graphene where this condition is sometimes called “infinite mass
condition”, see [1, 7]. The aim of this paper is to provide a mathematical justifica-
tion of this terminology, and extend to dimension three the work [16]. More precisely,
we show the convergence of the eigenvalues for the Dirac operator with high scalar
potential barrier to the ones of the MIT bag Dirac operator. In dimension two, this
follows by the convergence of the spectral projections shown in [16]. Regarding the
first eigenvalue of the MIT bag Dirac operator, we also find the first order term in the
asymptotic expansion of the eigenvalues given by the high scalar potential barrier,
showing its dependence on geometric quantities related to 9€2. This is a novel result
with respect to the ones in [16].

1.2. Tue DIRAC OPERATOR WITH LARGE EFFECTIVE MASS. — In the whole paper, {2 deno-
tes a fixed bounded domain of R3 with %' boundary.

Let us recall the definition of the Dirac operator associated with the energy of a
relativistic particle of mass mg € R and spin 1/2, see [17]. The Dirac operator is a
first order differential operator (H,Dom(H)), acting on L?(R?;C*) in the sense of
distributions, defined by

(1.1) H=ca -D+mo®B,  D=—ihV,

where Dom(H) = H'(R3;C*), ¢ > 0 is the velocity of light, i > 0 is Planck’s constant,
a = (a1, as,a3) and 3 are the 4 x 4 Hermitian and unitary matrices given by

1o 0 0 o
= (g ) w= (o) mr-t2
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Here, the Pauli matrices 01,02 and o3 are defined by

(0 0= (10
o) P\ o) TP N0 —1)

and « - X denotes Z?Zl a; X; for any X = (X1, X2, X3). In the following, we shall
always use units with h=c=1.
The Dirac and Pauli matrices are chosen in such a way that the Dirac operator
(H,Dom(H)) is self-adjoint, and satisfies
H? = 1,(m — A),
(see for instance [17, §1.1]). Let us also mention that its spectrum is
(=00, =[mo] U [[mol, +00).

In this paper, we consider particles with large effective mass m > mg outside Q.
Their kinetic energy is associated with the self-adjoint operator (H,,, Dom(H,,))
defined by

Hy, = a- D+ (mo+ mxa)B,
where ' is the complementary set of Q, yq is the characteristic function of Q' and
Dom(H,,) = H'(R3;C*). The essential spectrum of (H,,, Dom(H,,)) is
(=00, —|mo + m|] U [|mg + m|, +00).
In this paper, the mass mg is not assumed to be positive since this assumption is not

used in the proofs (see also Remark 1.10).

Norarion 1.1. — In the following, T := 99 and for all ¢ € T, n(x) is the outward-
pointing unit normal vector to the boundary, L(x) = dn, denotes the second funda-
mental form of the boundary, and

k(x) =TrL(x) and K(x)=detL(x)
are the mean curvature and the Gauss curvature of I', respectively.

Derinition 1.2, — The MIT bag Dirac operator (H*?, Dom(H®)) is defined on the

domain
Dom(H®) = {4 € H'(Q;C?) | By =4 on T},  with B = —if(a-n),

by H® = Hv for all p € Dom(H*?). Observe that the trace is well-defined by a
classical trace theorem.

If T is @2, the operator (H®,Dom(H)) is self-adjoint with compact resolvent
(15, 3, 9, 6, 4].

Noration 1.3. — We denote by (-,-) the C* scalar product (antilinear with respect
to the left argument) and by (-,-);; the L? scalar product on the set U C R3.

JE.P.— M., 2019, tome 6
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Norarion 1.4. We define, for every n € S?, the orthogonal projections
14+ 3B
(1.2) =+ = 5

associated with the eigenvalues +1 of the matrix B.

1.3. SQUARED OPERATORS, HEURISTICS, AND MAIN RESULTS. The aim of this paper is
to relate the spectra of H,, and H® in the limit m — +oo.

Norarion 1.5. Let (Ax)ken+ and (Mg m)ken+ be the increasing sequences defined by
A = inf sup HH @

V CDom(H?) peV
dimV=k ¢l 2q)=1

s"HL?(Q)

. Q
= sup inf H "2 )
{¥1,...;¢k—1} CDom(H*?) WESPan(d)lw-v’éﬁk—l)LH HLZ(Q)
lell 2 q)=1
and
Nem = inf sup HHm‘PHL?(RB)

VCH(R%;,CY) pEV

dimV=k " [lgll 2 g =1
= sup inf NHmepll 2 gsy »
{1, k1 YCH(R3;C4) p€span(¢a,..., k1)
H‘PHL2(R3):1

for k € N* and m > 0. Here, N* := N\ {0}. By the min-max characterization and the
properties given in Definition 1.2, the sequence (A;)ren+ is made of all the eigenvalues
of the operator |H®}|, each one being repeated according to its multiplicity. Similarly,
the terms of the sequence (Ag,m)ren- that satisfy

/\k,m < ‘mo + m|

are the eigenvalues of |H,,| lying below its essential spectrum [|mg + m|, +o0), each
one being repeated according to its multiplicity. For k large enough, this sequence
may become stationary at |mg + m)|.

1.3.1. The quadratic forms. — At first sight, it might seem surprising that Ay and
Ak,m are related, especially because of the boundary condition of H € Tt becomes less
surprising when computing the squares of the operators. This is the purpose of the
following lemma.

Levva 1.6, Let ¢ € Dom(H®) and ¢ € H'(R?;C*). Then

in K 2
(13) 1%l = 2" (0) = Vel + [ (5 +mo) o a0+ mdlllace

where K is defined in Notation 1.1, and
[ Hm |22 msy = IVWl[720) + IVl L2iry + [[(mo +mxe) ¥l 2e@s)
- mRe<B¢7w>F
= [VY[I72@) + VY220 + (Mo + mxe )Y 72 gs)

+m||E7 Y2y — mIETY 2y

(1.4)
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Proof. — The equality (1.3) is proved for instance in [2, §A.2]. Let ¢ € H(R3;C*).
By integrations by parts,
I H ol 72 (go) = Nl - DY 7o sy + (Mo + mxa )vl|72ms) + 2m Rela - Dy, By
= [ VY[[72za) + (Mo +mx) Y[l 2ga) — mRe(B, d)r.
Then, note that, for all v € H*(R?; C*),
Re(By, ¥)r = |EF Y1720y — 1270172y 0
Considering (1.4) leads to the following minimization problem, for v € H*(Q),
(1.5) A (v) = inf{Qn(u),u € Vio},  Qn(u) = [|VulLaiqny +m?|ullfzq),
where
Vy={ue H (Y, C" |u=vonT}.
A classical extension theorem (see [12, §5.4]) ensures that V,, is non-empty.
1.3.2. Heuristics. — In this paper, we will analyze the behavior of A,,(v) and prove
in particular (see Proposition 2.1) that there exists C' > 0 such that for m large, and
all v € H(;CY)
(16)  o1) > An(o) — (mlola + [ 5P Ar) > =2 ol
L2(T) 2 m "CIHY(T)
Replacing m by mg +m in (1.6), we get, for all ¢p € H'(R3;C*),
(L7) N Hntll72@sy = VYT 0 +m3|\¢||i2(9)

K _ C
+ [ (5 +mo) WP AP+ 2mI= sy = = [0l

Take any eigenfunction ¢ of H® and consider a minimizer uy, of (1.5) for v =@ and m
replaced by m + mg. Then, letting ¢ = Loy + Lou, € H' (R*; C*), we get
2 —_
[Hmt | 72msy = IV@llT2 ) + mll¥l172 ) + Amtmo (@) = mIET@ll72r)-
With (1.6) at hand, we deduce that, for all j € N*|
2 2

Conversely, if we are interested in the eigenvalues of (H,,)? that are of order 1
when m — +00, we see from (1.7) that the corresponding normalized eigenfunctions
must satisfy Z7¢ = 0(m™?!) and, in particular, By = ¢ + &(m~1). Thus, we get
formally, for all j € N*,

)\?,m > )\? + o(1).
The aim of this paper is to make this heuristics rigorous. We now state our main
theorem.

Turorem 1.7. — Let Q C R? be a bounded domain of class C*! (i.e., the derivative
of the curvatures is bounded). The singular values of H,, can be estimated as follows:

(1) imym—to00 Akm = A, for all k € N*.
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(ii) Let ky € N* be the multiplicity of the first eigenvalue Ny of |H®|. For all
ke{l,....ki}, we have

" 1/2
by m= ()\2 — 1 ) )
k, P+ to(l/m)
where
(1.8) Vi = inf sup n(u)7
V Cker(|H?|=\1) ueV
dim V=k HUHLZ(Q)ZI
with

2 2

Here, (Ai)ken+ and (Agm)ren+ are defined in Notation 1.5, and k and K are defined
in Notation 1.1. We denote by Oy the outward pointing normal derivative and by Vg
the tangential gradient on T.

o) = [ (el [Onp Bt molul (K2 2 ar.

Remark 1.8. — The max-min formula (1.8) makes sense since ker(|H®| — A\1d) C
H?(;C*) for any eigenvalue A of |[H*|.

Remark 1.9. H,, and H® anticommute with the charge conjugation C defined, for
all ¢ € C*, by

Ci/’ = ZﬂOQEa
where 1) € C* is the vector obtained after complex conjugations of each of the compo-
nents of 1 (see for instance [17, §1.4.6] and [2, §A.1]). As a consequence, the spectrum
of H,, and H are symmetric with respect to 0, and Theorem 1.7 may be rewritten
as a result on the eigenvalues of H,, and H*.

Remark 1.10. Let us define the operator (ﬁﬁ, Dom(ﬁﬁ)) on

Dom(H®) = {¢ € H(Q;CY) | By = —¢ on T'}
by Iff\ﬁw = Hv for all ¢ € Dom(If{\ﬁ). It is the MIT bag Dirac operator with reversed
boundary condition (see Definition 1.2). The singular values of H¢ are approximated

by the singular values of H,, as m tends to —oo. This follows immediately from
Theorem 1.7, conjugating all the operators by the chirality matrix

0 1
e (0 8)
and by using the algebraic properties
Brs = =B, wla-x)=(a )y, 1By =B,
for all © € R3.

Remark 1.11. — Our proof of Theorem 1.7 also provides the convergence of the
eigenprojectors associated with the first eigenvalues of |H,,|. They converge towards
the eigenprojectors associated with the first eigenvalues of |H*}|, see Lemma 4.1 and
Remark 4.2, and [16, Th. 1] for the two-dimensional case.
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Remark 1.12. In view of Theorem 1.7, it is natural to ask if one has convergence
of H,, to H? in some resolvent sense when m — +o00. On one hand, in the recent
work [5] it is shown the convergence in the norm resolvent sense for the bidimensional
analogues of H,, and H?. On the other hand, in [14] the authors study interactions
of the free Dirac operator in R3 with potentials that shrink towards 052, proving
convergence in the strong resolvent sense to d-shell interactions with precise coupling
constants. As m — 400, our operator H,, may be seen as a degenerate case of the
interactions with shrinking potentials considered in [14] and, at a formal level, in this
case the resulting d-shell interaction leads to the operator H.

The above-mentioned results suggest that convergence in the norm (or at least
strong) resolvent sense may also hold in our three dimensional setting.

1.3.3. A vectorial Laplacian with Robin-type boundary conditions. — Let us also men-
tion an intermediate spectral problem whose study is needed in our proof of Theo-
rem 1.7 and that may be of interest on its own. We consider the vectorial Laplacian
associated with the quadratic form

in K —_ 2
(19) At (u) =Vl 72 (q) + millull72(0) + / (5 +mo) lul*dr +2m||E"u|[7.

for u € Dom(Qint) = H1(Q;C*) and m > 0, where 2=, =% are defined by (1.2). By a

m
classical trace theorem, this form is bounded from below. More precisely, we have the

following result whose proof is sketched in Section 3.1.

Lemwva 1.13. The self-adjoint operator associated with QY is defined by
E"(On+K/2+mog+2m)u=0 onT,
Et(On+K/2+mo)u=0onT

Ly = (—=A+md)u for all u € Dom(LM").

(1.10) Dom(Lint) = {u € H*(Q;CY) ‘

It has compact resolvent and its spectrum is discrete.

Using an integration by parts and the identities (1.2), we get
(u, Lglztu>ﬂ = Qirgt(u)’

for all u € Dom(Lint).

Norarion 1.14. — Let ()\ikrfjn)keN* denote the sequence of eigenvalues, each one being

repeated according to its multiplicity and such that

(1.11) A <A <

1,m

The asymptotic behavior of the eigenvalues of L% is detailed in the following
theorem.

Tueorem 1.15. — The following holds:
(i) For every k € N*, limy, oo AP, = AR

JE.P. — M., 2019, tome 6
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(ii) Let A be an eigenvalue of |H| of multiplicity k1 € N*. Consider the unique
integer ko € N such that for all k € {1,...,k1}, Mgtk = A
Then, for all k € {1,2,...,k1}, we have

N iim =N+ 225 o (1/m),

where
On + K/2+mg)v 2
O (S ARt Y
VCker([H®|—X)  veV 2
dim V=k lvll L2 (0)=1

Here, (Ar)ken+ s defined in Notation 1.5, ()\Etm)keN* in Notation 1.14, and k in
Notation 1.1.

1.4. ORGANIZATION OF THE PAPER. — In Section 2, we discuss the asymptotic prop-
erties of the minimizers associated with the exterior optimization problem (1.5). In
Section 3, we investigate the interior problem given by (1.9). Finally, in Section 4, we
prove Theorem 1.7.

In order to ease the reading, we provide here a list of notation regarding the spaces
and the quadratic forms, as well as the equation number where they are introduced,
that we will use in the sequel:

Key |Space domain | Variational space | Quadratic form | Infimum
(1.3) Q Dom(H*?) Qint -
(1.5) Q | Qn A (v)
(1.9) Q H'(Q;CY) Qint —
(2.1) Vs Vis (O A s(v)
(2.12) Vi Vin D, Apm-1/2(v)
(2'14) (Oa \/ﬁ) ?m,n,K ém,m,K Am,mK

2. ABOUT THE EXTERIOR OPTIMIZATION PROBLEM

The aim of this section is to study the minimizers of (1.5) and their properties
when m tends to +o00. These properties are gathered in the following proposition.

Prorosirion 2.1. For all v € H*(), there exists a unique minimizer u,,(v) asso-
ciated with A, (v), and it satisfies, for all u € V,,

O (u) = A (v) + Qi (u — up, (v)).
Moreover, the following holds:

(i) Assume that T' is C2. There exist C;my > 0 such that, for every m > my,
v e HY(Q),

K C
Cmllolf > An(0) > (mllelay + [ 5 1Pr) = £ ol

Assume that T is €21, There exists C > 0 such that, for every m > my,
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(ii) forve HY(Q),

(ol + [ 5 a0 ) +o(1) > Ano)
r2

Here, the term o(1) depends on v (not only on the H' norm of v).
(iii) for all v € H?(Q),

~ C
|4 @) = K (0)| < =75 N0l

(iv) for allv € H*(Q),

lol2eey €
@) = =5 | < oz Ioloracey
. Vs 2 K 2
Am(v):m/|v|2dr+/f\v\2dr+m—1/{‘ vl (5 - 5P ar.
- -2 U2 2 8
2.1. ORGANIZATION OF THE SECTION. — Since there are many steps in the proof of

Proposition 2.1, let us briefly describe the strategy:

— In Section 2.2, we explain why the minimizers exist, are unique, and we describe
their Euler-Lagrange equations.

— In Section 2.3, we prove Proposition 2.7. This proposition states that, when m
goes to +0o, the minimizers are exponentially localized near the interface I'. This
allows to replace our optimization problem on €’ by the same optimization problem
on a thin (of size m~'/2) neighborhood of T.

— In Section 2.4, we study the optimization problem in the tubular neighborhood.
In this “tube”, we can use the classical tubular coordinates, called (s,t), where s € T
and t represents the distance to I'. In these coordinates, we are led to consider a
“transverse” optimization problem, that is a problem in one dimension (with respect
to t) with parameters involving the curvature of the boundary. Then, explicit compu-
tations provide the asymptotics of the 1 D-minimizers.

— In Section 2.6, we establish Proposition 2.1. In particular, we use the projec-
tion on the 1D-minimizers to give the asymptotics of the minimizers in the tubular
neighborhood. Note that our refined bounds are proved under the assumption that
the boundary is of class @%!. Indeed, we need at least C%! regularity to control the
tangential derivative of the transverse optimizers (which depend on the curvature, see
Lemma 2.20) when establishing, for instance, the accurate upper bound of A, (v) (see
Corollary 2.15).

2.2. Ex1STENCE, UNIQUENESS AND EULER-LAGRANGE EQuATIONS. — Let us discuss here
the existence of the minimizers announced in Proposition 2.1 and their elementary
properties. We will see later that, in the limit m — +oo, this minimization problem
on € is closely related to the same problem on a tubular neighborhood in Q' of T.
For § >0, m >0, and v € H*(Q), we define

(2.1) Am,é(v) = inf{Qm(u) | u € Vv,5}7
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where Q. (u) = [|[Vu[|72 gy + m?[[uf|72 gy is defined in (1.5) and
Vs ={z € Q' | dist(z,T) < §},
Vos={ueH' (Vs,C") |u=vonT and u(z) =0 if dist(z,T) =5}

Remark 2.2. Note that, since €2 is a smooth set, there exists dg > 0 such that, for
all 6 € (0,0p), the set V5 has the same regularity as €.

2.2.1. Existence and uniqueness of minimizers

Lemva 2.3, — For § € (0,80), m > 0, and v € HY(Q), the minimizers associated
with (1.5) and (2.1) exist and are unique.

Proof. — Let (u,) and (us,) be minimizing sequences for A,,(v) and A, s5(v) re-
spectively. These two sequences are uniformly bounded in H' so that, up to sub-
sequences, they converge weakly to u € H'(Q') and vs; € H'(Vs), respectively. By
Rellich-Kondrachov compactness Theorem and the interpolation inequality, the se-
quences converges strongly in Hj . for any s € [0,1). The trace theorem ensures then
that the convergence also holds in L%OC(I‘) and LIQOC(GV(;)7 so that u € V,, and us € V, 5.

Since

Ap(v) = lim Qp(un) = Qn(u) = Ay (v)

n——+00

and
Am,&('v) = lim Qm(u5,n) = Qm(ué,n) P Am,&(v)a

n—-+oo
u and us are minimizers.
Finally, since V and Vy are convex sets and the quadratic form Q,, is a strictly
convex function, the uniqueness follows. O

Notrariox 2.4. — The unique minimizers associated with A, (v) and A,, s(v) will be
denoted by w, (v) and uy,, 5(v), respectively, or by wu,, and u,, s when the dependence
on v is clear.

222, Fuler-Lagrange equations. — The following lemma gathers some properties re-
lated to the Euler-Lagrange equations.

Lemma 2.5. For all § € (0,680), m > 0, and v € HY(Q), the following holds:

(i) (A +mHuy, =0 and (—=A +m*)up,s =0,

(i) Am(v) = = (Ontm, Um)p and Ny 5(V) = — (OnUm.5: Um,s) s

(iil) Qm(u) = A (V) +Qm(u—up,) for allu € Vy,, Qp, (1) = Auy5(0) + QD (U — U 5)
for allu € V, 5,

where Ay (v) and V,, are defined in (1.5), Ay, 5(v) and V, 5 are defined in (2.1), and dg
is defined in Remark 2.2.

Proof. — Let v € H} (). The function
R>t+— Qp(upm + tv)
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has a minimum at ¢ = 0. Hence, the Euler-Lagrange equation is (—A + m?)u,, = 0.
The same proof holds for u,, s. The second point follows from integrations by parts.
And for the last point, let u € V,,. We have, by an integration by parts,

Qn (U — Up) = Qi (1) + Qp () — 2Re (u, (A 4+ m2)um>9, + 2 (U, On U )
= Q(u) — A (v),

and the result follows. The same proof works for A, s(v). O

2.3. Acmon Estimates. — This section is devoted to the decay properties of the min-
imizers in the regime m — +oc.
As an intermediate step, we will need the following localization formulas.

Levmwva 2.6. Let m > 0 and x be any real bounded Lipschitz function on Q. Then,
(2:2) Qi (umX) = = (O, X tm)p + (VX1 720y -
The same holds for ty, s.
Proof. — By definition, we have
D (umx) = mZHXUmH%Z(Q/) + 1(Vx)um + X(vum)”%%ﬁ/)
= m?||xtum |72y + 1 (VX)umll72i0 + IX(Vum)ll72
+2Re (UmX, VX - VU)o -
Then, by an integration by parts,
||X(vum)||2L2(Q') = — (Onum, X2Um>p —2Re (umx, VX - Vun) g
+ Re (= A, X2 Um ) oy -
It remains to use Lemma 2.5 to get
Q1) = — (Bt Xt )+ (VX1 B

The conclusion follows. |
We can now establish the following important proposition.

Provosirion 2.7. — Let v€(0,1). There exist Cy, Co>0 such that, for all §€(0,d),
m >0, and v € H* (),

(2.3) €™ SO 1250y < Chlltml| 72 ),
and
(2.4) (1= e ™ Com™ Ay p-1/2(1) < A (1) < Ay 5(0).

Here, 0g is defined in Remark 2.2.

Proof. — Let us first prove (2.3). Given € > 0, we define
® : & — min(ydist(x,T),e ),

X : ® — " @)
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and

§1:[0,1] — [0,1] §2:[0,1] — [0,1]
1—7r r
re— r—
r2+(1—r)2 V24 (1 —1r)?
so that & + &3 = 1. We denote ¢ = |[&1]| Lo (j0,17) = |€2]lL(0,1)) > 0. Let R > 0. Let
X1,m,R> X2,m,r be the Lipschitz quadratic partition of the unity defined by

1 if dist(x,I') < R/2m,
X1,m,r(T) = &1(2m/R dist(x,T) — 1) if R/2m < dist(z,T) < R/m,
0 if dist(x,T') > R/m,
and
0 if dist(x,T') < R/2m,
Xomr() = { &(2m/R dist(x,T) — 1)  if R/2m < dist(z,T) < R/m,
1 if dist(x,I') > R/m.

We get, for k € {1,2},
2mc
IV Xt,m,rll o) < =
Since X, is a bounded, Lipschitz function and is equal to 1 on I'; we get wy, Xom € V.
By definition and using (2.2), we get
Am(v) = Qm(um) = - <8numaum>r = Qm(ume) - H(VXm)umHQL?(Q')'

Then, we use the fact that V(X%,m,R + X%,m,R) =0 to get

Qm(um) = Qm(umeXLm,R) + Qm(umeXZ,mJ?) - ||(va)um||%2(Q/)
= IV x1m, ) XmUm T2y = 1(V X2, R) Xom Ui [ 2.0
Since Qp, (UmXmX1,m.r) = Am(v) and
Qo (i Xom X2, 1) = 10 [t Xon X2, 2|72 621
2 2 2 2
= m®[[umXml[ 72y = 12 [umXmX1,m,R I 72 0y »

we get that
8c? 2 2
m? (1 - 72 - ﬁ) ||ume||L2(Q’) < m2||umeX1,m,R||L2(Q/)

< m2e2m min(yR/m,1/¢e) ”um ”iz(Q/)

<m2e |72 -
Taking R > 0 big enough so that 1 —~? — 8¢2/R? > 0, we have
2 2
[tmxm 22y < Clltmllz2q)

where C' does not depend on €. Taking the limit ¢ — 0 and using the Fatou lemma
we obtain (2.3).
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Let us now prove (2.4). We have for every § € (0, ) that V,, 5 C Vi, so that
A (v) < Ay s(0).
Let us consider a Lipschitz function X, : ' — [0, 1] defined for all € ' by

{1 if dist(x,T) < 1/2m!/2,

o (z) =
Xon () 0 if dist(z,T) > 1/m"/?,

with [[VXm | e o) < 2cm!/2. Thanks to (2.2), we find
(2.5) A =172 (V) < Qo (U Xim) = Am (V) + ”umv%m”%%(z/)'
Then, by (2.3) we have
vl —ym!/? m-y dist (- —~ym1/?
||UmVXm||2L2(Q/) <e” 4ctmlle L ’F)UmHZL‘Z(Q/) < Cre™” 402m||um||21;2(9/)-
Observing that
m||um||2L2(Q/) <m” A (v),

and using (2.5) we easily get (2.4). O

2.4. OPTIMIZATION PROBLEM IN A TUBULAR NEIGHBORHOOD. — From Proposition 2.7, we
see that, in order to estimate A,,(v), it is sufficient to estimate A, ,,~1/2(v). For that
purpose, we will use tubular coordinates.

2.4.1. Tubular coordinates. — Let ¢ be the canonical embedding of " in R? and g the
induced metric on I'. (T, g) is a €2 Riemannian manifold, which we orientate according
to the ambient space. Let us introduce the map ® : ' x (0,0) — Vs defined by the
formula
O(s,t) = u(s) + tn(s),
where Vs is defined below (2.1). The transformation ® is a ! diffeomorphism for all
0 € (0,00) provided that &y is sufficiently small. The induced metric on T' x (0, ) is
given by
G = go (Id+tL(s))* + dt?,

where L(s) = dng is the second fundamental form of the boundary at s € T, see
Notation 1.1.

Let us now describe how our optimization problem is transformed under the change
of coordinates. For all u € L?(Vs), we define the pull-back function

(2.6) u(s,t) == u(P(s,t)).
For all u € H'(Vs), we have
(2.7) / |u|? de = / [u(s,t)*adl dt
Vs FX(O,5)
and
(2.8) / |Vul? dx = / {<vsa, g V) + |8tﬂ|2} adl dt,
Vs T'x(0,6)
where

§= (1d+tL(s))’,
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and a(s,t) = |g(s,t)|*/2. Here (-,-) is the Euclidean scalar product and V, is the
differential on I' seen through the metric. Since L(s) is self-adjoint on T,I'; we have
the exact formula

(2.9) a(s,t) =1+ tr(s) + t2K(s),
where k and K are defined in Notation 1.1. In the following, we assume that
(2.10) §=m"1/2
In particular, we will use (2.7) and (2.8) with this particular choice of J.
2.4.2. The rescaled transition optimization problem in boundary coordinates

We introduce the rescaling

(s,7) = (s,mt),

and the new weights
(2.11) A (s,7) = a(s,m 1), Gm(s,7) =g(s,m™ 7).

Remark 2.8. Note that there exists m; > 1 such that for all m > mq, s € I and
7 € [0,m'/2), we have @, (s,7) > 1/2.

We set
=T x (0,v/m),

Vi

Vip = {u € H' (Vn,C* Gy dTd7) : u(-,v/m) = 0},

(012) D) =m [ (905, Ve) + 0, ), dT dr
Vi

+m | |u[*@,dldr,

V7n
L = = GV (@G V) +m (—a) O am 0 + 1)
Noration 2.9. — Given m > my, and x, K € R, we define
ame i ¢ (0,v/m) — R
Tt  TK
T 1+ —+—.
m m
We let

(213) A = ||K?||Loo(1") and B = ||K||Loo([‘)
Remark 2.10. We can assume (up to taking a larger m;) that for any

(m, k, K) € [my,4+00) x [-A, A] x [-B, B,
we have ap, . i (7) = 1/2 for all T € (0,/m).

In the following, we assume that (m,, K) € [m1, +00) x [-A, A] x [-B, BJ.
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2.5. ONE DIMENSIONAL OPTIMIZATION PROBLEM WITH PARAMETERS. We denote by
Do i the “transverse” quadratic form defined for u € H((0,1/m), am x r d7) by

~

vm 2 2
Drnescla) = [ (00l 4 1)
0

We let
(2.14) Amrc = {2y i (0) | 4 € Vi ic
where

Vinow i = {u € HY((0,/m), i A7) | u(0) = 1, u(y/m) = 0}.

The following lemma follows from the same arguments as for Lemma 2.3.

Levmvia 2.11. — There is a unique minimizer um . x for the optimization problem
(2.14).

Levmva 2,120 — Let u € H2((0,1/m), am s 1c A7) and v € H((0,/m), apm s 1c A7) be
such that u(v/m) = v(y/m) = 0. We have

vm vm
(2.15) / (O-u, 0-V) Ay 4o,k AT + / (U, V) Ay e, i AT
0 0

vmo
= / <Lm,/{,KU7 U> Qm, K, K dr — <a’ru(0)7 ’U(O)>7
0

where

-1 -2
~ 1 9 m~ Kk +m “2KT
Lomw K = = o Orm e, kO + 1= =07 = +m~tkT + m2K7? Or 1.

Proof. The lemma follows essentially by integration by parts and Notation 2.9. O

Levmma 213, — We have that U .k € C°([0,+/m]) and

o~

me,KU}m,m,K = 07 Am,n,K = _aTum7n,K(0)a

where up, .k i defined in Lemma 2.11.
Moreover, for all w € Vi, . i,

o@m,f@,K(u) = Am,n,K + Qm,n,K(u - Um,n,K)~
Proof. — This follows from Lemma 2.12. |
The aim of this section is to establish an accurate estimate of Ay, .

Prorosition 2.14. — There exists a constant C' > 0 such that for all
(m, k, K) € [my,4+00) x [-A, A] x [-B, B,

we have
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and

vm 2 1 1
/ [, 0 |“ Qe ic AT — 2‘ <Cm™ .
0

Proof. — By Lemmas 2.11 and 2.13, the unique solution w,, . x of the problem sat-
isfies

( 52 m~lk +m 22K7
T o l4+mTlkr+m2KT2

We expand formally u,, . as ug + m™tug + m™2us + O(m=3):

Or + 1)um,,{’K =0.

(i) For the zero order term, we get
(=02 +1up =0 and wp(1) =1, TILH;O uo(7) =0,
so that ug(7) = e~ 7.
(ii) At the first order,
(—83 + Dug = kOrup = —ke” " and wi(l) =0, lim uy(r) =0,

T—00

so that uy(7) = —(k/2)Te™".
(iii) At the second order,

2 3 2
(=02 + 1up = kOruy + (K* — 2K) 70,19 = 7%677 + (% - 2K)T€77,

uz(0) =0 and Tli_)r{)lo us (1) =0,

so that ug(7) = (%2 — %)TG_T + (% - %)T2€_T.

This formal construction leads to define a possible approximation of u,, ., k. Consider

Vmor, i (T) 1 = X (T) (uo(T) +m g (1) + m72uQ(T)) ,
Xm(T) = x(1/Vm),

where x : Ry — [0, 1] is a smooth function such that

{1 if 7 € [0,1/2],

(2.16)

T:
x(7) 0 ifr>1.

In the following, we denote vy, = vy, Kk to shorten the notation.
We immediately get that v, belongs to V,, . k. Note that

K K k2
2.1 — v (0) =1+ —— f%f_7>
(2.17) U (0) to - tmT (5 g
and
(2.18) ”Lm,n,KUm”L?((O,\/ﬁ),am,mK dr) = o(m™?).

Using Lemmas 2.12 and 2.13, we have

vm vm
Am kK — / <aTum,fi,K7 8-rUrrL>am,f-i,K dr + / <um,K,K7 Um>am,fc,K dr
0 0
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and

vmo
Am7n,K = / <Lm,m,K'Uma um7n,K>am7n,K dr — aTU’I’TL(O)
0

By Lemma 2.12, the Cauchy-Schwarz inequality, (2.17), and (2.18), we see that
K

= (15 g+ (5 =)

m o~
/ <Lm,n,KUm;um,/{,K>am,n,K dr
0

<N m, i, kVm | L2 (0, /m)samm. i dr) * Wmss, 5 | L2((0,/7)sam . i d7)
1/2 "

< AW{,R,K||Lm,mKUm||L2((o,\/m),am,m,< dr)

< Cm~3AY?

m,Kk, K"
From this, it follows first that A, . x = €(1) uniformly in (x, K), and then the first
estimate of the proposition is established. Using Lemmas 2.12 and 2.13, the fact that
VU (0) — Upy o,k (0) = 0, and Cauchy-Schwarz inequality, we have
Qm,K,K(Um - um,n,K)
< N L,k (Vi — um,mK)HLQ((O,\/E),am,K,K dr) [V — um,mK”L?((O,\/ﬁ),am,n,;{ dr)
< OM ™ |vm — U w K | L2((0,3/7),0mm . 1c dr)-

The second estimate of the proposition follows since

H'Um - um,m,K||2Lz((07m),am,ml< dr) < Qm,n,K(vm - um,n,K)

and [[v,,]|2, (1/2) + O(m™"). O

((0s/), @, 1 A7)

2.6. Asywmproric stupy oF A, .—1/2(v). — From Proposition 2.14 and (2.12), we
deduce the following lower bound.

Cororrary 2.15. The following holds:
(i) Assume that T is C2. There exists C >0 such that, for every m>my, ve H*(Q),

2 K C
Ol gy > Aman-va(0) > (mlloliary + [ 5 10Par) = S ol

(ii) Assume that T' is C*1. There exists C > 0 such that, for every m > my,
ve HY(Q),

(mllleey + [ 510 +0(1) > Agova(0).
r
Here, the term o(1) depends on v (not only on the H' norm of v).

Proof. — By Proposition 2.14, the lower bound of Point (i) follows. Let us focus on
Point (ii).

JE.P.— M., 2019, tome 6



346 N. ArrizaBaraca, L. Le Treust, A. Mas &« N. Raymonp

By the extension theorem for Sobolev functions (see for instance [12, §5.4]), there
exist a constant C' > 0 and, for all v € H(Q), a function Ev € H'(R?) that extends v
and such that | Ev|| 1 gsy < Cllv]l g1 (q)-

Let us define the test function u,, by u,, = vi,, where

~ D(s,t) Um,m(sLK(s)(mt) for all (s,t) € T x [0,m71/2]7
Um O 5, =
n 0 for all (s,t) € ' x [m~1/2, +00).

Here, the function vy, is defined in (2.16).
Let us first prove a general formula. Consider u € H%(€/;R) and v € H*(Q; C*).
With an integration by parts and using the fact that u is real-valued,

2
IV (0u)ll720r) = luVv +vVull72 o)
=[[uVv[|7 20 +vVull72 o) + 2 Re (uVv, vVu),
= HuVﬂ)HzLQ(Q,) + Re (uwv, —vAu), — Re (v0npu, vu)
2

=[[uV|[72 0 + (uv, —vAu) g, — (VOpu, VU)r- .

With an integration by parts only in the tangential direction,

(uv, —vAu) g, = (uv, —vAu) g + 2Re (uV v, 0Vu) g, + HUVSU||2L2(Q,),

where Vy is the tangential derivative and —A; is the part of the Laplacian involving
the second order derivative in the normal variable ¢. Thus, we get

IV (vu) |72 () = ||UVUHiZ(sr) + (uv, —vAgu) g, + 2Re Vv, vV u)g,
+ [uVsv[|72 0y — (VOpu, vu)p -
By density, this formula can be extended to u in H? and H}. Therefore, we can
replace u by u,,. We get
(2.19)  Qun(tm) = — (WOnTim, Viim)p + [T VU 72 () + (T, v (—A¢ +m?) Ty,
+ 2Re (U Vv, 0Vl ) o + ||ﬂmVSv||%2(Q,).
With the explicit expression (2.16), we find

-~ K C
(2.20) — (VO U, VU ) < m||fu||2Lz(F) + /F B |v]?dl" + - ||11||2LQ(F) .

By using the dominated convergence theorem and the explicit expression u,,, we get
that the other terms in (2.19) go to 0. Note here that this argument uses at most one
derivative of the functions x(-) and K(-) (see the definition of vy, k. x in (2.16)). That
is why we need I to be G,

With the definition of A, ,,,-1/2(v), we find

K
A2 (0) < mlllffagry + [ 5 P A+ o),
I

To get the upper bound of Point (i), we follow the same steps as before except that
Um,k, K i replaced by
T Xm (T)uo(7),
in (2.16). In that case, we only need I' to be €2. O
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Using Proposition 2.7, Corollary 2.15 proves in particular (i) and (ii) in Propo-
sition 2.1. In this section we address the refinement of the lower bound and the
corresponding upper bound. From now on, we assume that I' is C>1.

2.6.1. Preliminary lemmas. — Let us state a few elementary lemmas that we will use
later.

Levwa 2.16. — There exists C > 0 such that, for all f,g € H3*(T'), we have
1 f9llsr20y < Cllfllmsr2oyllgll msre -
Proof. — H®/*(T) is a Banach algebra since 3/2 > dimI'/2 = 1. O
Lemvia 2.17. — There exists C > 0 such that, for all f € H3/*(T'), we have
1 vy < C IS IF e

Levwa 2.18. — There exists C > 0 such that, for all f € HY?(I',TT) and g €
HY(T,C), we have

[ £ .0ar| < Ol e
Here, TT 1is the tangent bundle of T'.

2.6.2. Lower and upper bounds

Notation 2.19. — In the following, we define
i, : HY(Q;CY — Vin
s [(877-) € ,T?m — U(S)um,m(s),K(s) (T) € (C4],

where I7m and T?m are given in (2.12), and wy, .(s), ik (s) is defined by Proposition 2.11
with k = k(s) and K = K(s).

Levva 2.20. — Assume that T is @1, We have, uniformly in s,
\/m
/ IV st (), 1 ()* AT = O(m™3).
0

Proof. — Recall from Lemma 2.13 that
(_ mf@K8 amNKa +1)umﬁK =0.
Let us take the derivative with respect to s:
(f m,{K@ e, i Or +1)V Um o, K = [Vs,amKKf)‘ G, K OF ]um,,ﬁyK.

Taking the scalar product with Vu,, . x and integrating by parts by noticing that
V sUm, ke, (0) = 0, we get

vm
/0 |a'rvsum,ﬁ,K|2am,K,,K dr + ||vsum,ﬁ,,K||%2(am7mK dr)

—1
< ‘< I:st a‘m,,g7K8Ta7n,R,KaTj| Um,k,K 5 vsum,m,K>L2(am e dr)|”
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Since
-1 2 87'a7n,n,K
oD, =08 (i
Um,k, K
we get
1 a‘rani,/-c,K a‘rawn,.l-{,K
Va7 et nscls] = [0, (20255 (7, L
Am,k, K Um,k, K

= ((V.n) 9, Ik (g 1) aKL“mv“’K)af.

Om,k, K Om, Kk, K

By an explicit computation and the Cauchy-Schwarz inequality, we find

‘< [v57 G;:N}Ka‘ram,m,l(a‘r] Um,k,K 5 vsum,n,K>L2(am .k d7)
< Cmil ||a-rum,rc,K||L2(am.mK dr) * ||Vsum,n,K HLz(am,mK dr)-

Since

||6Tum,mK||L2(am,,<,K ar) S v/ L

we get by Proposition 2.14
vm
A |8‘rvsum,n,K|2am,ka,K dr + ||vsum,l<a,KH%2(am)mK dr) g Cmiz' ]

Up to taking a larger m; in Remark 2.8, we get the following result.
Proposition 2.21. — Assume that T is C*1. There exist positive constants C > 0 and
my > 0 such that, for all m > my, and all v € H*(Y), we have
A r/2(0) = B (0)] < O 202,

where

z _ 2 K2 -1 Vvl E_’ﬁ 2
Am(v)—m/r\v\ dr+A2|v| dr +m /F(T + (5~ 5 )W) ar.

More precisely, for all u € YA/m such that
u(s,0) =v(s), forallseT,

we have

~ ~ C m EN
P (u) 2 A (v) — anniﬁa/z(p) + 5”” - Hmv||i2(§m7dr‘d7-)

1 = 2
+ %Hvs (u— ) ||L2(\7m,dr dr)’

and
P (T (1)) < A (0) + C ™22 (0] 31y + IV 1321y -

Proof. — Let v € H?(Q). First, let us discuss the upper bound. For that purpose, we
insert II,,v in the quadratic form:

Dy (T0) = m/ Dy, (Mv) AT + m*l/A (VL0 G VsIl0) Gy AT dr.
r A%

m

JEP — M., 2019, lome 6



AN INFINITE MASS LIMIT 349

We have
m/ Qm,n(-),K(-)(ﬁmv) dI' = m/ |U‘2Am,n(-),K(») dF,
T r
and

/A <Vsﬁmv,§;llvsﬁmv> U dld7 < (14 C’m_l/z)/A |V5ﬁmv|2 dr' dr.
Vo

m

Moreover, for all € > 0,
N Vm
/A |VoIlo?dldr < (1+ 5)/ |V5v|2/ [ (), 5 ( |2 A7 dT
’V’VTL F 0

Jm
e 671)/ |v|2/ IV sty oo |2 dr T
r 0
We now recall Lemma 2.20. Choosing ¢ = m ™! and using Proposition 2.14 we get

~ 1
/A V.12 dl dr < (1+Cm_1)§/ V02 dT + Cm o2 0.
T

m

Therefore,

5 (5 2 1+ CmT12 2 21112

Do (v) <m | 0] Ay (), k() AT+m — s [Vsv|*dl+Cm™"|[v|[72(r)-
r r

It only remains to use Proposition 2.14 to get the desired upper bound.
Let us now discuss the lower bound. Let v € V,;,, such that v = v on I'. By Lem-
ma 2.13, we have

~

Dpn(u) = m/ Do r(r k(@ AT +m™ Y [ (Vou, G V ou)d,, dT dr
F VTVL

= m/ ‘v|2Am7K(_)7K(i) dr + m/ Q\m’,ﬁ(.)yK(.)(u — ﬁmv) dr
I I

+m™t | (Veu, 3, Vsu)a,, dU dr.
Vm,

Thus,

(2'21) Qm(u) P m/l‘ |U‘2Am,n(-),K(») dI' + m(l - Cmil/Z)Hu - HmU”QLz(\A;m)dFdT)

+m71(1—0m71/2)/A |Vul?dI dr.

m

We have
Vu = ﬁmvsv + (Vsu — ﬁmst) = ﬁmvsv + V(u— ﬁmv) + [Vs, ﬁm] v
and

[vs’ Hm] U(S’T) = U(S)vsum,n(s),K(s) (T)
By Lemma 2.20, we obtain

‘/\7 |[VS, ﬁm] U|2dFdT < Cm72\|v||%2(p),
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and by Young’s inequality,

(2.22) /A |V ul?dldr

m

> (1—m_1)/A ’ﬁmvsv—l—vs(u—ﬁmv)‘zdFdT—m/A HVS, ﬁm]deI’dT
Von Vo

>(1-m™h /A ‘ﬁmvsv + Vs(u— ﬁmv)|2 dl'dr — m_lCHUHQLQ(F).
Vin
We also have

(2.23) /A ‘ﬁmvsv+vs(u—ﬁmv)’2dFdT>/A 1L, V0| dT d7

m m

+/A |Vs(u—ﬁmv)‘2dFdT— ‘QRe/A <ﬁmV5v,Vs(u—ﬁmv)>dFdT,
Vo

m

and by Lemmas 2.18 and 2.16,

‘2Re[ (I, V40, Vs (u — I,,0)) T dr
Vm

< C||”||H3/2(F)H“ - HmUHHlﬂ(\A?m,dFd‘r)'
Then, using Lemma 2.17, we get, for all g9 > 0,

‘2 Re/A (1, Vv,V (u — )y AT dr
Vi

—1 — =~ 2
<Cm 150 1HU||%13/2(F) + m25OHU - HWUHLZ’(\A?m,dFdT)

(2.24) +50Hu_ﬁmv||?{1(\7m,dl“d7’)

1 — = 2
<Cm™'e; 1HU||?13/2(1") + (m® + 1)eolju — Hm””m(@m,drdﬂ

+ o[ Vs (u — ﬁm”) HQL'A’(\A?,,,L,dF dry’

Combining Proposition 2.14, (2.21), (2.22), (2.23) and (2.24), we finally obtain
~ 2 K 2
Dy (1) >m/ |v\2dF+/ B2l + m! (M+ (ffi)w) dr
. L2 U2 2 8

—Cm™ ey m ) [0l 2y

+m(1— Cm_l/Q) (1 — &0 — €0m_2) HU - ﬁmv||i2(\7m,dl‘dfr)

+m~ (1 - Cm_1/2) (1 =€) HVS (“ - ﬁmv) Hi’z(f?m,drdr)'

Taking 9 = 3/4 and m large enough, we get the result. O

2.7. Enp or THE PrROOF OF ProposiTion 2.1. — Ttem (iii) of Proposition 2.1 follows
from Propositions 2.21 and 2.7. It only remains to prove (iv). Consider the minimizer

—1/2

U, and a cut off function y,, supported in a neighborhood of width m near the

boundary. Then, we set

ﬂm(s, T) = (Xmum) ° (I)(S, milT).
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We now use the lower bound in Proposition 2.21, that is,

~

~ ~ C
D (Um) = N (v) + % ||am - HmUHiQ(ﬁ}

2
odldr) 373 [0l s /2 ry-

Arguing as in the proof of Lemma 2.6 and recalling Item (ii) in Lemma 2.5, we get

2

- Y —em2\\ ¥
Lo (1) = Q172 (Ximtim) = K (V) + [ (Vam Jum|* = (1 + (e ) Am (v),
where we also used (2.3). Therefore

C

||um - ﬁm””;(\?m,drdf) S mb/2 ||'U||i13/2(F)’

and then

C
S 5 0]l zr3/2(ry-

’HﬂmHLz(\?m,dr dr) — HﬁmUHLz(\A?m»dF dr)

Using Proposition 2.14, we get that

~ 2 ||U||%2(r) 1y 2
1], arary = —5 2| < Cm ™ olaqey-

Therefore
||”H%2(r) _
’mHXmUm”QLz(vm,dm - T‘ <Cm 1HU||§{3/2(1“)'

Finally, Item (iv) follows by removing X, thanks to (2.3). The proof of Proposition
2.1 is complete. U

3. A vEcTORIAL LAPLACIAN WiITH ROBIN-TYPE BOUNDARY CONDITIONS
In this section, we study the vectorial Laplacian L% associated with the quadratic

form QI'* defined in Section 1.3.3.

3.1. PreELIMINARIES: PROOF OF Lumva 1.13. — We recall that the domain of L' is
the set of functions u € H'(Q; C*) such that the linear application
HY(Q;C*) 2 v+ Q(v,u) € C

is continuous for the L?-norm. Using the Green-Riemann formula, we get that the
domain is indeed given by

{ue HY(Q;CY) | —Au € L*(Q;CY), (On + K/2 +mo +2mZE")u =0 on I'}.

By a classical regularity theorem, we deduce that the domain is included in H?(Q; C*).
The compactness of the resolvent and the discreteness of the spectrum immediately
follow.
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3.2. ASYMPTOTICS OF THE EIGENVALUES. In this section, we describe the first terms
in the asymptotic expansion of the eigenvalues of L%t This is the aim of the following
proposition.

Prorosition 3.1. — The following properties hold:

(i) For every k € N*, we have limy,_ oo )\}Cn'jn = A} where the (\p)ren+ are the
singular values of |H|.

Let X be an eigenvalue of |HS| of multiplicity ky € N*. Let kg € N be such that
Mootk = A for all k€ {1,...,k1}.
(ii) For all k € {1,2,...,k1}, we have
N im = N2 4+ 25 o (1/m),

where )
[(On + £/2 4 mo)v|
(3.1) Lk = inf sup  ——— Lo,
VCker(|JH=X)  veV 2
dim V=Fk lvll L2 0)=1
iii) Let (hgat,- .- Ung+k, ) be an H -weak limit, when m — 400, of a sequence
( ) o+ otk

(uk:0+1,m7 e 7u7€0+k1,m)m>0

of L?-orthonormal eigenvectors of L™ associated with the eigenvalues

(At =+ > Moyt oy )
Then, for all v € ker(|H®| — \), we have
k1
1 2
S+ /2 ml ey = D (0, k) s
k=1
Here, (Ar)ren~ s defined in Notation 1.5 and (X}gjt Jken= in Notation 1.14.

m

For the sake of clarity, we will divide the proof of this proposition in different parts.
This will be done in the next section.

3.3. Proor or Prorosition 3.1. Since Dom(H*?) C Dom(Qi2), we have
(3.2) Ap = A

for all kK € N* and all m > 0.

3.3.1. Lower bounds
Lemma 3.2, — Let k € N. The following properties hold:

(i) Forall j € {1,2,...,k}, we have limy, ;o0 A%, = A2,

(ii) For all subsequence (my,)nen+ going to +00 asn——+oo, and all L*-orthonormal
family of eigenvectors (wim,,,- .., Ukm,) of LNt associated with (N, ... A )

1,myo - k,may,
such that the sequence (Ui m,,, ..., Uk m, )nen+ converges weakly in H', we have that
the sequence (U1 m, s - - -, Ukm, JneN= converges strongly in H' and
. _ 2
(3.3) ngrfoo Mo |27 ), HLQ(F) =0

forallje{1,... k}.
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Proof. — Let us prove (i) and (ii) by induction on k € N*.
Case k=0. There is nothing to prove.

Case k> 0. Assume that (i) and (ii) are valid for some k€N. Let (41, - - -, Uk+1,m)
be an L2-orthonormal family of eigenvectors of Ljh* associated with ("%, ..., A%, ).

By (3.2) and the trace Theorem [12, §5.5], the sequence (u1,m, ..., Ukt1,m)m>0 1S
bounded in H'(Q;C*)*+1 and

2 : int o int
(34) Ak41 2 lrggi‘g’ Nt 1,m = EIEE})E Akt 1,m:
Hence there exists a subsequence (my,)n,en+ going to +00 as n — +oo such that

lim A = lim inf A"
k4+1,mn, M— 00 k+1m

n——+oo

and (U1,m,, - Uk+1,m, )nen+ converges weakly in H'(€;C*) to (u1,..., ups1).

Using the induction assumption, we get that (u1m,,---,Ukm, JneN* CONVErgeS
strongly in H*(;C*) to (u1,...,ux), imy, e )\;nfn = A? and

. —_ 2
L m[E7 g, |y = 0

for all j € {1,...,k}. By Rellich-Kondrachov Theorem [12, §5.7], the sequence
(Wkt1.m,) converges strongly in L2(€2;C*). This shows that (ui,...,ugr1) is an

L2-orthonormal family. In addition, for all ji,j2 € {1,...,k+ 1}, j1 # j2, and all
n € N*, we have

0=Re <vu.j17mn’ vuj2;mn>ﬂ + mg Re <uj1,mn ) ujz,mn>Q
+ Re ((£/2 + mo)ujy m, s Win,ma ) p + 20 Re (27050 m,,  E7 Ujy my ) s
and taking the limit n — +o0,
0 = Re (Vuy,, Vug,) o +mg Re (uj,, u,) ¢ + Re ((£/2 + mo)uj, , g, )y -

Since

i OB () = A2 = ()

for all j € {1,...,k}, where Q™" is defined in (1.3), we deduce that the (u;)1<;<k are
normalized eigenfunctions associated with (A})i<j<k. By the min-max theorem, we
deduce that

Hminf O (wgs1,m,) = Q™ (wpr1) = Ay

n—-+400 n
Therefore
lim ARY, = A7
m— oo k+1,m k+1
and
HETOOHVWH,W HLz(Q) = Hvukﬂ‘l”[P(Q) 3
and the strong convergence follows. Note that lim,, i X}ﬁ_l,m = )\% 41 implies

that the previous arguments are valid for every weakly converging subsequence, thus
Items (i) and (ii) follow for k + 1. O
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3.3.2. A technical lemma. The following lemma is essential in the proof of Items (ii)
and (iii).
Lemva 3.3. — Let k € N* and m > 0. Let u resp. ugm be a L?*-normalized eigen-

function of |H®| resp. L™ associated with the eigenvalues \ resp. )\lknsn Then

(3.5) m(AY, — A?) (Ukm, ) = —1/2((On + K£/2 + Mo)tg,m, (On + K/2 + mo)u). .

Proof. — On one hand, that v € Dom(|H*}|) yields Z~u = 0 on I'. Moreover, since
u € H'(Q;C*) is an eigenfunction of |H®}|, we indeed have u € Dom((H**)?), which
means that the linear application

HY(Q;C*) 3 v +— (H%, H), € C
is continuous for the L?-norm. Using the Green-Riemann formula, we then get
ET(Op +K/2+mo)u=0 onT.

On the other hand, from (1.10) we have

{E+(an + 1/2 + mo)ugm =0 T

E7(On +K/2+mo+2m)upm =0
By an integration by parts, we get

(N =A%) (ks ) = (=AM ugm, w) g, = (Uryms (—A +m)u)g,

— (OnUk,m> W) + (Ukm, On )

= —((On + K/2 + M) Uk, m, W) + (Uk,m, (On + K/2 + mo)u) .
= (E" Uukym, 2 (On + K/2 4+ mo)u)

—1/2m (27 (On + £/2 + mo)Uk,m, 2 (On + K/2 + mo)u)p. -

O
3.3.3. Proof of ltems (ii) and (iii). — Let (u1,m,,,-- -, Uko+ks ,m, )neN* D€ a sequence
of L?-orthonormal eigenvectors of Li,gt" that converges strongly in H!(2; C*)ko+k1 o

an L2-orthonormal family (u1,...,ug,+x, ) of eigenvectors of |[H*}|. We have

span (Upy 41, - - -, Ukg 1k, ) = ker(|H?| = N).

JEP — M., 2019, lome 6



AN INFINITE MASS LIMIT 355

By (3.5), for all v = Zz;l Ak Uky+k We have

~1/2]|(Bn + £/2 + mo)v)| 721

k1
= —1/2 ) @xa; {(On + £/2 +m0) kg ks (On + £/2 + M)ty 1)y
kyj=1
k1
= lim -1/2 D @a; (On + £/2+ M0 kg k.m0 (Tn + /2 + M0 )tk 1)1
kyj=1
k1
= dim Y arama (A m, — A (U tkam Uko+i)g
k,j=1
k1
. _ i 2
= lim > @R ma N, = A) (ks k)
k.j=1
k1
. 2 i 2
= > P (A, — V).
k=1
Since A\, <o < AR, and CM s finite dimensional, we get for j €
{1,...,k1},
k1
: int A2y T : Z 2 int 12
nll}}»loo mn()‘ko—&-],mn A ) ngrfoo(vrélglkl ranea‘i( |ak| mn()‘k0+k,mn A ))
dim V=5 lla|l;2=1k=1
k1
— mi : 2 int 2
N VHC1(1CI’£1 glea&( nll)&looZ |ak| mn()\}g)—"_k’m" —A )
dim V=j llall;2=1 k=1
k1 2
=-1/2 min max ’ (8n+f<;/2+m0)2akuko+k
1 ac
dimnV=j llallz=1 k=1 L2(r)
2
. [(On + £/2 4+ mo)vll 72y
= inf sup —
VCker(|[H?|—2)  veV 2
dim V=j lvll L2 0)=1
= MXxjs
where ||(a1, a2 ap)|Z = S8 |ag)? for all (ay,a ay,) € Ch
9 P 1/112 k=1 %k 1y 42y vy Ufy .
We obtain

: int 2\ __ X
mgl—r&-loom()\k’0+j’m - A ) = K-

Note that a permutation of the limit and the summation sign at the third line of
the calculation above ensures that (ugy+1,- .., Uky+k, ) is an orthogonal family for the
quadratic form

2
1(0n + £/2 4+ mo)vl| 72
5 .
This finishes the proof of Proposition 3.1. (|

vV —

JEP. — M., 2019, tome 6



356 N. ArrizaBaraca, L. Le Treust, A. Mas &« N. Raymonp

4. PROOF OF THE MAIN THEOREM

We are now ready to address the proof of Theorem 1.7. For the sake of readability,
we will divide it in several parts.

4.1. FirsT TERM IN THE AsymproTiC. — In this part, we work in the energy space
without using any regularity result such as Lemma 4.3.

4.1.1. Upper bound. — Let K € N* and (p1,...,¢K) be an L?-orthonormal family

of eigenvectors of |H®}| associated with the eigenvalues ()1, ..., Ak ). Using Proposi-
tion 2.1, we extend these functions outside 2 by
. @] on Q,
Ujm = ,
Um—+mg ((P]) on () 5
for j € {1,..., K}. By Proposition 2.1, we get that
-2 9 C
185m 2 ey < (24 1m0)™ Ao (125) < ==
so that Wy, ..., Uk, m are linearly independent vectors. Let ai,...,ax € C, and we

denote ¢}, = Zszl @;Uj m. By Lemma 1.6 and Proposition 2.1, we have

2 2 2
g5 72 oy =V 720 + millomllze @) — mRe(Ber,, @5 )r + Amtm, (27,

K K K
<o (Z aj%‘) +o(1) =Y [a;PA7 +o(1) < A D lay[* + o(1).
j=1 j=1 j=1

We deduce that

. 2 . 2 2
(4.1) limsup A%, < limsup sup [ Hm ol 22 ®s) < Ak
m——+oo m—+00 % €span(Ut,m,..,UK,m)
”‘P%HLQ(RS):l

4.1.2. Lower bound and convergence. — For m>=myq,let K eN* and (p1,m, .., ©x,m)
be an L2-orthonormal family of eigenvectors of |H,,| associated with the eigenvalues
(M, my -+ Ak,m). Here, m; is defined in Remark 2.8 and Proposition 2.21. By (4.1),
there exists C' > 0 such that

2
(4.2) C> sup  [[Hunrml (s -
ke{l,...,K}
m>=mg

Using (1.4) and Proposition 2.1, we get, for all k£ € {1,..., K} and all m > m;, that
Meon = 1 Hm@km| 2 re)
2 2
= ||V<Pk,m||L2(Q) + m%H@k,mHL’Z(Q) — M (BPrms Phm)p
(43) + Am+mo (@k,m) + Qm+m0 (@k,m — Um+mg (@k,m))

2 errrltt(<pk,m) + (m + mO)QH@k,m — Um+mg (@k,m)”iz(ﬂz)

c 2
- EH@k,anz(r) .
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By the trace theorem, we deduce that there exists C' > 0 such that
(4-4) c> sup }”‘Pk,m”Hl(Q) .

ke{l,...,.K
m>=mg

Note also that by (4.3), (4.4) and the trace theorem, we get that
(4.5) “|<Pk,mHL2(Q/) _”um-‘-mo(‘ﬂk,m)”ym/)‘ < lek,m — um-i—mo(‘?k,m)Hp(Q/) <C/m.
Moreover, by Proposition 2.1, we obtain that
2 - - 2

[|thm+mo (‘Pk’m>||L2(Q/) < (m A+ m0) "2 Ao (9k,m) < C(m+mo) ™ H(pk?,mHHl(Q) )
and we deduce that
(4.6) ||‘Pk,m||L2(Q/) <Cm™h
Combining (4.3), (4.4), (4.6), and Proposition 3.1 with an induction procedure as in
the proof of Lemma 3.2, we get the following result.
Lemvia 4.1. — Let K € N. The following properties hold:

(i) Forall j € {1,2,..., K}, we have limy, 400 Ajm = Aj.
(ii) For all subsequence (my)nen going to +o0o as n — +oo, all L*-orthonormal

family of eigenvectors (©1.m,s- - Pr,m,) Of [Hm| associated with (A m,,,- -+, Ak.m,,)
such that the sequence (V1.m, ;.- PK.m, )neN converges weakly in H(Q), we have
that the sequence (V1.m, ;- PK.m, )neN converges strongly in H'(Q) and

. — 2
(4.7) Jim M= @gm [ 2y = 0

forallje{l,...,K}.
(iii) Bvery weak limit (¢1,...,pK) of such a sequence is an L?-orthonormal family
of eigenvectors of |H| associated with the eigenvalues (A1, ..., \g).

Remark 4.2. — In other words, Lemma 4.1 shows the convergence of the eigenspaces
associated with the K first eigenvalues of | H,,|. Indeed, for all converging subsequence,
the corresponding eigenprojector converges to the eigenprojector of |H*}|. Thus, when
m goes to 400, the eigenprojector associated with the K first eigenvalues of |H,,|
converges to the one of |H®}| associated to the K first eigenvalues. Of course, we have
no such convergence result for the individual eigenfunctions.

4.2. SECOND TERM IN THE ASYMPTOTIC. In this section, we will freely use the follow-
ing regularity result, whose proof is given in the appendix.

Lemma 4.3. — There exists a constant C > 0 such that for every m € R and every
etgenfunction u of H,, associated with an eigenvalue X € R, we have

ull a2 ) < CO A+ [AD[|ull 22 s)-

Moreover, for every eigenfunction u resp. v of H resp. L™ associated with an eigen-
value A € R, resp. A2 € R, we also have that

[ullzr2) < C(L+ [AD[ullz2()
and [0l 2 (0) < C(L+ [AD]|v]| 22 (-
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4.2.1. Upper bound. In this section, we prove the following lemma.

Levmva 4.4. — Let X\ be an eigenvalue of |H®| of multiplicity ki € N*. Let kg € N be
the unique integer such that

A= Xegt1 = = Abgths -
Then
(4.8) {inniiligm(/\iﬁk,m —A?) <D,
where, for k € {1,...,ki},
(4.9) Unk 1= inf sup M (v)
V Cker(|H®|—X1d) veV
dim V=k lvll L2 q)=1
and
_ [Vsv]2 |(On + K/2 + mo)v|? (K K? )\2) 2)
= - Rl A dr.
= [ (% = H(-T-F)n
Proof. — Let (u1,m, - - -, Uky+k,.m) be an L?-orthonormal family of eigenvectors of Lt
associated with the eigenvalues (AY%,,..., A . ). Let (my)nen be a subsequence

which goes to +00 as n tends to +co and which satisfies

(1) T sup,, s 4 oo ML 4 — A2) = s o0 M (A m, =A%),

(i) (Wimys-- s Ukotkym, ) converges in L2(Q) to (u1,..., U4k, ),
where (u1,..., U 4k, ) is an L2-orthonormal family of eigenvectors of H! associ-
ated with the eigenvalues (A1,. .., A4k, )- By Lemma 4.3, this sequence is uniformly
bounded in H?(Q). By interpolation, the convergence also holds in H*(2) for all
s €[0,2).

Since (4.9) is a finite dimensional spectral problem, there exists an L2-orthonormal
basis (Wky+1, - -+ Wko+k, ) Of ker(|H?| — A1d) such that

ko+k1 ko+k1 ko+k1
77)\( Z asws): Z |as‘QﬁA(ws): Z |as|2,ﬁ)\,57k07

s=ko+1 s=ko+1 s=ko+1

for all agy+1,...,0k,+k € C. Moreover, we have

ker(|H®| — M1d) = span(usy 11, - . . Ukg 1k, ) = SPAN(Why 41, - - - Why 5, )s
so that there exists a unitary matrix B € CF1**1 such that Bu = w, where u =
)T

(kg t1s - - > Uk tky )L and W = (Wit 1, - - -, Whytk, )L - Using Proposition 2.1, we extend

these functions outside 2 by

~ ) Uum on €,
Uj,m =

Um+mg (Uj,m) on
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for j € {1,...,ko+ k1}. We also define

U + = (Uk-OJr]’m? . ,Uk0+k17m)T,
Wi = (Whot1.m5 -+ s Whotky.m)© := B,
Wiy = (@ko-i-l,mv s 7ﬁko+k1,m)T = B(ako-‘rl,m, cey ako-&-kum)Ta
and Vk0+k,m = span(uLm, coUkg,ms Wko+1,ms - - - ,wk0+k),
ng#»k,m = span(ﬂl’m, N ﬁk07m7 @koJer, . 7{17ko+k)7
for all k € {1,...,k1} and all m > m;. Let us remark that

dim Vi 45,m = dim ‘7;90+k,m =ko+ k

for all k € {1,...,k1} (choosing if necessary a larger constant my > 0). In the follow-
ing, we consider test functions of the form
k?o kO"l‘kl
Vm = D A+ Y @@ m,
j=1 j=ko+1
where aq, ..., ak,+k, € C satisfy Zf”;{kl laj|? =1, so that
ko+k1
[om|72) = Z la * = 1.
j=1
By Proposition 2.1, we have
2 2 : lomlay
(110)  Nom o) =lomlagey +lomlEa) = 1+ 520 + o(m2),

and
(4.11) |\Hmv7,L||2LQ(R3)

From (4.10) and (4.11), we deduce that

m(||Hm1)Mi2(R3)

: — A7) < (O () — A2)
[om 22 gs)
|V s |* Kk Qnt(vm) 2 —1/2
+/F( -+ (3% 20 ) o) dT + G172,
Then, for k € {1,...,k1}, we get

m()\iﬁk’m — )\2) < sup 5
vme\N/kOJrk,m\{O} HUm”LZ(RS)

< sup m(Qnt(vm) — A?) 4+ Ty (V) + O(m=?),

Um,EVkO«Fk,m

2
||HmUM||L2(R3) B )\2)

(4.12)

HUmHL2(Q):1
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where

m = [ (T (5 - 5 - S ar

The remaining of the proof concerns the asymptotic behavior of

Hkm = sup m (Q;r,;t(,um) - /\2) + ﬁm(vm)v
Umevk0+k,7n
HU'"LHLQ(Q):l

for k € {1,...,ki} when m goes to +oo. Let us first remark that for every v,, €
Vio+k,m, we have

ko+k ko+k1 ko+k
Um—E Ui m + E Wi m = E ajUjm + E ( E ajbj,s>us,ma

j=ko+1 s=ko+1 “j=ko+1

where (bjﬁs)j’se{koﬂ’_,_7k0+k1} = B. Thanks to Proposition 3.1, we obtain

(4.13)  ma (22 (vy,) — A?)

ko ) ko+k1 ) ko+k 2
=D, =Ml + D0 ma, =A%) D asbsy
J=1 Jj=ko+1 s=ko+1
ko ) (B + K/2+mo) SSFHFaiw
-3 a0~ ket
j=1
Using (4.12) and (4.13), and taking a1 = -+ = ago+k—1 = 0, ag,+x = 1, we deduce
that
(4.14) liminf pg pm, = Vs k-

n——+oo

Let (v™)nen be a maximizing sequence of py . For all n, there exists a unitary
vector a” = (a1, - -, Gy +k.n) € CFOHF such that

ko+k

E :ajmuj,mn + E : ajnWjimy,-

Jj=ko+1

Up to a subsequence, we can assume that (a™) converges in Ckotk to a unitary vector
a = (Akg+1, - - -5 Okg+k). Then, Proposition 3.1, (4.13), and (4.14) ensure that
: int 2 2 2
! — A2 <N
ngrfoo )\])mn AT < )\J A <0

for j € {1,...,ko}, thus there exists ¢y > 0 such that

ko
2«
My |aj,n| RC
Jj=1
and
lim sup pig, m,, < 7A(v) < Uk,

n—-4oo
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where v = Zf‘:rkf_H a;w;. Thanks to (4.12), and noticing that limy, 4 oo ftk,m, = Uk

and

. 2 2 ~
limsup m(Ag, 4 .m — A7) < Unks
m——+oo

we conclude the proof. |

4.2.2. Lower bound. Let A be the first eigenvalue of |[H|, whose multiplicity is
denoted by k; € N*:

A=A == A,

In the following, we look for the second term in the asymptotic expansion of .
More precisely, we will show the following result.

Lemma 4.5. — Forallk € {1,...,k1}, we have that

liminf m(A2  —A\2) > Dy,
m— 400 ( k,m )/ A1,99

where Uy, ; s defined in (4.9).
Proof. — By Lemma 4.1 and Proposition 3.1, we have

. 2 _ int _ 2
m1~1>r<rkloo )‘k,m o mh)lirkloo )‘k,m =A ’

for all k € {1,...,k1}. Let (¢1.m,---,Pk,.m) be an L?-orthonormal family of eigen-

vectors of |H,,| associated with the eigenvalues (A1 m,..., Ak, m) for all m > my.

By Lemma 4.3, there exists C' > 0 such that

(4.15) C> sup 105.ml g2 -
m=zmi

Je{1,....k1}

We remark that, for all k € {1,...,k}, and all m > my,

k 2
2
/\i,m :HHm@k,mHLQ(]Rz) = sup H,, (Z aj@j,m) )
(a1,...,ak)6(Ck j=1 L2(R3)
Z?:l ‘aj|2:1

Let a = (ay,...,ax) € C* be such that 2?21 laj|? = 1. We define

k
a . .
Pm = A5 Pjm-
j=1

Combining (1.4), (4.15), and Proposition 2.1, we get

2 2
+ (m 4 m0) 15, = wmtmo (95|22 () + O(m %),

. Vs a |2 K 2
(@16) A, > 0 (o) + et [ (Bl (B Sy ) ar
r
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By (4.5), we have that

622y — it (52012
< C/m(”‘PgnHLZ(Q/) +||um+mo(¢$n)||L2(Q’))
< C/m(llom = mtmo ()| L2y + 2 tmetmo ()l 20r)
< C/m(m™" + 2l|umsmo () 220r)) -

In addition, using Proposition 2.1 and (4.15), we deduce that

. Imllzoey ) C
[ttt ()32 ) — 2| <

2m = m3/2’
Therefore,
a2
P X e
(4.17) ’HSDmHm(Q/) T ‘ < m3/2’

Thanks to (4.16) and Proposition 3.1, we obtain

in a a |12
(4.18) m()\z’m —A)=>m (th(@m) - >\2||50mHL2(Q)>

L s L L

Let (ujm)jen+ be an L?-orthonormal basis of L?(£2; C*) whose elements are eigen-
vectors of Ll® associated with the sequence of eigenvalues ()\znfn) Since )\;“fn converges
to )\5 as m goes to +00, we get that

int 2
ARt A2 >0

for all j > k1 + 1 and all m > my (choosing if necessary a larger constant my > 0).
We then deduce that

+oo
m(Qn () = Nl lTai) = D m (A, = A2) (6, s m) o

(4.19) 5}:
= Zm ()‘g}:n - )‘2) |<90;lmus,m>g|2~

s=1

Let (my,)nen+ be a subsequence which goes to 400 as n tends to 400 and such
that

(i) liminf,, oo m()\i’m —2A%) = lim, 400 mn()\i’mn —\2),
(i) (Wimyy---sUky,m, ) converges in H () to (uq,...,uk,),

(1) (©1mps-- s Phym, ) converges in H () to (o1,..., ¢k, ),
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where (uy,...,ug,) and (p1,...,0k ) are L?-orthonormal families of eigenvectors
of H associated with the eigenvalue A. By Proposition 3.1, we have that

k1
ngrfoo Z; m ()‘fsr,l:nn - /\2) |<<Plrlnn ) u37"Ln>Q‘2
B (O + #5/2 4 mo )us|
L2(T a
(4.20) =y - 5 D 1o, us)g
s=1
(O + w2+ mo)%”iZ(r)
= 5 ,
where ¢ = Z_];:l a;p;. From (4.18), (4.19), and (4.20), we obtain
C 2 )2 > 7 a
lim inf m(Xj, =A%) > 7 (%)
and
liminf m(A\7 ,, — \?) > sup () = Un k-
m——+oo ’ k
(al,...,ak)E(C
Z?:1 laj?=1
Then, the conclusion follows from this and the upper bound (4.8). g
Remark 4.6. — When considering a larger eigenvalue A > Ay, the proof above breaks
down since

ko )
Zm (Xsr,lfn - >‘2) |<90?mu5,m>9|2
s=1

is non positive and the non-wanted terms in (4.19) cannot be removed so easily
anymore. In the expression above, ky denotes the unique integer such that

A= Xigt1 =+ = Aoy -

APPENDIX. SKETCH OF THE PROOF OF LLEMMA 4.3

The purpose of this appendix is to give the main ideas of the proof of Lemma 4.3.
We recall that the boundary is supposed to have @2 regularity. We do not intend to
give a rigorous proof but rather to enlighten why the classical arguments give uniform
bounds in m (see for instance [12, §6.3]). In particular, we restrict ourselves to the
operator H,, for @ =R3 := {& = (21,22, 23) | 23 > 0}, and we consider the solution
u € HY(R3;C*) of

H,u= (Ot D+ (mo + mXRi)B)u = f7
where f € H'(R?;C*). By Lemma 1.6 and Proposition 2.14, we have

2
2 2 2 2 2
[Fl2®sy 2= 1Vull72(q) +mg”uHL2(Q) + mol|ul[72 ) + ZHakUHLZ(Q/)
k=1

+ 2mHE_U’HiZ(F) - C/m||uH2L2(F) )
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so that by the trace theorem, there exists C > 0 such that

2
2 2 2 2
(A1) CIf 1 Z2qgey +lull ) ZIVullzeia) + D 10kullzen -
k=1

Using the notation of [12, §6.3], we introduce the difference quotients

For

and

u(x + hey) — u(x)

Dfu(a) = Mo R —u(z)

heR, h#0, z € R? ke {1,2,3}).

j € {1,2}, we get that
Hijhu =(a-D+ (mg+ mXRi)B)DJhu = Djhf,
then, using (A.1), we obtain

2
2 2 2 2
C(HD?fHLE(Ra) +||D?UHLZ(Q)) > ||VD?UHL2(Q) + 2 :HakDJhuHL?(Q') ‘
k=1

By [12, §5.8.2], we deduce that

(A2) C10; 2 oy + 107220y + 1112 g+l 22 cy)

‘We

2
2 2
> Hvajunm(g) + ZHakaj“Hm(Qf) :
k=1

also have that, in €,

2
—6§u =H>u+ <Z 7 — m%)u =H,f,

k=1

thus
Using (A.1), (A.2) and (A.3), we get the desired estimate.
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2]
(3]
(4]
(5]

JLEP

REFERENCES

A. R. Akamerov & C. W. J. BEenakker — “Boundary conditions for Dirac fermions on a terminated
honeycomb lattice”, Phys. Rev. B 77 (2008), no. 8, article # 085423.

N. ArrizaBavraca, L. Le Treust & N. Raymonp — “On the MIT bag model in the non-relativistic
limit”, Comm. Math. Phys. 354 (2017), no. 2, p. 641-669.

, “Extension operator for the MIT bag model”, Ann. Fac. Sci. Toulouse Math. (6) (2019),
to appear.

C. BAr & W. BaLLvany — “Boundary value problems for elliptic differential operators of first
order”, Surv. Differ. Geom., vol. XVII, Int. Press, Boston, MA, 2012, p. 1-78.

L. Barsaroux, J. Cornean 1. D. L Treust & E. Stockmever — “Resolvent convergence to Dirac
operators on planar domains”, Ann. Henri Poincaré (2019), doi:10.1007/s00023-019-00787-2,
arXiv:1810.02957.

R. D. BExcuria, S. Fournars, E. Stockmever & H. Vax DeEx Boscn — “Spectral gaps of Dirac opera-
tors with boundary conditions relevant for graphene”, arXiv:1601.06607, 2016.

M. V. Berry & R. J. MonpraGON — “Neutrino billiards: time-reversal symmetry-breaking without
magnetic fields”, Proc. Roy. Soc. London Ser. A 412 (1987), no. 1842, p. 53-74.

P. BocorLiousov — “Sur un modele a quarks quasi-indépendants”, Ann. Inst. H. Poincaré Sect. A
8 (1968), p. 163-189.

M., 2019, tome 6


http://dx.doi.org/10.1007/s00023-019-00787-2
http://arxiv.org/abs/1810.02957
http://arxiv.org/abs/1601.06607

[9]

(10]

AN INFINITE MASS LIMIT 365

B. Booss-Bavnsek, M. Lescin & C. Znu — “The Calderén projection: new definition and applica-
tions”, J. Geom. Phys. 59 (2009), no. 7, p. 784-826.

A. Crooos, R. L. Jarre, K. Jounson, C. B. Tuor~y & V. K. Weisskorr — “New extended model of
hadrons”, Phys. Rev. D (3) 9 (1974), no. 12, p. 3471-3495.

T. DeGranp, R. L. Jarre, K. Jounson & J. Kiskis — “Masses and other parameters of the light
hadrons”, Phys. Rev. D 12 (1975), no. 7, p. 2060-2076.

L. C. Evans — Partial differential equations, second ed., Graduate studies in Math., vol. 19,
American Mathematical Society, Providence, RI, 2010.

K. Jounsox — “The MIT bag model”, Acta Phys. Polon. B 6 (1975), p. 865-892.

A. Mas & F. Przzicairo — “Klein’s paradox and the relativistic d-shell interaction in R3”, Anal.
PDE 11 (2018), no. 3, p. 705-744.

T. Ourmiires-Bonaros & L. VEca — “A strategy for self-adjointness of Dirac operators: applica-
tions to the MIT bag model and é-shell interactions”, Publ. Mat. 62 (2018), no. 2, p. 397-437.
E. Stockmeyer & S. Vuearter — “Infinite mass boundary conditions for Dirac operators”, J. Spec-
tral Theory 9 (2019), no. 2, p. 569-600.

B. TuaLLer — The Dirac equation, Theoretical and Mathematical Physics, Springer-Verlag,
Berlin, 1992.

Manuscript received 12th September 2018

Nar

accepted 8th May 2019

ARA ARRIZABALAGA, Departamento de Mateméticas, Universidad del Pafs Vasco/Euskal Herriko

Unibertsitatea (UPV/EHU)
48080 Bilbao, Spain
E-mail : naiara.arrizabalaga@ehu.eus

Loic Le Treust, Aix Marseille Univ, CNRS, Centrale Marseille, 12M

Ma

rseille, France

E-mail : loic.le-treust@univ-amu.fr

Url

:https://sites.google.com/site/loicletreust/

Arsert Mas, Departament de Matematiques, Universitat Politécnica de Catalunya
Campus Diagonal Besos, Edifici A (EEBE), Av. Eduard Maristany 16, 08019 Barcelona, Spain
E-mail : albert.mas.blesa@upc.edu

Url
Nic

: https://mat-web.upc.edu/people/albert.mas.blesa/

oras Ravmonp, Laboratoire Angevin de Recherche en Mathématiques, LAREMA, UMR 6093,

UNIV Angers, SFR Math-STIC
2, boulevard Lavoisier, 49045 Angers Cedex 01, France
E-mail : nicolas.raymond@univ-angers.fr

Url

: https://nraymond.perso.math.cnrs.fr/

JEP. — M., 2019, tome 6


mailto:naiara.arrizabalaga@ehu.eus
mailto:loic.le-treust@univ-amu.fr
https://sites.google.com/site/loicletreust/
mailto:albert.mas.blesa@upc.edu
https://mat-web.upc.edu/people/albert.mas.blesa/
mailto:nicolas.raymond@univ-angers.fr
https://nraymond.perso.math.cnrs.fr/

	1. Introduction
	2. About the exterior optimization problem
	3. A vectorial Laplacian with Robin-type boundary conditions
	4. Proof of the main theorem
	Appendix. Sketch of the proof of Lemma 4.3
	References

