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THE EXT ALGEBRA OF A QUANTIZED CYCLE

BY DamieN CALAQUE & JuLIEN GRIvAUX

AsstracT. —  Given a quantized cycle (X,0) in Y, we give a categorical Lie-theoretic inter-
pretation of a geometric condition, discovered by Shilin Yu, that involves the second formal
neighbourhood of X in Y. If this condition (that we call tameness) is satisfied, we prove that
the derived Ext algebra Z.#om ¢, (0x, Ox) is isomorphic to the universal enveloping algebra
of the shifted normal bundle Nx/v [—1] endowed with a specific Lie structure, strengthening an
earlier result of Caldararu, Tu, and the first author. This approach enables us to get some con-
ceptual proofs of many important results in the theory: in the case of the diagonal embedding,
we recover former results of Kapranov, Markarian, and Ramadoss about (a) the Lie structure
on the shifted tangent bundle T x[—1] (b) the corresponding universal enveloping algebra (c)
the calculation of Kapranov’s big Chern classes. We also give a new Lie-theoretic proof of Yu’s
result for the explicit calculation of the quantized cycle class in the tame case: it is the Duflo
element of the Lie algebra object Nx/y [—1].

Résumf (L’algebre des Ext d’un cycle quantifié). — Etant donné un cycle quantifié (X, o)
dans Y, nous donnons une interprétation d’une condition découverte pas Shilin Yu en termes
de théorie de Lie catégorique. Cette condition, que nous appelons modération géométrique, met
en jeu le second voisinage infinitésimal de X dans Y. Sous cette hypothese de modération, nous
démontrons que P'algébre des Ext Z#om g, (Ox,Ox) est isomorphe & ’algeébre enveloppante
du fibré normal décalé Nx,y[—1], que 'on munit d’une structure de Lie catégorique bien
particuliére, renforcant un résultat précédent de Caldararu, Tu et du premier auteur. Cette
approche permet de fournir des démonstrations conceptuelles de plusieurs résultats majeurs
du sujet : dans le cas du plongement diagonal, nous retrouvons en particulier des résultats de
Kapranov, Markarian et Ramadoss & propos (a) de la structure de Lie sur le tangent décalé
Tx[—1] (b) de I'algebre enveloppante correspondante (c) du calcul des « big Chern classes » de
Kapranov. Nous donnons également une nouvelle démonstration purement algébrique (basée
sur les structures de Lie catégoriques) d’un résultat de Yu & propos du calcul explicite de la
classe de cycle quantifiée dans le cas modéré : il s’agit de I’élément de Duflo de I'objet en algébre
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1. InTRODUCTION
1.1. THE DIAGONAL EMBEDDING CASE. Let X be a complex manifold or a smooth

algebraic variety over a field of characteristic zero. Thanks to the celebrated re-
sult of Hochschild, Kostant and Rosenberg (cf. [14]), the Hochschild homology and
cohomology groups of the structural sheaf Ox are given by HH;(0x) = Q% and
HH'(0x) = A'T x. These isomorphisms can be upgraded at the level of derived cate-
gories, and are called (geometric) HKR isomorphisms. For more history on this topic,
we refer the reader to the paper [12], as well as references therein. In the present
paper, we will be especially interested in the geometric HKR isomorphism involving
Hochschild cohomology: this isomorphism is an additive sheaf isomorphism between
the sheaf of polyvector fields S(Tx[-1]) = @, A" Tx[~i] and the derived Hom
sheaf of the diagonal py.Z#ome, . (Ox,Cx). Here we view X as the diagonal in-
side X x X (which is the geometric counterpart of looking at an algebra as a bimodule
over itself) and p; is the first projection.

Both members of this isomorphism have multiplicative structure: the wedge prod-
uct on polyvector fields, and the Yoneda product on the derived Hom complex. Taking
the cohomology on both sides, for any non-negative integer p, the corresponding iso-
morphism between the algebras @F_, H?~/(X,A'Tx) and Exty, y(Ox, Ox) is not
multiplicative in general (contrarily to the homological geometric HKR). It has been
conjectured by Kontsevich [17] and later proved by Van den Bergh and the first au-
thor [4] that one can use the square root of the Todd class Td (X) on €, H* (X, %)
of the tangent sheaf Tx to “twist” the global cohomological HKR isomorphism in
order to get an isomorphism of algebras.

The Todd class of X is also intimately related to the geometry of the diagonal of X
in another way: it is the correction term appearing on the Grothendieck-Riemann-
Roch theorem, so thanks to the Lefschetz formalism it can be interpreted as a restric-
tion of the Grothendieck cycle class to the diagonal itself. This has been hinted in
the pioneering work of Toledo-Tong (see [23, §6]), and formalized using HKR isomor-
phisms in an unpublished manuscript of Kashiwara around 1992. Kashiwara’s account
can be found in [11], where the second author proves in fact that the Todd class is
the Euler class of €, proving a conjecture of Kashiwara—Schapira [16].

JEP — M., 2019, lome 6



TiEe EXT ALGEBRA OF A QUANTIZED CYCLE 33

The above results can be re-interpreted very naturally in Lie-theoretic terms after
the works of Kapranov [15] and Markarian [20]:

— The shifted tangent sheaf T x[—1] is a Lie algebra object in the derived category
DP(X).

— Thanks to results of Markarian [20] and Ramadoss [21], the universal enveloping
algebra of this Lie algebra object is indeed the derived Hom sheaf, and that the geo-
metric HKR isomorphism can be re-interpreted as the Poincaré-Birkhoff-Witt (PBW)
isomorphism.

— Every element .# in D(X) is naturally a representation of Tx[—1], and via the
PBW isomorphism the character of this representation (which is a central function
on U(Tx[—1])) can be identified with the Chern character of .%#.

— The Todd class becomes the derivative of the multiplication map in the universal
enveloping algebra, and is therefore the Duflo element of Tx[—1].

— The isomorphism HKRo. JTIX) from [17, 4] can be seen as a Duflo isomorphism
(see [9]) for the Lie algebra object Tx[—1].

We refer to [6], [5] for further analogies between Lie theory and algebraic geometry.

1.2. MORE GENERAL EMBEDDINGS: TAME QUANTIZED CYCLES. — In the present paper, we
are interested in the more general situation where we replace the diagonal embedding
Ax — X x X by an arbitrary closed immersion X < Y, where X is a smooth closed
subscheme of an ambient smooth scheme Y.

In [1], Arinkin and Céildararu gave a necessary and sufficient condition for an ad-
ditive generalized geometric HKR isomorphism to exist between Z.#ome, (Ox, Ox)
and S(Nx/y[—1]): the condition is that N/ y extends to a locally free sheaf on the
first infinitesimal neighborhood of X in Y. The Lie theoretic interpretation of the
first order neighborhood and of the above geometric condition has been given in [5]
by Caldararu, Tu, and the first author.

Earlier on, in Kashiwara’s 1992 unpublished manuscript, a more restrictive condi-
tion is introduced: Kashiwara deals with subschemes with split conormal sequence,
which means that the map from X to its first infinitesimal neighborhood in Y admits
a global retraction (in this case, any locally free sheaf on X extends at order one
in Y'). On the Lie side, this corresponds to pairs ) C g that split as h-modules, these
are usually called reductive pairs. In [12], the second author developed Kashiwara’s
construction in this framework. The data of a subscheme X of Y together with such
a retraction o is called a quantized cycle, and to such a cycle it is possible to asso-
ciate geometric HKR isomorphisms, as well as a quantized cycle class ¢, (X) living in
Do H (X, A'NY /y) that generalizes the Todd class in the diagonal case. Recently,
answering a question raised by the second author in the article [12], Yu has shown
in [24] the following result: given a quantized cycle (X,0) in Y such that 0*Nx vy
extends to a locally free sheaf on the second infinitesimal neighborhood of X in Y,

— The quantized cycle class g,(X) class is completely determined by the geometry
of the second infinitesimal neighborhood of X in Y.
— It can be expressed by an explicit formula similar to that of the usual Todd class.

JE.P. — M., 2019, tome 6



34 D. CaraQue & J. Grivaux

Yu’s proof is based on direct calculation using the dg Dolbeault complex as well as
homological perturbation theory. In this paper we provide a Lie theoretic explanation
of Yu’s results. We introduce the notion of tame quantized cycle corresponding to
Yu’s condition: a quantized cycle (X, o) is tame if 0*Nx/y extends to a locally free
sheaf at the second order. We can list all the conditions that can be investigated on
the cycle X (each condition being more restrictive than the previous one), and the
corresponding conditions for Lie algebra pairs:

cycles X CY Lie pairs h C g
N%,y extends at the first order delicate condition, cf. [6]
X admits a retraction at the first order in Y g=hbm
i.e., X can be quantized as h-modules
X is a tame quantized cycle [y ([m, m]), m] =0
X admits a retraction at the second order in Y g=hxm

If one of the two last conditions is satisfied, the object N,y [—1] is naturally a Lie
object in DP(X), but this is no longer the case if we drop the tameness assumption.
In full generality (that is, without any specific quantization conditions), the algebraic
structure of N,y [—1] has been investigated in [6]: it is a derived Lie algebroid, whose
anchor map is given by the extension class of the normal exact sequence of the pair
(X,Y). Hence, our setting can be understood as the weaker universal hypotheses
for which this derived Lie algebroid is a true Lie object in the symmetric monoidal
category DP(X).

1.3. Tue prancipaL rREsULTS. — The two main geometric results we prove in this pa-
per deal with tame quantized cycle. The first result is the explicit computation of the
enveloping algebra of the Lie algebra object N y[—1]. To state the result we intro-
duce the following notation: we have two natural endofunctors J#omg, (*, Ox) and
Home, (Ox,) of the category of sheaves of &x-modules. We denote their respective
derived functors by %%pomeﬁy (x, Ox) and ZHom'y (Ox,*).

Turorem A. — Let (X, 0) be a tame quantized cycle in' Y. The class o defines a Lie
coalgebra structure on Ny [1], hence a Lie algebra structure on Nxy[—1]. Besides,

the objects %Jfom%y (Ox,0x) and R A om'y,, (Cx,Ox) are naturally algebra objects
in the derived category DP(X), and there are commutative diagrams

J*%%Omﬁs(ﬁx, ﬁx) —)%%om%y(ﬁx, ﬁx)

JHKR
HKR S(Nx/y[-1])
lPBW

T(Nx/y[-1]) ————— U(Nx,y[-1])

JEP — M., 2019, lome 6



Tur EXT ALGEBRA OF A QUANTIZED CYCLE 35

and

0 R Homey (Ox, Ox) — RHomy (Ox, Ox)
ldual HKR

dual HKR S(Nx,y[-1])
lPBW

T(Nx/y[-1]) ————— U(Nx vy [-1])

where all horizontal arrows are algebra morphisms, and all vertical arrows are iso-
morphisms.

At first glance, this result looks similar to the main result of [6], which says that in
full generality, the universal enveloping algebra of the Lie algebroid Ny, y[—1] is the
object ZHome, (Ox, Ox), considered as an element of D} (X x X).() The main
subtlety here lies in the fact that if the Lie algebroid structure of N,y [—1] is in fact
a true Lie structure in DP(X), the universal enveloping algebras of Nx/y [—1] as a Lie
algebra object or as a derived Lie algebroid are not the same; they don’t even live in
the same categories. In the setting of [6], Z#ome, (Ox,Ox) is naturally an algebra
object in D} (X x X). In our setting, it is not at all obvious that Z#omY, (Ox,Ox)
and %%omrﬁy(ﬁx, Ox) carry natural multiplicative structures. This is where the
tameness condition becomes crucial.

The second result we prove is in fact originally due to Shilin Yu [24], although
our proof is completely different and Lie-theoretic. Yu’s original statement is slightly
different, because the Lie algebra structure on N,y [—1] is not considered at all in
his paper. The statement is the following:

Tueorem B. — Let (X,0) be a tame quantized cycle in Y. Then the quantized cycle
class of (X, ) defined in [12] is the Duflo element of the Lie algebra object Nx/y [—1].

The proofs of these two results combine two different types of ingredients: purely
geometrical considerations linked to the geometry of formal neighborhoods (mainly
the two first ones) of a subscheme, as well as the use of abstract results on Lie algebra
objects on symmetric monoidal categories.

1.4. PLAN OF THE PAPER. The paper is organized as follows:

— Section 2 is devoted to some recollection about Lie algebra objects in a categorical
setting. We claim no originality for this material which seems to be well-known among
experts in representations theory, but we could not locate the desired results in the
form we needed in the literature. For instance, most references are written down for
abelian categories while we work in the more general Karoubian framework. The proof
of the categorical PBW, which seems to be folklore among people in representation
theory, is given using an operadic method in the appendix.

(1)This means considered as a kernel supported in the diagonal.

JE.P. — M., 2019, tome 6



36 D. CaLAQuE & J. Grivaux

— Section 3 deals with three different topics. Section 3.1 gives universal formulas
for the multiplication map U(g) ® g — U(g) via the PBW isomorphism. The proof is
again provided in the appendix using the operadic method. In Section 3.2, we define
an algebraic condition that characterizes uniquely the Duflo element of a Lie object
in a symmetric monoidal category. Up to our knowledge, this result is new in this
degree of generality (in the case g = Tx[—1], this is [20, Lem. 4]). This will be the
key ingredient to our Lie-theoretic proof of Yu’s result. In Section 3.3, we introduce
the “tame condition” for pairs of Lie algebras, which is a Lie theoretic analog of Yu’s
condition.

— Section 4 recollects previous results on (first and second order) infinitesimal
neighborhoods, HKR isomorphisms and quantized cycles. This is where we state the
geometric tameness condition, a-k-a Yu’s condition.

— In Section 5 we explain that the geometric tameness condition coincides with
the Lie-theoretic tameness condition for the pair (Tx[—1], Ty[~1]jx) of Lie algebra
objects in DP(X). We get in particular that in the tame case, Ny/y[—1] is a Lie algebra
object in D(X) and we describe its universal enveloping algebra in geometric terms.
Using the Lie-theoretic results of Sections 2 and 3, we are able to give enlightening
and simple proofs of results of Ramadoss about Kapranov big Chern classes (diagonal
case), and Yu’s formula for the quantized cycle class.

— In Section 6 we use the above to get a description of the Ext algebra of a tame
quantized cycle. We show in particular that it is completely determined by the second
order infinitesimal neighborhood of X in Y.

— We conclude the paper with a few perspectives in Section 7.

2. UNIVERSAL ENVELOPING ALGEBRAS AND THE CATEGORICAL. PBW THEOREM

2] . I)REIAIMINARY RESULTS OF LINEAR ALGEBRA

2.1.1. Partially antisymmetric tensors. Let k be a field of characteristic zero and
let € be a k-linear symmetric monoidal category that is Karoubian (i.e., every idem-
potent splits(Q)) and such that countable direct sums exist and commute with the
product. We can assume without loss of generality that % is a strict monoidal cat-
egory (i.e., it is harmless to drop the parenthesizations of iterated tensor products
from the notation). For any non-negative integer n, the symmetric group &,, acts
naturally on V®" where V is an object of €. Let 7, be the element (n!)~! dec% g,
considered as an idempotent element of the group algebra k[S,,]. It induces a natural
idempotent® on V&, whose kernel is denoted by A"V and whose image is denoted
by S™V. We therefore have a decomposition

VO = §"V @ A"V

(2)Therefore, every multiple of a projector has a kernel and an image; we will repeatedly use this
property.

(S)Abusing notation, we will denote by the same symbol an element of k[S,] and the induced
endomorphism of V& in ¥.

JEP — M., 2019, lome 6
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Assume that n is at least two and let
n—1 . .
U, @ (VT oAV Ve — pen
i=1
be the map obtained by embedding each A2V := A2V in V®2. We can provide a
concrete description of A”V via the map W,,:

Lemva 2.1. — The image of V,, exits and is canonically isomorphic to A"V,

Proof. — Foriin [1,n—1], let 7; be the transposition in the group &,, that switches
and i + 1. We first observe that (1 + 7;)7, = m,(1 + ;) = m,. Hence the kernel of
1+ 7; acting on V®™ is a (split) sub-object of the kernel of 7, acting on V®":
VeI @ A2V @ VOr—i=1) c AV

In other words, the map V,, factors through A"V. In order to conclude, it is then
sufficient to prove that @' (V1 @ A?V ® VE"~i~1) - A"V admits a section.
We claim that the right ideal in k[&,,] generated by 1 — 7; (1 < i < n — 1) contains
all elements 1 — 7 for arbitrary 7 in &,,. Indeed, for any elements g1,...,gq in the
group algebra k[&,,], we have

d d—1
1-TIlim 9 = A= ITi=y 96)9a + (1 — ga).
The claim follows again from the fact that the 7; generate &,,. As a corollary, 1 — 7

sits in this ideal, so that we can choose elements (a;)1<icn—1 in the group algebra
such that

n—1

Z(l — Ti) a; = 1-— Ty,
i=1
As a consequence, we get that the map
n—1 n—1
d, = H(l —1)a;: VO — P VO
i=1 =1
factors through @?;11 (Ve A2V @ VO"~i=1) and ¥, 0 ®,, is the projection onto
the direct factor A"V in V&, O

ExamrrLe 2.2. — The simplest nontrivial case is n = 3. In this case we can take for
instance

6(11 = 31+7‘2 -%-’7'2’7'17
3as =14+ 1.

2.1.2. Jacobi identity. — Let us consider a morphism a: V€2 — V in ¢ which van-
ishes on S2V (i.e., such that o 71 = —a).

Provosirion 2.3. — The pair (V,«) is a Lie algebra object if and only if there exists
B: AV —V
such that Bo V3 = (ao (a®id), o (id® «)).

JEP. — M., 2019, tome 6



38 D. CaLAQuE & J. Grivaux

Proof. — Let u=ao (a®id). The Jacobi identity is equivalent to the identity
U—uoTy +uoTery = 0.

Remark now that a o (id ® a) = —u o 797, and that v o ;4 = —u. We now pre-
compose (u, —u o T971) with the right inverse of ¥3 given by Lemma 2.1. This gives
a morphism f: A3V > V. Example 2.2 and a short calculation provide the following
explicit formula:

1
ﬁ:§(3u—u07'2—u07'27'1).

This morphism g is the only possible candidate to fulfill the desired condition foW3 =
(u, —u o 7971). Then we observe that

Biazvey = U,
2

Blveazy = —u 0 TaTy + g(Qu + uoToT).
Hence 80 W3 = (u, —u o 7o71) if and only if 2u + u o 797y vanishes on V ® A%2V. This
condition is clearly implied by the Jacobi identity, but it is in fact equivalent to it.
Indeed, 2u + u o 797 vanishes on V @ A%V if and only if (2u+uo7em)o (1 —72) =0,
and

(2U+UOT2T1) 0o(1—=Tp) =2u+uoTeT —2U0Ty —UOTRTITY
=2u+uoTeT —2uo0Ty +UOCTeTy

=2(u—uoTy+uoTeT). O

2.2. ALGEBRAS SATISFYING THE PBW 1somorpHISM

22.1. The morphisms c’;. — Let V be an object in ¢ and let & be a unital augmented
algebra object in € together with an algebra morphism A: T(V) — . From now
on, we require

Assumprion A.1. — The composition A, : S(V) — T(V) — &/ is an isomorphism. )

Here,

-T(V):= @n>0 V@n is equipped with the concatenation product,

= S(V)=B,505"V,
— the map S(V') — T(V) is the direct sum of direct factor embeddings S"V C V™,

Note that o/ carries a split increasing filtration: FP.o/ := A+( P o SiV). Moreover,
A is a filtered morphism for the obvious degree filtration on T(V'). We now consider the
restriction AP of the filtered morphism A;l oA on each homogeneous component V ©?;
it decomposes as follows:

p
. -1 _2 : k
AP = AJr OA‘V@p = Cp,
k=0

(4)Only as objects of €, not as algebras.

JEP — M., 2019, lome 6
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where ¢ € Home (V®P,SFV). Since & is augmented, ¢ vanishes. We further make
the following

Assumption A.2. — For any non-negative integer p the morphism V®? — Grlo/ ~
SPV is the canonical projection .

Note that this morphism is nothing but AP followed by the projection onto SPV.
This second assumption on & ensures that the restriction of c’; to SPV is zero if
k < p—1, and ¢} is the canonical projection m, from V®P to SPV. In particular, if
1<k<p-—1,then c’; lives naturally in Hom(g(KpK SkV).

2.2.2. The Lie bracket. — We define a = c3: A2V — V. Since & is augmented, we
can identify Fl.o with 1 &V (via Ay), where 1 is the monoidal unit of &

Levya 2.4. — Let m: o/®% — o be the associative product. Then the morphism
V®2 5 of defined by

mo A%VQ o(l—m)
factors through A, (V) C Flo/, and coincides with 2A 4 o «.

Proof. — As A is an algebra morphism, we have that

mOAlg’VQO(l—Tl) =Apez0(l—71) =A 0(cy+m)o(l—71) =2A 0c) =2A 00

We are done. ]
Cororrary 2.5. — The morphism « defines a Lie structure on V.
2.2.3. Induction formulas for k. — We can now provide explicit induction formu-

las for the morphisms c’;. Recall that for 0 < k < p— 1, we consider c’; as an element
of Home (APV, SFV).

Prorosition 2.6. Given a pair (V, <) as above, the coefficients c’; are determined
as follows:

b =mp: V®P  SPV.
koW, ={ck_ o(idyei ® a@idyer—i-1)cicp—1 f 1<k<p—1.
Recall here that a = c}.
Proof. — For 1 < i< p—1 we have
1 1
Alv@p o 5(1 — Ti) =m®o A‘V@i—l ® (A|V®2 o 5(1 — Tl)) ® Alv@y—i—l

—m® . Ayei-1 @ (Aoa) ® Apyeri- (by Lemma 2.4)

= A‘V@pfl o (idV@i—l Rda idv®p7i71)7
where m® :=mo (m ®1id). Applying A;l followed by the projection on the direct
factor S¥V we get

CkO

» (1 — Ti) = C’;_l o (idv®z‘—1 RMa® idv®pﬂ'71).

N | =

JEP.— M., 2019, tome 6



40 D. CaraQue & J. Grivaux

Hence both members of the induction relation agree on V®~! @ A2V @ V®P~i~1 for
1<i<p—1. 0

2.3. UNIVERSAL ALGEBRAS IN THE CATEGORICAL SETTING
2.3.1. Reverse PBW theorem. — We can now prove our first main result: assuming

that the algebra o satisfies the PBW theorem (i.e., Assumptions A.1 and A.2), we
prove that it is the universal enveloping algebra of V endowed with the Lie bracket 2ci.

Prorosition 2.7 (Reverse categorical PBW). — If o satisfies Assumptions A.1 and
A.2 of Section 2.2.1, then </ is a universal enveloping algebra of the Lie algebra
(V,2a).

Proof. — For any associative algebra object B in €, with product mp : B®? — B,
we denote by Bri = (B, up) the Lie algebra object which is B endowed with the
Lie bracket ug = mp o (1 — 71). Lemma 2.4 tells us that the direct factor inclusion
(Ay)y 1 V < & is a morphism of Lie algebra objects from (V,2a) to @i in €.

Assume now to be given a morphism f : V' — B. By the universal property of the
tensor algebra, it defines an algebra morphism f: T(V) — B.

LEmma 2.8. If f is a Lie algebra morphism (from (V,2«a) to Brie) then f factors
through a unique morphism g : o/ — B.

Proof of the Lemma. — Tt is sufficient to prove that f = fosoA, where s is a section
of A. Indeed, the only possible choice is g = fo s. Here we use the section s given by
AT i - S(V) CT(V).

We will prove by induction on p that ﬁvm = fo Ajrl o Ajyer. Note that this
identity is obviously satisfied when restricted to SPV C V®P. The only thing left to
prove is thus that f\f\pv = fo so Alxpv.

— For p € {0,1} the result is obvious.

— For p = 2, we have

- 1 ~
f|A2V=iuBO(f@)f)WvZfOOé:fOC%:fOA+1OA|A2V~

— Let us now assume that the required equality holds for a given p > 2. We compute

p
ra _ 7 § : k
fOSOA|V®1‘,—1®A2V®V®p—i = fO ( Cerl)
k=1

P

=fo (Z c’;> o (idyei-1 ® a ®idyer-i) (by Proposition 2.6)
k=1

= fo(idyei- ® a®idyer—i) (by induction).

|Vei-1@A2V @V ep—i

Finally one can prove that
fN“V®i71®A2V®V®p7¢ = fO (idv®i71 ®a® idV@p*i)

in the same way as for the case when p = 2. |
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End of the proof of Proposition 2.7. In order to conclude one has to prove that g is
indeed a morphism of algebras:
gom=fosom=fosomo (Aos)®?
:J,"’Vosvomos®2 :fomos®2
:mo(fos)®2:mog®2. O
2.3.2. Categorical PBW theorem. — In this section, we will give the definitive form of

the categorical PBW theorem. This results relies heavily on the following fact, that
we will prove in the appendix:

Tarorem 2.9. — There exists an algebra of that satisfies Assumptions A.1 and A.2.

Remark 2.10. In [8, Lem. 1.3.7.5], the authors provide an explicit multiplication
law m, on S(V') in the case when % is the category of graded vector spaces (or more
generally any abelian category), and prove that it is associative. Then the algebra
o/ = (S(V), m,) satisfies all required properties. Their proof should carry on as well
for a general ¥, but the formulas defining m, are daunting to write down in the
categorical setting. This is why we provide an operadic approach in the appendix
(the result is written down in Section A.5).

Turorem 2.11 (Categorical PBW). — Let V' be an object of € and « be an element
of Home (V, A%V).

— The system of equations

¢y € Homy (APV, SFV) for1<k<p-1,
(1) b =mp: Ver - Py

c’; oV, = {0571 o (ldyei-1 ® @ ®idyer—i-1) hicicp—1 1 <k<p—1,

has a solution (cl;)lgkgp if and only if a is a Lie bracket on V. If it exists, this solution
is unique.

— Given a Lie algebra object (V, o) in €, let (C§)1<kgp be coefficients satisfying (1).
If we define a product m, on S(V') by the formula

ptq
k
(m*)lsi)‘/@sgv = (Z Cp-‘,—q) )
k=1 ISPV @seV
then m., is associative and &/ = (S(V),my) is a universal enveloping algebra of

(V,2a). Besides, the PBW theorem holds.

Proof. — Assume that « is a Lie bracket. Theorem 2.9 gives an algebra &7 satisfying
Assumptions A.1 and A.2 of Section 2.2.1. Hence Proposition 2.6 provides the exis-
tence of the c’;. Uniqueness is clear. Conversely, if the equations (1) are satisfied, then
we have

3oz = (ao(a®id),ao (id® a)).
Thanks to Proposition 2.3, « satisfies the Jacobi identity.
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Now assume that « is a Lie bracket, and let & be an algebra satisfying Assumptions
A1 and A.2 of Section 2.2.1. Then we can transport the algebra structure on S(V)
via the isomorphism A : we have

(m*)|spv®sqv = Ajrl om o (A‘Spv ® A|qu)

-1
= A+ © A\S?V@S‘JV

p+q

_ k

- (Z Cp+q> :
k=1 |SPV @S9V

This gives the result. O

3. DISTINGUISHED ELEMENTS IN THE UNIVERSAL ENVELOPING ALGEBRA

(31 THE DERIVATIVE OF THE MULTIPLICATION MAP

3.1.1. The Todd series. — We borrow the notation from the previous section: (V, a)
is a Lie algebra object in € and m, is the associative product on S(V') from Theorem
2.11. Our aim is to give a closed formula for the restriction ¢ of m, to S(V)®@V C
S(V)®S(V).

— On S(V) we have an associative and commutative product mg defined as the
composition

S(V)®? c T(V)®* — T(V) —» S(V).

— We write 7, 4 for the transposition (p,¢) in the symmetric group, as well as for
the corresponding action on V®n,

~ We consider the morphism wy, ) : S"V @ V — S 'V @ V defined as

(2) W, p) = (idyen-1 @ p) o Z Tim =1 (idyen-1 @ p),

i=1
where 1 := 2a. We leave it as an exercise to check that the image of w(y, ) indeed
factors through S" 1V ® V. C V®". We often simply write w as the choice of (V, u)
is clear from the context.

— We consider the morphism wy : SV @ V — S* 'V @ A2V C VO defined as
the restriction of wp(y),,, to S"V & V. In other words, since 7;, =id on S"V @ V,

n
wy =(1—1,) OZTML =n(l-m,).
i=1
We often simply write w as the choice of V is clear from the context.

Turorem 3.1. — The map ¢ = musv)gv is the composition of w/(1 — exp(—w))
with the multiplication morphism mq of the symmetric algebra S(V).

For the proof, we refer the reader to the appendix (more specifically to Sec-
tion A.6). In the classical case of ordinary Lie algebras, this was proven originally
in [2, §6 Th.III]. We also refer the reader to [21, §5.2.1].

JEP — M., 2019, lome 6



The EXT ALGEBRA OF A QUANTIZED CYCLE 43

3.1.2. Linear algebra computations. All along this subsection, we assume that V'
is a dualizable object in 4 and we denote by V* its dual:®® in particular, we have a
coevaluation map € : 1¢ — V* ® V and an evaluation map § : V ® V* — 1¢ that
satisfy the “snake” identity

((5 X ldv) 9 (ldV X E) = ldV

— One easily shows that the restriction of idyen-1®d to VETQ@V* to S"VV* fac-
tors through S”~1'V. As a consequence, the direct factor inclusion SV — S~ 'V @ V
can be re-written as the restriction of

(idyen—1 ® § ®idy) o (idyer @ €)
to S"V. Therefore® w: S"V @V — S" 1V @ V equals n times
(idyen-1 ® (po (§ ®idye2))) o (idyen ® e ®@idy),
which also equals
(idyen-1 ® (0 ®idy) o (idygyv- @ p))) o (ldyen ® e ®idy).

— We have an adjunction between the functor V ® — and the functor V* ® —: for
any two objects Y, Z in €,

Homg(V @Y, Z) 2 Homg (Y, V* ® Z),

where the bijection is given by sending ¢ € Hom¢(V ® Y, Z) to ¢* := (idy+ ® ¢) o
(e ®idy ). The inverse bijection sends 1 € Homg (Y, V* ® Z) to (§ ®idz) o (idy ® ¢).
For instance, the element p* in Home (V, V*®V) is understood as the adjoint action,
and we have

(3) w=mn X idv®n—1 X (((5 X ldv) o (ldv X ,U,*))

— We also have an adjunction in the reverse way between the functor — ® V' and
the functor — ® V*:

Homeg (Y @ V*, Z) 2 Homg (Y, Z @ V),

where the bijection is given by sending ¢ € Homg (Y @ V*,Z) to ¢* := (¢ ® idy) o
(idy ®€).

— Taking into account that SP(V*) is canonically isomorphic to SP(V)*, we get
a canonical “contraction map” element ¢, € Homg(S"V ® SPV*,S""PV) given as
n!/(n — p)! times the adjoint to the direct factor inclusion S"V < S" PV ® SPV.
More explicitly, on S"V ® SPV*

Cp = (n — p)' X (idv®n7p ® 5) 0--+0 (idv®n71 ®RI® id(v*)@pfl).

(5)The category being symmetric monoidal, every left dual is a right dual as well, so that we
allow ourselves to simply speak about duals.

(6)The morphism w has been defined at the beginning of Section 3.1.
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— Notice that ¢, = ¢; o (¢; ® idy~) 0 -+ 0 (¢; ® id(y+)@p-1). One the other hand,
using (3), we obtain that w equals (¢; ® idy) o (idye» ® p*) and thus

(4) WP =(a®idy)o (idyenrn ©p*) oo (0 ®idy) o (idyen © u*).

We now introduce a convenient notation. Let X,Y, Z be three objects in % and let
(A,m4) be an associative algebra object in €. We then have a k-linear associative
composition product

—eo—:Homy(Y,A® Z) x Homg (X, A®Y) — Homg (X, A® Z)
defined as follows: for every ¢ : Y =+ A® Z and every ¢ : X - A®Y we set
potp:=(my®idz)o (ida ® ¢) 0 9.

In particular, if X =Y = Z then we get that e turns Hom¢ (Y, A®Y) into a k-linear
associative algebra. We are interested in the case (4,ma) = (S(V*), mo).

Levmwa 3.2 — Let ¢ € Homg (Y, SPV* ® Z) and ¢ € Home (X,SV* ®Y). Then
(¢p ®idz) o (¢q ® @) 0 (idsny ® Y) = (¢p1q ®idz) o (idsny @ (¢ 1)),
as morphisms from S"V ® X to S"PTIV ® Z.

Proof. — First of all, in view of the expression for ¢, in terms of ¢;’s, it is sufficient
to prove the lemma for p = 1. Then, in view of the definition of the product e, we
have that the r.h.s.

(144 ®idz) o (idsny @ (60 1))
equals
(C14q ®idz) o (idgny @ mp ®idz) o (idgrygsav- ® @) o (idgny @ ).
Hence it is sufficient to show the following identity
(¢ ®@idz) 0 (cq ® ) = (¢144 @idy-gz) o (idgny ® mp ®idz) o (idgnygsav- @ @)

in Home (S"V @ SV* ®Y,S" 7V ® Z). Then observe that, from the very definition
Ci4q, We have

C14+q 0 (Idsny ® mg) = ¢1 0 (¢q ®idy~+)
in Home (S™V ® S1V* @ V*,8"~9V). As a consequence, it is sufficient to have that

¢ ®¢ = (¢ ®idy=gz) o (idgnygsav+ @ @),
which is obvious. 0
Cororrary 3.3. — If we consider p* in Home (V,V* ®@ V), we have
w = (¢, @idy) o (idgnv o (u*)*).

Proof. — Setting Y = V, we get a family of maps (u*)*? € Homeg(V,SPV* @ V).
Lemma 3.2 gives the result. O

Lemma 3.4. For everyp > 1, (u*)*? ec = 0.
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Proof. First observe that it is sufficient to prove it for p = 1 (using the associativity
of ®). Then note that since y: A2V — V then

(idy- @ ) oe = (u°)"

lies in Home (14, A2V* @ V). Therefore,
pree = (1 @idy)o(u*ee) = ((moom)®idy ) ® (1*)* = —(me®idy ) @(u*)* = —p*ee.
As a consequence, p* e ¢ = 0, and we are done. ]
3.1.3. The trace identiry. — For every two objects Y, Z in € one has a linear map

Tr: Homy (Y @ V,Z® V) — Home (Y, 2)
defined as follows:

Tr(¢) = (idz ® §) o (¢ ® idy+) o (idy ® E),
where € is given by ¢ followed by the symmetry morphism V* @V — V @ V*.

Prorosition 3.5. For every p, we have that
10 ((mo 0 w™) ®idy-) o (idsry ©F) = ¢ 0 (idsny ® Tr((u*)°?)).
Proof. — Using the fact that ¢; defines an action of V* on S(V') by derivations, we
get that the r.h.s. is
mo o ((¢p ®idy) o (w)* + Tr(w?)).
Then observe that we have
mp o (¢1 ®idy) o (wP)* = (¢py1 ®id) o (Id ® (u*)*P @) = 0.
Finally,
mg o Tr(w?) = Tr(w°?) = ¢, o (idgny @ Tr((1*)*?)).
We are done. ]

3.2. ThHE LIE-THEORETIC CYCLE CLASS

3.2.1. The Duflo element. — We borrow the notation from the previous paragraphs
and introduce the Duflo element 0 = ::8 0, € [[,, Homg (14, S"V*):

*

0= det(#p(_u*))

This has to be understood as a formal expression in terms of the “invariant polyno-
mials” vy, := Tr ((¢*)**) that live in Home (14, S*V*). For instance,

Iz 3V1.2—l/2 y1'3—y10V2
e (M)
0 * 2 * 24 * 48

For any N > 0, we have a formal power series expansion
N

II ﬁg(_m => Py, vz, i),

n=1 120
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where y; = Zﬁ;o 2! and P; is a polynomial independent from N, and of total degree i
if each variable y; has degree k. For instance,

Py=1
Pi(y1) = %
3y7 —y
Pz(y1,y2) = 12742
3
Y1 — 9y
P3(y1,v2,y3) = 147812

Then for any p > 0, we have

0, =P,(r1,...,1p).

3.2.2. Torsion morphisms. — Let ¢ € N and let a be a morphism from an arbitrary
object X to SV, and let (an)o<n<e be the graded components of a.

Derinition 3.6. — We say that such a morphism a is an ¢-torsion morphism if
m, o (a ®idy) factors through SV ¢ SSH1Y.

Our main result is:

Tueorem 3.7. — If a is an (-torsion morphism, then a = ¢(d @ ay), where ¢(d ® —)
means Y ¢y(0, @ —), the sum being in fact automatically finite.

Remark that this theorem tells nothing about the ezistence of f-torsion morphisms.

Proof. — Thanks to Theorem 3.1, a is an ¢-torsion morphism if and only if the system

of equations
! B
) > {mo 0w} (arrpi @idy) = 0
i=0

holds for 1 < k < £. Each condition corresponds to the vanishing of the £ — k 4 15¢
graded piece of the element m, o (a ® idy ). Thanks to Proposition 3.5, we get

k
B
kag_1 + Z(—l)ziff X ¢i(ar—pti @ v;) = 0.
i=1
Let us explain how it works on the first terms.

— For k =1, the first equation is

1
ap—1 — 5(1(@@ X Vl) = 0,

SO

141
ap_1 = €1 (a( ® ?>
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— For k = 2, the second equation is

1 1
204[,2 — 5(1(0471 ® 1/1) ECQ(GZ ® VQ) 0

and we get

— Zei(ar1 ® 1) — o-calar @ o)
ag—2 451 ag—1 V1 24C2 Ay X V2

1 (]
= gcg(ag @) — ﬂCQ(CL[ ® v2)
32 — v
:CQ(‘“@ & 2)'
— For k = 3, the third equation is
1 1
3ap—3 — —c1(a—2 @ v1) + —ca(ap—1 @ vz) = 0.
2 12
Hence
=5(g0 (e (Guen - gaon) on) - pa(u(guen))e
ag_g—g 2C1 Co 8ag 141 2407- 1] 141 12C2 C1 2(1[ 141 1]
1/371/101/2
‘3(“”® 48 )

To conclude, it suffices to prove the induction relation

k’Pk 1---5YE +Z 7Xylpk z( ~~~5yk—i):0
involving the polynomials FP;. For thls we fix the variables z1,...,x, and put y; =
E: o Ty Since yo = k, the identity is equivalent to
k B,
D (=1 = X yiPy iy ye—i) = 0.
pard 7!
The left-hand side is the homogeneous term of degree k (in the variables z;) in the
product
Z 'y’LXZP y17°"7yz
120 120
which is
b x b x
T T Fa
;)2::1 exp(zp) — 1 ql;[1 1 —exp(—x4)

Let ¢(x) = 2/(1 — exp(—x))- Then ¢(—z)d(x) = ¢(x) — x¢’(x) so that for any p with
1 < p < k, the homogeneous coefficient of degree k in
k

Tp Lq
<]1
exp(zp) — 1 e 1 —exp(—xy)
is
Z Ba'l><-~-><Bap*}xBa”(lTap)xBap*:x...xB"‘"ﬂ.
aq! - ap! a a
ay+-+ag=k 1 p=1 P Pl k
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Taking the sum in p, we get

k
B, Ba,
> <a1!1 X e X ak; XZ(l—ap)),

aj+-+ap=k p=1

which is zero. O

3.3. TAMENESS FOR PAIRS OF LLIE ALGEBRAS

3.3.1. Seuting. — Assume to be given a triplet (g, h,n), where g is a Lie algebra, b
is a Lie subalgebra of g, and g = h & n as h-modules. This makes perfect sense in
any abstract k-linear symmetric monoidal category €. We denote by p4 and py the
Lie brackets on g and h respectively; and by 7y and 7, the two projections from g
to b and n respectively. We also define o and 3 in Home (n®2,n) and Home (n®2,h)
respectively by the formulas o = 7, o Hg|poz and 8 =7y o Mg o2

Derinirion 3.8. — The triplet (g, b,n) is called tame if the morphism
pg o (B ®idy): n® g
vanishes.

Lemma 3.9. — Given a tame triplet (g,h,n), the morphism « defines a Lie struc-
ture on n. Besides, n becomes a Lie object in the symmetric monoidal category of
h-modules.

Proof. — We claim that we have 7 o (g © (lig|,e2 ® idn)) = a0 (a ® idy). Indeed,
Tn O flg O <“B\n®2 ®1idp) =M o pgo (@ ®@idn) + Ty 0 pg o (B @ idy)
=T 0 g 0 (0 ® idy) 0
= oo (a®idy).

Using this, the Jacobi identity for (g, it4) restricted to n®3 at the source, and projected
to n at the target, gives the Jacobi identity for (n, ). |

3.3.2. The enveloping algebra U(n). — Since n is a Lie algebra object in the category
of h-modules in &, the algebra object U(n) is naturally endowed with an action by
derivation of h. This action is simply induced by the adjoint action of h on the tensor
algebra T(n). We define a morphism g ® U(n) — U(n) componentwise as follows:

— The morphism p: n ® U(n) — U(n) is the multiplication in U(n).

— The morphism ¢: § ® U(n) — U(n) is the action of h on U(n).

Lemma 3.10. — Given a tame triplet (g, h,n), the above morphism endows U(n) with
a g-module structure.

Proof. — For any elements 2 and y in €, be denote by 7 the symmetry isomorphism
T ®Yy — y®x. We check componentwise (that is, on n®n, n® b and on h ® h) that
the map (p, q) defines a g-action.
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— We have on n ® n ® U(n)

po(idy ®p) —po (idy @ p) o (T ®idy(n)) —po (aoidymy) —go (Boidyw)) = 0.

0 since n acts on U(n) 0 by tameness

— Since b acts by derivation on U(n), we have on n ® h ® U(n) the equality
go ((idy ®@ p) o (T @ idy())) = g © (1g ©idy(m)) + p o (ida ® q),
that is
po(idn®q) —qo (idy ®p) o (1 ®idyw)) — o (kg ©idyem)) = 0.
— Lastly, on h @ h ® U(n), we have

go (idy ® q) — qo (idy ® q) o (T @ idy(m)) — qo (kg 0 idy(m)) =0

since h acts on U(n). O
3.3.3. The induced representation. — The aim of this section is to prove the following
theorem:

Taeorem 3.11. Given a tame triplet (g,h,n), the induced g-module Indg 14 of the

trivial h-module 14 exists, and is naturally isomorphic to the g-module U(n).m

Proof. — The proof goes in several steps. We want to prove that U(n) satisfies the
universal property of the induced representation, that is, that for any g-module V,
Homg (14, V) ~ Homy(U(g), V).

First, we claim that the induced representation Ind § 1¢ exists and is isomorphic
to U(g). This means that Home (14, V) ~ Homg(U(g), V). The morphism is obtained
by attaching to each ¢ in Homg(1e, V) the map

id ®
U(g) ~U(g) ®1¢ —— 25 U(g) @V — V.
Its inverse if simply the precomposition with the map 1¢ — U(g). Let us consider
the following diagram:

The vertical arrow is simply given by the left action of U(g) on the unit element
element 1 of U(n). Here the dashed arrow is a morphism in %, the plain arrows are

(M The g-module structure on U(n) has been introduced in Section 3.3.2.
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morphism of h-modules and the double arrows are morphisms of g-modules. We have
a diagram of morphism spaces

Homy (14, V) —— Homg(U(g), V)

| T

Homy (14, V) «—— Homy(U(n), V)

We now claim the following:

— The map U(g) — U(n) admits a section, in particular it has a kernel 9 in the
category % .

— The map U(g) ® h — U(g) factors through the kernel 0N, and the induced map
U(g) ® h — D is an isomorphism.

To prove the two claims, we make heavy use of the categorical PBW theorem (The-
orem 2.11). If we endow U(n) and U(g) with their natural filtrations, then the ac-
tion of g on U(n) is of degree 1 with respect to this filtration. The induced map
g ® Gr’U(n) — GrP™U(n) is simply given by the projection g — n followed by
the multiplication map n ® SPn — SP*n. Therefore, we see that the natural map
U(g) — U(n) is a filtered map of degree zero, and that the induced graded map
S(g) — S(n) is induced by the projection from g to n. We can now consider the map

§:Um) ~S(n) — T(n) — T(g) — U(g).
Then the composite map U(n) LN U(g) — U(n) is an isomorphism, since the associated

graded map is the identity, and the filtration splits (as objects of €).
Let us prove the second claim. First we remark that the composite map

b<—>g'—ﬂ>U(n)

vanishes. This gives the factorization of the map U(g) ® h — U(g) by 9. We can
endow M with the filtration induced by U(g). Since for each non-negative integer p
the morphism FPU(g) — FPU(n) admits a section, the natural map from GrP to the
kernel of Gr?U(g) — GrPU(n) is an isomorphism. Thus, using the PBW isomorphism,
we have a commutative diagram

G 'U(g)@h——5 GrPN

|

2 Ker (G1?U(g) — GrPU(n))

|
SPlg@h —=S5""1g®}

Hence the map U(g) ® h — D is a degree one map whose associated graded map is
an isomorphism. Therefore it is an isomorphism.
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We now come back to the main proof. The only thing that remains to prove is that
the composite morphism

Homy (1%, V) — Home (1¢, V) ~ Homy(U(g), V)
factors through Homgy(U(n), V). This is equivalent to prove that the composition
Homy (14, V) — Home (14, V) ~ Homy(U(g), V) — Homg(U(g) ® b, V)
vanishes. The image of a map ¢ is the morphism

idU(g) & ¢
— 7,

U(g) @b — U(g) ~U(g) ® 1 U)oV —V,
which can also be written as the composition
Ulg) 0~ Ug) @ h @ 1y — 220 Ulg)®V — V.

Now we have a commutative diagram

idy ® ¢
hly ————HV

Z€ETo mapl l
ly —2 5V
which enables us to finish the proof. O

Remark now that we have a priori two algebra structures on the algebra U(n)?: the
first one is the natural one induced by the algebra structure on U(n), and the second

one is obtained using Frobenius duality, Theorem 3.11, and the natural composition
on Homgy(U(n), U(n)):

Un)" = Homy (1, RespU(n)) ~ Homg(Indf1le, U(n)) =~ Homg(U(n), U(n)).
These two structures are in fact compatible, this is the content of the following:

Turorem 3.12. — Given a tame triple (g,bh,n), the natural isomorphism U(n)b ~
Homy(U(n),U(n)) is an anti-morphism of algebra objects.

Proof. Let us first observe that the above isomorphism
f:U(®)" == Homg(U(n), U(n))

can be described as follows: for every P € U(n)" = Homy (14, Reng(n)),
J(P)=ao (3@ P)=mo(ide P),

where § : U(n) < U(g) is as in Section 3.3.2, a : U(g) ® U(n) — U(n) is the g-module
structure of U(n), and m is the multiplication on U(n). Hence we have that

fm(P® Q) =mo (id®m(P®Q)) =mo (m(id®P)®Q) = f(Q)o f(P). O
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4. GENERALITIES ON FORMAL NEIGHBORIOODS
4.1. SHEAVES ON SPLIT SQUARE ZERO EXTENSIONS
4.1.1. Theta morphisms. — In this section, we study some properties related to
sheaves on a trivial first order thickening of a smooth scheme. Let us fix the setting:
X is a smooth k-scheme, ¥ is a locally free sheaf on X, and S is the (split) first order
thickening of X by V; that is Og = ¥ & Ox and ¥ is a square zero ideal in &g. We

denote by j: X — S and o: S — X the natural morphisms. Let .% be an element of
D~ (X). Then the exact sequence

(6) 0 —=>YVQRF —o"F —F —0

defines a morphism O g : . % — ¥ ® Z[1] in D~(9).
Prorosition 4.1. — The following properties are valid:
(i) For any ¢: F — ¢ in D~ (X), we have
Og oy = (dy ® )0 Og.
(ii) For any # in D—(X), we have

L
Oz =0p,Rp, ido+z.
(iii) For any Z in D~ (X), the composition

ats(F)

7 QL Goy Z[1] — Qb ©0, FN] = ¥ © F[1] 0 O  Z[1

is the pair (O.g,atx (F)).
(iv) The morphism 0,02 vanishes.

Proof. — (i), (ii) and (iv) are straightforward. For (iii), © & is a special occurrence
of a residual Atiyah morphism, and we apply [13, Prop. 4.9]. O

4.1.2. Infinitesimal HKR isomorphism. — In this section, we describe the infinitesimal
cohomological HKR isomorphism attached to a split square-zero extension of a smooth
scheme.

For any non-negative integer p, we define a morphism A,: &x — TP(¥[1]) in the
derived category DP(S) as follows: Ay = id and A, = — Opp-1(yp)) 0 Ap—q for p > 1.

Prorosition 4.2. — For any vector bundles & and & on X, there is a canonical
isomorphism

T(V[1]) & BHom(&, E) ~ @ RAom(VEP @ &, &)

peN

— D 0 R Home, (VPP @ &1, E)
peN

— @ U*%%Omﬁs (gl, (522)
peN

obtained by precomposing by A, ®id,«s, . Besides, this isomorphism is compatible with
the Yoneda product for the pair (&1,&3).
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Proof. The first part of the proof is well-known and follows from the existence of
a canonical locally g-free resolution of ¥ on S (see [1]). The compatibility with the
Yoneda product follows from routine calculations using Proposition 4.1. O

It is also possible to derive the internal Hom with respect to the second variable
instead of the first one: this gives the infinitesimal counterpart of Kashiwara’s dual
HKR isomorphism (see [12]). To do so, we replace the morphism A; by the dual
Atiyah morphism Al : ¥*[—1] — Ox, which is obtained by the composition

] ldy/*[,l] ® Al
ey

¥*—1 VA1) ®@ V[1] == Ox.

Then for any integer p we construct the morphism A: TP(¥*[-1]) — Ox, as well
as the symmetric components AjF: SP(¥*[—1]) — Ox and A} : AP(V*[-1]) — Ox
as we did before. Then the dual infinitesimal HKR isomorphism takes the following
form:

Prorosition 4.3. — For any vector bundles & and & on X, there is a canonical
isomorphism

T(¥[-1]) é),@jfom(@@l, &) ~ @ RHom (&, (V)PP ® &)|[—p)
peN

— @ o B Homeg (&1, (V)P [—p] ® &)

peEN
— @ J*Q%OWL@@ ((531, 52)
peEN
obtained by postcomposing by A; ® idy+g,. Besides, this isomorphism is compatible
with the Yoneda product for the pair (&1, &3).

Remark 4.4. The object o, Z#ome,(Ox, Ox) is a ring object in DT (X). Propo-
sitions 4.2 and 4.3 give two a priori different isomorphisms between this ring object
and T7*[~1]. In the next Lemma, we will provide an identity relating A, and A}
that shows that these two isomorphisms are in fact the same.

Levmva 4.5. — Let # be any element in DP(X), let #* = B Home, (W ,0x) be
the (naive) derived dual of ¥, and let ¢ be in Hompw x)(#, T*¥*[—k]). Then the
following diagram

14

% Thy k]
idy ® Akl JA;’“
(,0@ idre
W @ T[] —— M e 3] @ TR [R] Ox

commutes in DP(X). In particular, the composition

idy« ® (A;C o (p)

Ox 2= sy oy Vi
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is p o Ay, where we implicitly use the isomorphism

Hompys x) (#, T¥#*[—k]) =~ Hompw () (T* ¥ [k], #*).
Proof. — The first point follows directly from Proposition 4.1(i). The second point
follows from the fact that for any o7, % in DP(X), the isomorphism

Home(X)(d,%) ~ HOInDb(X)(f@*, W*)
makes the diagram
co —ev
A —BIB R

|

BRA* QA
Jev
B 4
commute. Details are left to the reader. O

4.1.3. Torsion and Atiyah class. — For any locally free sheaf & on S, let & = j*&.
The exact sequence

0—7V®RE—0.8—E—0
defines a morphism 7¢: & — ¥ ® & [1] in the derived category DP(X), we call it the
torsion of &. It is easy to see that the vector bundle & is entirely determined by the
pair (&, 7¢). In particular, 7¢ vanishes if and only if & is isomorphic to o*&

Prorosririon 4.6. — For any locally free sheaf & on S, the components of the mor-
phism

— Lj*atg(&)
-

& Li*(Q5 @ &[1]) — Q@ 61) 2~V @& [1] @ Qk @ & [1]

are 7 and atx (&).
Proof. — There is a natural morphism j*PL(&) — P (&) making the diagram
0——j*QL® & —— j*PL(E) —— E ——0

| 1]

0—— QL ®8 ——PL(E) ——E——0
commutative. On the other hand, j*PL(&£)/(Q% ® &) is the cokernel of the map
VRE— (VREDE

which is the identity of the first factor and the natural inclusion on the second one.
Hence it is isomorphic to 0.& (by taking the difference of the two factors). This gives
a commutative diagram

0—— QL ® & —— J*PL(E) —— & —— 0
0 YRE 0. & & 0

and the result follows. O
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4.2. SHEAVES ON A SECOND ORDER THICKENING

4.2.1. Seutting and cohomological invariants. — As before, let us fix a pair (X, 7))
where ¥ is a locally free sheaf on X, and let S be the split first order thickening
of X by V. We are interested by ring spaces W which underlying topological space X
satisfying the following conditions:

) Oy is locally isomorphic to Ox & 7 @ S?V'.

There exists a map S — W which is locally the quotient by S2¥.
Let k: X — W be the composite map, and let us denote by (¥’) the ideal sheaf of X
in W, which is a sheaf of g-modules. We can attach to W two cohomology classes:

— The class o in Ext*(%,S2%) is the extension class of the exact sequence
0—S*Y — 0. (V) — ¥ — 0.

— The class g in Extl(Q}(, S2¥) is the obstruction of lifting o to W. To see how
this class is defined, it suffices to remark that the sheaf of retractions of k induc-
ing o on S is an affine bundle directed by the vector bundle Zer(0x,S?¥'), which is
Hom(Q%,S*Y).

Lemma 4.7. The map W — («, B) is a bijection between isomorphism classes of
ring spaces W satisfying (7) and Ext'(¥,8?¥) @ Ext'(QY,S*¥).
Proof. — The subsheaf of the sheaf of automorphisms of the ringed space
{X,0x v ®S*V}

that induce the identity morphism after taking the quotient by the square zero ideal
S2¥ is isomorphic to Zer(Ox,S?*V) @ Hom (¥ ,S%7), a pair (D, ¢) corresponding to
the automorphism given by the 3 x 3 matrix

id0o 0

0id 0

D yid
This gives the required result. O

4.2.2. The second order HKR class. — Let & be a locally free sheaf on X. The functor
that associates to any open set of U the set of locally Oy -free extensions of ¢*&
to W is an abelian gerbe, whose automorphism sheaf is #om(&,S*¥ @ &). Hence
this gerbe is classified by a cohomology class in Ext?(&, 3?7 @ &).

DeriNtrion 4.8. For any locally free sheaf & on X, the class of the gerbe of locally
free extensions of 0*& on W is called the second order HKR class of &, and is denoted

by 75 (&).

Remark 4.9. — The terminology is justified as follows: in [1], the authors introduce
the HKR class of a vector bundle on X in the case S is not globally split, it measures
the obstruction to lift the bundle from X to S. Here, we are defining the same kind
of obstruction classes when S is trivial, but W is not.
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As in [1], the class v,(&) can be computed explicitly:

Provosirion 4.10. — For any locally free sheaf & on X, the class v,(&) is obtained
(up to a nonzero scalar) as the composition

atx (&) B ® ids

& QY ® &[] —= %7 ® &[2].

Proof. — For the first HKR class, this is [1, Prop.2.11]. We present an alternative
and somehow more down to earth proof. Let us assume that the map X — W admits
two retractions B and (2, and let D = (7 — B2 be the corresponding element in
Hom(Q%, 7). Assume also that & admits a regular connexion V on X. We claim
that the map =: 8¢ — 356 defined by

E(f®s)=f®@s+ f(D®idg)(Vs)

is a well-defined isomorphism. Since Homg,, (878, 53&) ~ Home, (&, 014558, it
suffices to show that Z(1 ® gs) = 8] (g) - E(s) for any section g of Ox. We compute:

El®gs) =1®gs+ (D®ideg)(gVs + dg ® s)
= P2(9) @5+ 9(D @ide)(Vs) + D(dg) © s

=fi(9) @ s+ g(D ®@idg)(Vs) + D(dg) @ s
= B1(g) - (s + (D ®@idg)(Vs))
= Bi(g) - E(s).

Let us now fix a covering (U;);cr of X, and assume that on each U, there is a
retraction §; of the map X — W and & admits a regular connexion V,;. We put
D;; = B; — ;. Then we have isomorphisms

E': By, = B;éu,  depending on V,
£ Bi v, = Biéju,. depending on Vj,
=k, BrE U, = Biéu,, depending on V.

ops —k :j —i . . * .
The composition Ui © Eivie © Sluie yields an automorphism of 5} é&jy,;,, which
corresponds to the element

A= (DU X ldg) oV, + (Djk X ldg) o Vj + (D]ﬂ X ldg) oV

of I'(Uijk, #om(&,S*Y @ &)). This element is a Chech representative of the class of
the gerbe of locally free extensions of 6*& on W. If ¢;; = (D;; ® ide) o (V; — V),
then (c;;) defines a 1-cochain with values in #om(&,S?*? ® &) and we have

. 2
A=cij +cjp+ (D ®idg) o (V; — Vi) = g(cij + ¢k + Cri)

1 , . .
+3 ((Dij ®ide) o (V; = Vi) + (Djr ®@ide) o (Vi — Vi) + (Diy ®idg) o (Vi — Vj)),

which can be split us to some nonzero constant factors as the sum of the boundary
of the cochain (c;;);; and the Yoneda product of the 1-cocycles (V; — V;),; and
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(D;; ®ide); ; that represent atx (&) and 5 ®ids respectively. This gives the required
formula. |

4.3. QUANTIZED CYCLES

4.3.1. Setting, and tameness condition. — Let Y be a smooth k-scheme, and let X be
a smooth and closed subscheme of Y. We denote by i: X < Y the injection of X
inY.

Let S denote the first formal neighbourhood of X in Y. Let us assume that the
closed immersion j: X < S admits a retraction o: S — X (that is, S is a globally
trivial square zero extension of X by N% /Y); this is equivalent to say that the conormal
sequence of the pair (X,Y) splits. In this case, we say that (X, o) is a quantized cycle
inY (see [12]).

Assume that (X, o) is a quantized cycle, let W be the second formal neighborhood
of X in Y, and let k: X < W be the corresponding inclusion. According to Lem-
ma 4.7, the ringed space W is entirely encoded by two classes @ and § introduced in
the previous section; « is the extension class of the exact sequence

N R

0y — — O — — 0
3 * 73 * 72
Ix Ix Iy

0— o

that lives in Ext®(N% y,S*Ny,y), and § in the class in Ext!(Q%,S?N% ) that
measures the obstruction to the existence of a retraction of k that extends o.

Derinirion 4.11. — A (X, 0) quantized cycle (X, o) is tame if the locally free sheaf
o*N% /y on S extends to a locally free sheaf on W.

Remark 4.12. If k& admits a retraction g: W — X such that qg = o, that is,
if 3 vanishes, then (X, o) is automatically tame: the locally free sheaf ¢*N% /y on W
extends J*N}/Y. In this case, we say that (X, o) is 2-split.

4.3.2. Restriction of the Atiyah class. — The aim of this section is to describe another
intrinsic description of the classes a and .

Prorosition 4.13. — The torsion of the locally free sheaf (Q%,)‘S is the morphism
N,y @ Q — Ny/y ® (Nx,y @ Q%) [1]
given by the 2 X 2 matriz ((O)‘ g)

Proof. — The locally free sheaf (€3);s depends only on the second formal neigh-
bourhood W of X in Y. Let us consider an automorphism of the trivial ringed space
Ox @ N}/Y D SQN}/Y given by a pair (d,¢), where d is a derivation from Ox to
S2N§(/Y and @ is a linear morphism from N}/Y to SQN}/Y. Assume that we are in
the local situation, so that we can take coordinates: X = U C k™ and Y = U xV where
V C k". Then we can represent the morphisms d and ¢ by sequences of regular maps
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(Z;fj( X))1<k<n,1<i,j<r and (A”(X))léi,j,éér that are symmetric in the indices (i, j).
The automorphism of W can be lifted to an automorphism of Y given by the formula

(x, (‘{X + Z X)) i<, {8+ ZAZ x)t tj)}1<l<r)

0]
The result follows by computing the pullback of the forms da*, t'da*, dt7, t*dt? restric-
ted to S by the above automorphism. O
CoroLrARry 4.14. — The composition

Li*aty (Q1)

NX/Y@QX ~ QYlX — Y820l x (1] =~ SQN}/Y[1]@Q§(®N§(/Y[1]®Sz§2§([1]

is given by the matriz

o g
atx (N% /Y) 0
0 atX (Qﬁ()
Proof. — This is obtained by putting together Proposition 4.6 and Proposition 4.13,
together with the functoriality of the Atiyah class. O
4.3.3. Quantized HKR isomorphism. — As noticed in [1], the composition

(8) S(Nx/y[-1]) — T(Nx,y[~1]) ~ ZHomes(Ox, Ox)
— %%Omﬁy(ﬁx, ﬁx)

is an isomorphism in DT (Y'), where the first map is the antisymmetrization map. For
quantized cycles, it is also possible to produce a left resolution of the sheaf &x (the
Atiyah-Kashiwara resolution) that computes directly Z.7#ome, (Ox,Ox), this con-
struction is done in [12]. Both constructions are in fact compatible (see [12, Th.4.13]).
Let us now give the corresponding HKR isomorphism. For any non-negative integer p,
we decompose the morphism A, as the sum A + A+ according to the decomposition

TP(N v [1]) ~ Ar( x/v[1]) &SP (N v [1]).

For any sheaf % on X, the functor Somg, (*,%): Mod(Oy) — Mod(Oy) factors
through a functor

Hom'y, (%, F): Mod(Oy) — Mod(Ox).

Prorosirion 4.15. For any locally free sheaves &, & on X, there is a canonical
isomorphism

%:%”oméy (51, (0@2)

L
~ @ %%am(ApNX/Y ® éal,éag)[ ] >~ S(Nx/y[—l]) ®%<%”om(é”1,£2)
peN

in DP(X) obtained by precomposing with A; ®idgr e, -

We also give Kashiwara’s dual version:
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Prorosition 4.16. For any locally free sheaves &, & on X, there is a canonical
isomorphism

%ﬁfom%y (51, (0@2)

L
~ @ %%Om(ghApNX/y X éag)[—p] ~ S(Nx/y[—l]) ®%’<%”om(é?’1,éé)
peN

in DP(X) obtained by postcomposing by A ®idgre, .

5. TAME QUANTIZED CYCLES
~ J .
5.1. STRUCTURE CONSTANTS

5.1.1. Definition. — We fix a quantized cycle (X, o) in Y. By Proposition 4.15, there
exist unique coefficients (¢/¥)o<r<p such that:

~ Each ¢} belongs to Hom (Sk(N}/Y[l]), TP(N%,y[1])), that is,
Ext? ™" (A*N% y, TPN% /y ).
~ The relation A, =Y} _jcko A}l holds in DP(Y).

Similarly, using Proposition 4.16, we can define dual coefficients: there exist unique
coefficients (¢¥)o<k<p such that:

~ Each ¢f belongs to Hom (T?(Nx,y[—1]), S*(Nx,y[—1])), that is,
Ext” *(TPNy,y, A*Nx /v ).
— The relation A =7 AF o ¢F holds in DP(Y).
Lemma 5.1. Via the isomorphism
Ext?~"(TPNx,y, A*Ny,y) ~ Ext?""(A*N% ., TN )y ),
the coefficients c;f and c’; are equal.

Proof. — We take the relation A} = o A;:r ) c’pk, take the tensor product by
idrrny sy l=p) and precompose with the co-evaluation map

Ox — idrony,y[-p) @ idTPN}/Y[p]'

Applying Lemma 4.5 with % = TNy [—p], we get Ap=3"7_clF o A, so cf =df.
O
Lemma 5.2, — Letp > 1.
(i) The coefficient c) vanish.
(ii) If~1 < k< p-—1, the Sp(N}/Y[l]) component of c’; vanishes, so c]; factors
through AP(N 5 [1]).
(iii) The coefficient cb is the canonical inclusion of SP(N}/Y[l]) in TP(N}/Y[I]).
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Proof. For (i), we apply o. to the relation defining the c’; and use Proposition
4.1(iv). To prove (i), let m, be the projection from T?(N% [1]) to SP(N% 3 [1]).
Then

p

+_ ko A+

Ap = E WpOCpOAk
k=0

so, thanks to Proposition 4.15, 7, o c’; =01if 0 < k < p— 1. For (iii), this is a purely

local question, and we can use the Koszul complex as in [12]. O
5.1.2. The decomposition lemma. — Let us first compute the first nontrivial structure
constant:
Prorosition 5.3. — The morphism Ay — oo Ay vanishes in DP(W). In particular,
¢k = a.
Proof. — Let us consider the exact sequence

5 5 5
(9) 0— =X X, 2X_ 4

It defines a morphism f from N}/Y to SZN}/Y[I] in D®(S). Applying Proposition 4.2,
f can be written as u + v o Ony  where u is in Extl(N}/Y,S2N§(/Y) and v is in
Hom(TQN}/Y,S2N§(/Y). The morphism u is the image under o, of (9), so it is a.
The morphism v can be computed locally, it is the the natural symmetrization map
from TgN}/Y to S2N§(/Y. Let us now consider the diagram

0

l

0 Ix Ix Ix 0
Iy Iy IX

! | !

N S N S
AT AT A
l

Oy

Ix

!

0

It gives a commutative diagram

f

o
Ox ——— Ny vyl ——— SQN}/YD]

! I

Os[1] ————— S* Ny v [2]
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in DP(W). Since the composite arrow from Ox to Os[1] vanishes, the morphism
f o ©Og, also vanishes. But foBg, = (u+vo @Nﬁc/y) 00ps, =aolA; —A;. This
gives the result. 0

As a corollary, we get our key technical result:

Prorosition 5.4 (Decomposition lemma). Assume that the quantized cycle (X, o)
is tame. For any non-negative integer i, we can write

Oriting,, ©Oring , =i — (@ @idying, )0 Oing |, + R

/Y
in the derived category DP(S), where 2; factors through A2N§(/Y®T’N§(/Y[2}, and R;
vanishes in the derived category DP(W).

Proof. — Denote by p the natural map from S to W, and let . be a locally free

extension of U*N}/Y on W. Then

L
i * O iN* = *TEN *
Oriting,, ©Oring,, = B2 @05 idgering

L L
—_ AT 3 ) H )
= AQ ®ﬁs ldO'*T’N;(/Y + (a o Al) ®ﬁs lda—*TlN*X/Y

L
+(Ay — a0 A1) ®e, id,-riny,

/Y’
L
We claim that (A — o Aj) ®gq idg+ring ,, vanishes in DP(W). Indeed,
— L . — L * .
L ((A2 —ao A1) gy ldU*TiN;(/y) =l ((A2 —aoA1)®g, Lu ldTiy)
— ]1‘ .

= (A7 — a0 Ay) ®g,, idyiz. O

Remark 5.5. — Proposition 5.4 is false in general when the quantized cycle (X, o) is
L
not tame: the morphism (A — a0 A1) gy ido.*TiN;(/y can be nonzero in DP(W).
For p > 1, let
p-1 . )
Vp: T" Ny 1) — D TNy v [1)) ® A (N jy [1]) @ TP (N [1])

be the map obtained by (graded) antisymmetrization of two consecutive factors. We
also denote by xp; the components of ¥,,.

CoroLrAry 5.6. Assume to be given a tame cycle (X,0) in'Y. Then
\I’p (e} C]; = {(idTa‘,—lN}/Y R a® idTp—i—lN;(/Y) [¢] C];_l}léiépfl Zf ]. < k? < p— ].
Proof. — Using Proposition 5.4, we have in DP(9)

Ap = (71)p @Tp—lN}/Y 0+-+0 (@THAN}/Y o GT'iN} Y) 0---0 @ﬁx

/
= (idTpfile;(/y Ra idTiN}/Y) o Ap_l

+(71)p6T1’71N§(/Y Oo(uz+%l)oo@ﬁx
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It implies that in DP(W)
Xp,i [¢] Ap -

1 i * 1 AN * o —

ldTp INX/Y ® « ® ldT NX/Y) Ap 1

-1
s s K +
(ldTp—z—lN;(/y Ra® ldTlNJ;(/Y) o Cp71 (e] Ak .

N~

k=1
On the other hand ol
Xp,i © Ap = ZXM © Cl; o A
k=1
We conclude using Proposition 4.15. O

Corovary 5.7. — If (X, 0) is tame, Ay, = >0 _ ¢k o Al in DP(W).

Proof. — We argue by induction on p. For p = 2, this is Proposition 5.3. Assume that
the property holds at the order p — 1. The morphism A, —>%_, cp o A takes values
in AP(N}/Y[ ]). Hence it suffices to prove that W, 0 (A, =31 _; cko A+) vanishes in
DP(W). Usmg the notation of the preceding proof,

Xp, A ZC 0A+ ldTp i— IN*/ ®O{®ldeN* ( p—1 — ZCP 1OA+>

in DP(W). Then we use the induction hypothesis. O
5.1.3. Main result. — We can come to our main result.
Taeorem 5.8. Let (X,0) be a tame quantized cycle in'Y. The class « defines a Lie

coalgebra structure on Ny [1], hence a Lie algebra structure on N,y [—1]. Besides,
the objects %ﬁfomfﬁy (Ox,0x) and ZHomy (Ox,Ox) are naturally algebra objects
in the derived category DP(X), and there are commutative diagrams

o RHomes(Ox, Ox) —— RHom'y (Ox, Ox)
JHKR
HKR S(Nx,y[~1])
JPBW
T(Nx/y[-1]) —————— U(Nx/v[-1])

and

o R Homes (Ox,O0x) —— RHomy (Ox,Ox)
ldual HKR
dual HKR S(Nx/y[—l])

lPBW
T(Nx/y[-1]) ——— U(Nx,v[-1])

where all horizontal arrows are algebra morphisms.
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Strategy of proof. Let us first discuss the statement, as well as the main points
involved in the proof.

— The object Z#ome, (Ox,0x) is always an algebra object in the category
DP(Y), but this structure doesn’t always come in full generality from an algebra ob-
ject structure on Z#omy, (Ox,Ox) or on %%ﬂomeﬁy(ﬁx, Ox) in DT(X). Indeed,
if %%ﬂom%y (Ox,Ox) has such an algebra structure, the natural morphism

Nx/y[=1] — ZAomy, (N v (1], Ox) — B AHom, (Ox, Ox)
obtained by precomposition with A; yields a morphism
T(Nx,y[-1]) — ZHomY, (Ox,Ox),
and the composite morphism
S(Ny,y[~1]) = T(Nx,y[-1]) — ZH#omy, (Ox,Ox)

is an isomorphism in D*(X), which is not always the case.

— Assuming that we have an algebra structure on #Z#omy, (Ox,0x) and on
%%”om%y (Ox, Ox) making the top row of each diagram in Theorem 5.8 multiplica-
tive, the statement follows directly from Proposition 5.3 and the reverse PBW the-
orem (that is, Proposition 2.7), without using the tameness condition at all: indeed,
Condition A.1 is (8), and Condition A.2 is Lemma 5.2.

Therefore, the main difficulty lies in the construction of this algebra structure
on ZHomy, (Ox,0x) and on %%ﬂom%y (Ox,Ox). We will provide three different
proofs corresponding to different geometric contexts:

Case A: co-split. — Assume that X admits a global retract in Y that lifts o. This is the
easiest case, but it covers the case of the diagonal injection and is therefore sufficient
to prove the results of Kapranov, Markarian and Ramadoss that are presented in the
next section. The reader only interested in this can skip the two other cases.

Case B: 2-split. — Assume that X admits a retract at order two that lifts o (that is,
B = 0). In this case, we can adapt the former proof to the second formal neighborhood,
using the second corollary of the decomposition lemma (Corollary 5.7).

Case C: tame. — The general case: (X, o) is tame. This requires the first corollary of
the decomposition lemma (Corollary 5.6) as well as the full strength of the categorical
PBW theorem (Theorem 2.11). O

Proof of Theorem 5.8. We follow the aforementioned plan of proof, and discuss suc-
cessively the three cases A, B and C. We recall the following notation:
o
S —

X S
J
Y¢—W
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Case A. Let f: Y — X a retraction of X in Y. There is a natural morphism of
algebra objects

Jsyy«#Homes(Ox,Ox) — AHome, (Ox,Ox)
in DT(Y'), which gives a morphism of algebra objects
(10) feis)y«ZHomes (Ox,Ox) — fuRhHome, (Ox, Ox)
since f, is monoidal. Now it suffices to remark that

[ R Home, (Ox, Ox) ~ fiRHomy, (Ox,Ox) ~ RHomby (Ox,0x),
so that %’jfomeﬁy(ﬁ’ x, Ox) inherits naturally from an algebra structure and the
morphism (10) becomes an algebra morphism
0. RHomes(Ox,Ox) — RHomby, (Ox,0x).

The same trick works for the functor Z#om". This settles Case A.

Case B. Let us consider the map p: o, ZHomes(Ox,Ox) — %%om%x (Ox,0x).
It admits a section, given by the composition
RAomg, (Ox,0x) ~S(Ny,y[1]) — T(Nx/y[-1]) ~ 0. ZHomes(Ox, Ox).

Hence p adIEitS a kernel JZ, which can be explicitly described as follows: J# is iso-
morphic to A(Nx/y[—1]), and the (split) embedding of ¢ in 0. ZHomes(Ox,Ox)
is obtained by applying o, to the composition

@ 1.8 (N vl-1) — @ o, (R (N (1), Ox) — #Homo (0. Ox).
bz p

2

The last map is obtained componentwise by precomposing with A, — 7 _, c’;A;ﬂ

which is a morphism in Homps (g (Ox, KP(N}/Y[ID. Assume now that there exists a
retraction g: W — X that extends the first order retraction . Then the composition

H — U*%%Omﬁs(ﬁx, ﬁx) — q*%%Om@W(ﬁx, ﬁx)
is obtained by applying ¢. to the map

D jx/wi AP (Nx)y[-1]) — @ ZHome,, (AP(N v [1]), O)
p=0 p=0

— %%Omﬁw(ﬁx7 ﬁx)

But this map is identically zero since, according to Corollary 5.7, A, — >} _, c’;A:
vanishes in the derived category DP(WW). We can now conclude: the map

o R Home, (Ox,O0x) — @ HHome,, (Ox,Ox)

is a morphism of algebra objects and % is a split sub-object that maps to zero, so
that the composition

L
H Qpy 0B Home,(Ox,Ox) — 0. B Home,(Ox,Ox)
— @R Home,, (Ox,0x)
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is zero. It follows that the composition

L
%@ﬁx U*%f%pomﬁs(ﬁ)(7 ﬁx) — U*%%Omﬁs(ﬁx, ﬁx) — %’%am[ﬁy(ﬁx, ﬁx)
is zero. Therefore, in the decomposition
o R Home,(Ox,0x) ~ K @%%ﬂomgy(ﬁx, Ox),

the object 2 is an ideal object, so that %éfomeﬁy (Ox, Ox) inherits a natural algebra
structure, for which p is a multiplicative morphism. This finishes the proof. Again,
the whole proof works in the same way for the functor Z#omy, .

Case C. — If we consider « as a morphism from AQ(N}/Y[l]) to N}/Y[l] in the oppo-
site category of DP(X), we notice that the induction relations provided by Corollary
5.6 are exactly the same as the ones proved in Proposition 2.6 (this is why we took
the same notation ¢f). Hence (N}/Y[l],a) is a Lie algebra object in the opposite
derived category of X. Now according to the second part of the categorical PBW
theorem (Theorem 2.11), we can define an algebra structure on S(N}/Y[l]) using the
coeflicients c’; and there is a natural multiplicative morphism from T(N% /Y[l]) to
S(N% /Y[l]) endowed with this structure. To conclude, it suffices to notice that the
following diagram

o R Home,(Ox,Ox) — %’jfomzﬁy(ﬁx, Ox)

} b

T(NY y [1]) —————— S(N 1))

is commutative, which is nothing but the fact that the “geometric” coefficients c’; are
the same as the “algebraic” coefficients c’; , that is, Corollary 5.6. (]

5.2. Tur resurLts or Kapranov, MARkARIAN, RAMADOSS AND YU. In this section, we
provide a new light on the foundational result in this theory: the construction of the
Lie algebra structure on Tx[—1], due to Kapranov [15] and Markarian [20], and the
computation of its universal enveloping algebra, due to Markarian [20], and Ramadoss
[22]. Then we prove Ramadoss formula [21] that computes the big Chern classes of a
vector bundle introduced by Kapranov in [15].

5.2.1. The Lie algebra T x[—1]. — Given a smooth scheme/manifold X, we consider
the special case of the quantized cycle (Ax, pry) in the product X x X.

Tueorem 5.9 ([15], [20], [22])

— The object (Qﬁ([l],atﬂkm) is a Lie coalgebra in DP(X).

— The ring object pry ZHomey . (Ox,Ox) is isomorphic to U(Tx[—1]).

— The map pri,ZHome (Ox,0x) — pri,EHomey , (Ox, Ox) identifies with
the natural projection map T(Tx[—1]) = U(Tx[-1]).
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Proof. The only thing we must prove is that « identifies with the Atiyah class
of QL , which is well-known: this follows from looking at the diagram

ﬁ ﬁ
jZ
Pry, jgi prl*(igz ®pr§Q}()
l l
FAy (ﬁXxx ® *Ql)
Prix« jgx PTyy j&x Prodiy
l l
]AX ﬁXxX *91
Prix« jix prl*( jAX ®pr2 X)
| |
0 0

where the horizontal maps are given by differentiation with respect to the second
variable (so that they are all linear). The bottom horizontal map is the isomorphism
given by the quantization pr;, and the top horizontal map is the symmetrization
morphism. O

Remark 5.10. Any object .# in DP(X) defines a representation of the Lie algebra
Tx[—1], which is obtained by the chain of morphisms

ev ®id

d@aty  p e o] e s 24, 5

Tx[-1]®.F

For any .#, ¢ in DP(X) viewed as representations of Tx [—1], the naturality of Atiyah
classes implies that

Hompgep(ry [-1))(F,¥) = Hompe (x)(F,9).

In other words, DP(X) embeds as a full subcategory of Rep (Tx[—1]).

Theorem 5.9 enables us to give a Lie-theoretic interpretation of the tameness con-
dition (Definition 4.11) for quantized cycles. Recall that if (X, o) is a quantized cycle,
then ¢ induces a splitting of the normal sequence.

Tueorem 5.11. — The triplet (TX[-1], TY[~1],x,Nx/y[—1]) is a reductive pair of
Lie objects, as defined in Section 3.3. Besides, this pair is tame in the sense of Def-
inition 3.8 if and only if (X, o) is tame in the sense of Definition 4.11. In this case,
the dual of o defines a Lie structure on Nx/y[—1].

Proof. — We switch from Lie algebras objects to Lie coalgebras objects, so that we see
Q%,l «[1] as a Lie coalgebra in DP(X). This Lie coalgebra is described by Corollary 4.14:
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first, the diagram

Q%/\X[l] - Q%/\X[l] ® Q%/\X[l] — Q1] ® Q% [1]

|

QL[] 1] ® QL[]

commutes, so the morphism Q% x —* QL is a morphism of Lie coalgebras objects.
Next, the tameness of the pair (in the sense of Definition 3.8) can be made explicit
as follows: if consider the morphism

Ox[1] — Q%qx[l] — Q%f\x[l] ® Q%qx[l] — Ny )y 1] @ Ny [1],
tameness means the vanishing of the composite morphism
N%/y([l] — Q1@ NY v (1] — (N, y [l @ N,y [1]) ® Ny [1].

The first morphism is the class 8, and the second one is (8 ® idN}/Y[l]) o atN}/y[l]

Thanks to Proposition 4.10, this is 'yg(N}/Y), and we are done. For the last point,
we remark that the composition

Ny, y[1] — Q%’\X[l] — Q%’\X[l] ® Q%qu — N,y [1] ® N,y [1]
is exactly a. O

5.2.2. Big Chern classes. — Let us recall that for any vector bundle E on X, the big

Chern classes ¢,(E) of E live in HP(X, TPQL), they are obtained by composing the

morphisms atg, id%( ®atg,...,idgr-1 ®atg and then taking the trace on E (without
X

antisymmetrizing on the factor TPQL ).

Taeorem 5.12. For any vector bundle E on X, we have

Zc )ock(E),

where ¢ are the universal elements in Ext?"(Qk, TS?) associated to the Lie algebra
Tx[-1].

Proof. — On X x X, we have A, = Y2} _ ch o Al This gives

p
PYQ*(AP ® idprIE) = Z(Cl; ®idg) o pr2*(AZ ® idpri‘E)-
k=1

The result follows by taking the trace on F. O
Remark 5.13. — As explained in [21], the total Chern class of a vector bundle F can

be interpreted in terms of the representation of the Lie algebra Tx|[—1]. Indeed FE
defines a representation of T x[—1], with is (the dual of) the Atiyah class of E, hence
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a map from U(Tx[—1]) to End (F). Its trace defines a map from U(Tx[—1]) to Ox,
which is exactly >, ¢,(E) via the isomorphism

Hormps ) (U(Tx [-1]), 0x) = @ HP(X, %),

5.2.3. The quantized cycle class. — Let us recall the definition of the quantized cy-
cle class introduced in [12]. For any quantized cycle (X,c) in Y, we consider the
composition

(11) wx)y = AHom"(Ox, Oy) — AHomg, (Ox,0x) ~S(Nx,y[-1]),

where the last isomorphism is the dual HKR isomorphism. Let d be the codimension
of XinY.

Prorosirion 5.14. Assume that (X, o) is tame. Then the morphism (11) is a
d-torsion morphism for the Lie algebra Nx vy [—1].

Proof. — We must prove that the composition

Nx/y[-1] ® wx/y — Nx/y[-1] ® S(Nx,y[-1])
~ Nx/y[-1] ® U(Nx,y[-1]) — U(Nx,y[-1])

vanishes, where the last map is given the multiplication in the algebra U(Nyx y[—1]).
We can rewrite this map (using duality) as a morphism from U(Nx,y[-1]) to
N% /vy [1] ® U(Nx,/y[~1]), and the question reduces to the vanishing of the map

X/Y
Using Theorem 5.8, we have a commutative diagram

A
RAomy, (Ox,0x) — s RAomy, (Ox Ny [1])

Zl l?
U(Nx/y[-1]) —————— Ny y[1] ® UNx,y[-1])
Hence the morphism we want to look at is (modulo isomorphism on the target) the
composition
wxy =~ BHom' (Ox, Oy) — RHom' (Ox,Ox) — AHom' (Ox, N}/Y[I]).
We can factor the first arrow through Z#om"*(Cx, Os), and the composition
RHom" (Ox,05) — BHom" (Ox,0x) — BH#om"(Ox, N}/Y[l])

vanishes, since it is obtained by composing two successive arrows of a distinguished

triangle. 0
Tueorem 5.15 ([24]). — Let (X, 0) be a tame quantized cycle in'Y. Via the isomor-
phism

RHompy vy (wx/yv, S(Nx,y[1])) ~ H°(X, S(N%/y[1])) ~ S(N}/y[l])NX/Y[_l],
the image of the morphism (11) is the Duflo element of Nx /vy [—1].
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Proof. — Thanks to Proposition 5.14 and Theorem 3.7, the morphism (11) is obtained
by contracting the morphism

wx/y ~ SNy y[-1]) — S(Nx v [-1])

by the Duflo element of N,y [—1]. This gives the result. O

6. THE EXT ALGEBRAS

6.1. Derinvitions. — Let (X, Y, 0) be a fixed quantized cycle. For any k, we denote
by Xi(/k) is the k™ formal neighborhood of X in Y.

Derinition 6.1, — ;z{)((l;)y is the algebra @@~ Ext’ ) (Ox, Ox), the algebra struc-
Y

ture being given by the Yoneda product.

For any k, there are natural algebra morphisms

(0) (1) (2) (k) (00)
Dy — Dyjy — Dy — > Gy — —)dx‘fy.

Note that all the algebras M)((lj)y are naturally graded by the integer n, we call this

grading the degree grading. Thanks to Proposition 4.15, the algebra ,xzf)gl/)y is canon-

ically isomorphic (as an algebra) to the algebra

o n
D @ Ext" (TN, y, Ox)

n=0 p=0

via the map that attaches to any ¢ in Ext"""(TPNY -, Ox) the element ¢ o Ap.

As a corollary, the algebra %)E,l/)y carries another natural grading given by the inte-
ger p, which is completely different from the degree grading; we call this grading the
Lie grading. Elements of depth zero correspond to the sub-algebra szf)(((})y.

Using the sequence (8), the composition

B D Ext" P(APNY,y, Ox) — @ @ Bxt" P(T'Ny,y, Ox) ~ i), — o)
n=0p=0 n=0 p=0

is an isomorphism of k-vector spaces. Hence the map ,Qf)((l/)y — 42{)((0/0; is surjective,

and there is an isomorphism

A @O 590 Ext"?(APN% v, O).
n=0p=

of k-vector spaces obtained by attaching to any ¢ in Ext" 7 (APNY, /v O x ) the push

forward of the element o A" from S to Y. The integer p defines a grading on ,;27)((0/03),
but it no longer respects the algebra structure, however the corresponding ascending
filtration does. We call this filtration the Lie filtration.
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6.2. ENricHMENT. For any scheme (or complex manifold) Z, the category DP(Z)
is enriched over DP(k) in the following way:

D"(Z)(Z,9) := RI(X, ZHompb (2 (F,9D)).

Remark 6.2

— The enrichment is symmetric monoidal. In particular, the tensor product functor
is an enriched functor.

~ As k is a field, we can replace DP(k) by the equivalent category k”. Through
this equivalence we have

D"(Z)(F,9) ~ @ Hompy () (F,9n]).
nez

— The Ext algebras admit a very simple description using this formalism, they are

given by the formula

) =DM (X)) (0x, Ox).

Let E an object in DP(Z), which we view as a module over the Lie algebra
object Tx[—1] using the Atiyah class. There are two possible definitions of the
V-invariants EV of E:

— The standard one: EV := Homps(z)(0z, E), where 07 is equipped with the
trivial T x[—1]-module structure.
— The enriched one: EV :=DP(Z)(0z, E).

Below we always use the enriched version.

6.3. Strucrure THEorEM. — If (X, 0) is tame, we can explicitly describe the Ext
algebra (QZ)((C;O; We have an exact sequence

0 — Tx[-1] — (Ty[-1])jx — Nx,y[-1] — 0.
Recall that Nx/y[—1] is naturally endowed with a Lie structure (given by «).
Turorem 6.3. — Assume that (X,0) is a tame quantized cycle in' Y. Then, using the

corresponding Lie structure on Nx,y[—1], the algebra 4&7}((73 is naturally isomorphic

to U(Nx/y[— 1))Tx =1, Besides, there is a commutative diagram

1) (00)
JZ{X/Y "Q{X/Y

l |

(T(Nx/y[—]_}))Tx[*l] SN (U(NX/Y[_l]))TX[—l]

Proof. — We have already proved that there is an isomorphism of algebra ob-
jects between ZAom'; (Ox,0x) and U(Ny,y[—1]). Applying the derived global
section functor we get an isomorphism of graded algebras between d)gjc; and
RI' (X, U(Nx/y[—1])). Finally, observe that the Tx[—1]-module structure of

U(Nx/y[-1]) = S(Nx,y[-1])
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is given by the Atiyah class of S(Nx/y [~1]). Therefore the algebra
RI (X, U(Nxy[-1]))

is indeed U(Nyy[—1])Tx[=1)] O
6.4. THE ALGEBRA 42/)(( /)Y — In this section, we describe completely the image of
d)g /y in 42% y for tame quantized cycles. The result, which seems quite surprising

at first 81ght runs as follows:

Turorem 6.4. — Assume that (X, 0) is tame in Y. The surjective morphism from
fQ/)((Q/)Y to ,Qf)(;;o; admits a canonical section.

Proof. Let Zx/y be the kernel of the map gf)((/y — ,Q%X(;O}), The kernel of the map
,Qf)((l/y Ay (2) /Y is a subalgebra of Zx/y, and we must prove that any element of

Zx/y maps to zero in ﬁf)((/)y Elements of Zx,y are of the form

Zap (A Zc OA+
p>0

for o, in Ext™(Q" N% v O x ). Hence the result follows directly from Corollary 5.7.
O

7. CO\ICLUSION AND PERSPECTIVES

7.1. STATE OF THE ART IN THE TAME CASE. In this article we introduced a tameness
condition for a quantized cycle (X, o) in Y. Under this assumption we proved that
the shifted normal sheaf Ny y[—1] is endowed with a Lie bracket and that the sheaf
of derived Oy -linear endomorphisms of &x is isomorphic to the universal enveloping
algebra of Nx/y[—1]. Using this, we were able to:

— Describe explicitly the Ext algebra Exty (0x, Ox), giving simple and conceptual
proofs in the diagonal case of results of Ramadoss and Kapranov.

— Identify the quantized cycle class with the Duflo element of the Lie algebra object
Nx/y[—1], recovering and reinterpreting in Lie algebraic terms a result of Yu.

7.2. BEYOND THE TAME CASE. At first sight, the diagonal cycle X < X x X admits
two distinguished quantizations (i.e., first order retractions): the two projections pr,
and pr,. However, since the space of quantizations of a cycle is an affine space, this
gives a whole line of quantizations, namely ¢pr; 4+ (1 — t)pr, for ¢ in the base field k.

In general these quantizations are never tame except for ¢t = 0 or ¢t = 1, that is,
for the two projections. However, the value ¢ = 1/2 is special since the corresponding
quantized cycle fits in a very interesting family of quantized cycles: every fixed-point
locus X = Y"* of an involution ¢ of Y defines naturally a quantized cycle. In our former
example, Y = X x X and «(z,2') = (¢/,z). In Lie algebraic terms this corresponds
to symmetric pairs. We will study further on this case in future work.
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7.3. Laxk witH DUFLO’S CONJECTURE FOR SYMMETRIC PAIRS. If g is a finite-dimen-
sional Lie algebra (over a characteristic zero field) then Duflo’s theorem [9] states

S(a) 2% 8(q) U

induces an isomorphism of algebras between the algebra of invariants®) S(g)? and
the center Z(U(g)) of U(g). Here, 94 is the Duflo element of g in S(g*) introduced in
Section 3.2.1. This theorem is believed to be true in any reasonable categorical context,
that is, for any dualizable Lie algebra object in a symmetric monoidal category with
the hypotheses we put to get the categorical PBW theorem. However, this goal is
out of reach in full generality (aside from the abelian case due to Kontsevich), even
though it has been achieved in the enriched® monoidal category D(X) for the Lie
algebra object Tx[—1] in [4]. For historical considerations around Duflo’s theorem
and its geometric counterpart, we refer the reader to the monograph [7].

Duflo’s theorem has a conjectural extension for reductive pairs (see [10]), which
runs as follows: given such a pair (g, ), there should be an isomorphism of algebras

*{(san,) | = (i)

where the notation is explained below:

that the composition
PBW

— p is half the character of the h-representation g/h.
~ b, = {h+ p(h)|h € b} C S(g).

- (S(g)/S(g)f)p)b is naturally a Poisson algebra.1?)
— ZP denotes the Poisson center.

It is interesting to understand its geometrization. To do this, we consider the reductive
pair (Ty[—1] x,Tx[~1]) attached to a quantized cycle. Of course, in a categorical
context, (U(g)/U(g)h)” has to be understood as Hom, (Indf 14, Indg 1¢).

In the tame case, the results of Sections 3.3.3 and 6.3 play a crucial role. Indeed,
combining Theorem 3.11 and Theorem 3.12, the left hand side of Duflo’s conjecture
is U(Nx,y[—1])"*[=1 endowed with the opposite algebra structure. Thanks to The-
orem 6.3, it is the center of sz)‘?jy.

ApPENDIX. OPERADIC PROOF OF THE CATEGORICAL PBW

In this appendix we sketch a proof of the following folklore result: the PBW theorem
holds in any Karoubian symmetric monoidal category in which countable sums exist
and such that the monoidal product preserves these in each variable. We also describe
the multiplication by elements of degree one in the universal enveloping algebra. The
proof makes use of linear operads, for which we recommend the reference [19].

(8)This algebra is sometimes called the algebra of Casimirs of g.

(9)See Section 6.2.

(10)1¢ is the algebra of regular functions on the reduction along the coisotropic subspace
{A € g* | A\|y = p} in the linear Poisson space g*.
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Norarion A.1. For a set ¥ of variables and a given bijection x : {1,...,k} = ¥
we will allow ourselves to write a k-ary operation m in variable notation:

m=M ((z(1),...,z(k)).

In this notation the symmetric group action reads m - o = M (z(o(1)),...,x(c(k))),
and the operad composition is expressed in terms of substitution: given another op-
eration n = N(y(1),...,y(¢)) written in variable notation, the partial composition
mo; n is

mo;n=M(z(1),...,2(¢ — 1), N (y(1),...,y(0)) ,z(i +1),...,2(k)).

A.1. SYMMETRIC MULTIBRACES. Let us denote by A#% the operad of symmetric
multibrace algebras from [18, §4.5]: it is the operad generated by operations my, 4
(where p,q > 1) of arity p + ¢, such that:

(a) my q is (p, ¢)-symmetric: mp 4 -0 =mp 4 if 0 € &) x &,.

(b) The operations m,q = Mpq(z1,...,Tp,Y1,...,Yq) satisfy the relation /%
from [18, Prop.4.3].
Here and below, we use the convention that m, o (resp. mg 4) is the identity operation
if p=1 (resp. ¢ = 1) and 0 otherwise.

A.2. INTERPRETATION IN TERMS OF BIALGEBRA STRUCTURE. — Let % be a symmetric
monoidal k-linear category that is Karoubian and with arbitrary countable sums.
This is sufficient for S(V') to exist, given any object V. Observe that S(V') carries a
coaugmented cocommutative coassociative counital coalgebra structure:

— The coproduct V : S(V) — S(V) ® S(V) given as follows: on S"(V),

-5 ()
p=0 p

where V,, , is the inclusion S™(V) — SP(V) @ S%(V).
— The counit ¢ : S(V) — 1 is the projection onto the direct factor S°(V) = 1.
— The coaugmentation 1 : 1¢ — S(V) is the direct factor inclusion of SO(V) = 1.
~ We will also need the reduced coproduct V :=V — (id® 1 + 1 ®1id).

On S™(V), the iterated reduced coproduct ﬁ(k) is the sum, over all (k + 1)-tuples

(no, - . .,ng) such that ng + - -+ np = n, of (m"nk) times the inclusions

ST (V) — S™(V)® - ®@S" (V).
In particular, on S™(V), the following properties hold:
~If k= n then V" is n! times the inclusion of S™(V) in VO™,
— If k > n then ﬁ(’” =0.

It has been proven in [18, §4] that an .##Z%-algebra structure on V is the same as
an associative product m on S(V') such that m is a coaugmented counital coalgebra
morphism: Vom = m®20(23)oV®? and eom = ¢ ®¢. Indeed, being a coaugmented
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counital coalgebra morphism imposes, by cofreeness of S(V'), that m is completely
determined by the structure maps m, , defined as the composition

SP(V) @ 81(V) 2 S(V) —» SH(V) = V.
Associativity of m is equivalent to condition (b) on the structure maps m 4.

A.3. A MORPHISM OF OPERADS Lie — SMPB. — Recall that the Lie operad is the
linear operad generated by a skew-symmetric binary operation obeying the Jacobi
identity. In arity n, .Zie(n) consists of (linear combinations of) Lie monomials in
Z1,..., T, in which every z; appears exactly once.(!) Hence the generating operation
is [z1,22] € Zie(2).

There is an obvious morphism of operads f : Lie — A#PA sending [z1, z2] to
(m11 —mq1-(12))/2, so that any symmetric multibrace algebra is naturally a Lie
algebra.

A.4. A MORPHISM OF OPERADS SHPB — Lie. — In this section, we construct a less
obvious morphism of operads AH#B — Lie.

We use the classical PBW theorem for Lie algebras over a field of characteristic
zero, and apply it to the case of the free Lie k-algebra LIE,;, in p 4+ ¢ generators
1y TpyY1,-- -5 Yq- We have an algebra structure * on the cocommutative coalgebra
S(L1Ep+q) =~ U(LIE,4,) that is defined via the exponential formula exp(u) * exp(v) =
exp (BCH(u, v)), where BCH(u, v) is the Baker—-Campbell-Hausdorff series, which is a
Lie series in two variables.

This product is easily seen to be compatible with the coproduct,(*? leading to a
symmetric multibrace algebra structure on LIE,,. One can check from the exponen-
tial formula for the product that the output expression My 4(z1 ... %p, Y1 ... Y,) is the
part inside BCH(z1 + - -+ + @p,y1 + - - + Y4) consisting in monomials where every z;
and every y; appears exactly once,™ and thus lies in ZLie(p+ q). It is almost tau-
tological 1) that sending m,  in SZB(p + q) to My o(x1 ... 2p, Y1 ... Yq) in Liepig
indeed defines a morphism of operads g : SA#PB — Lie. One can check that go f is
the identity.

A.5. Tur catecoricaL PBW tarorem. — Form the above we get that every Lie alge-
bra object (V, «) in a symmetric monoidal category inherits a symmetric brace algebra
structure. In other words, there is an associative unital product m, : S(V)®% — S(V)
that is a morphism of coaugmented counital coalgebra. From the compatibility with

(IDIn other words, the free Lie k-algebra LIE, in n variables z1,...,z, carries an obvious
Z -grading, and Lie(n) = LIEEA}"“’I). The operadic structure is given by substitution.

(12)This is the classical statement that U(g) is a bi-algebra, see for instance [3, Chap.2 §1.4
Prop. 7).

(13)In other words, Mpg(x1 ... Tp, Y1 ... Yq) = BCH(x1 + -+ + Tp,y1 + -+ + yq) LoD,

(1) More precisely, taking the multi-degree (1,...,1) part of
BCH(BCH(zl +odzp, Y1+ FYq), 21+ -+zr) = BCH(ml +-+-4xp,BCH(y1+ - -+ Yq, 21+ ~+zT))
precisely gives the relation (.Zpqr) from [18, Prop.4.3].
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the coproduct, the counit, and the coaugmentation, it follows immediately that m,
satisfies the following properties:

— m, is filtered: m, restricted to SS*(V)®SSJ (V) factors through S+ (V) C S(V).
— m, is a deformation of mg: on SH(V)®S7(V), my—my factors through S<¢+ (V) C
S(V).
~ On V®2 m, —m, - (12) = a.
The first property follows from the fact that SS¥(V) is the kernel of V™ and that

the multiplication m, is a morphism of coalgebras. The second property follows from
the fact that V' ™ is (i + 7)! times the inclusion S**7 (V) C V®+i. Only the third

property uses the morphism Z#% — Zie: it follows from the fact that m; ; is sent
to [1‘1, 1'2].

A.6. THE DERIVATIVE OF THE MULTIPLICATION MAP. — Our aim in this section is to
prove that the restriction ¢ of the product m, to S(V) @V C S(V) @ S(V) is equal
to ¥ := mg ow/(1 — exp(—w)), where w is defined at the beginning of Section 3.1.1.
Our strategy runs as follows:

Step 1. Show that t is compatible with the coproduct:?)

Vo = 20 (23) 0 V&2
=9®20(23) 0 (Ve (id®1+1®id)) (Viy =id®1+1®id)
= (id+ (12)) (d®¢) o (V®id) (V= (12)V).

Step 2. Using the first step, one gets that the morphism 1 is completely determined
by its structure maps 1,1 : SP(V) ® V' — V. To end the proof one shall show that

Yp1 = ¥p,1-

Proof'of Step 1. — To prove that ¢ is compatible with the coproduct, it is sufficient
to prove that so are all the g := mg o w°"; that is

(12) Vogq = (id+ (12))(id ® g) o (V @ id).
On the one hand, on S™(V) ® V we have by definition
(id + (12))(id ® gx) o (V @ id) = (id + (12))(id ® mg) o (id ® w°*) o (V @ id).
On the other hand, on S™(V) ® V' we also have:
Vogq, =Vomgow

=m§? 0 (23) 0 V% o wk

= (id + (12)) o (id ® myg) o (V @ id) o w°*.
Hence, to prove the desired identity (12) it is sufficient to prove that

(V®id) ow’* = (id ® w*) o (V ®id).

(15)

Such an identity somehow makes 1 into a “family of coderivations” (parametrized by V).
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We now compute the two sides of the above identity, starting with the left-hand-one:

(Void)ow™ =n(n—1)---(n—k+1) Y (”_ k) Vpgolid®a) - (id®a).
ptq'=n—k P k times

The right-hand-side reads:

(id ® w*) o (Veid) = Z qgl¢g—1)---(¢g—k+1) <Z) ([d®a)---(id® a) oV,

pra=n k times
= > qlg—1)-(g—k+1) (”) Vpgro(id®a) - (id®a).
— p
pra=n k times

We finally conclude by identifying coefficients (fixing p and ¢, and having ¢’ = q — k):

n—k nl(n — k)! n!
n(n—l)-~-(n—k+1)( ): =
P (n—=Fk)plla =k plg—F)!
q'n! n
g (7)o
(¢ — k)'plq! p
Proofof Step 2. — Observe that we have the following identity in LIE,;:
Mya(@1,...,2p,y) = BCH(z1 + - + 2y, y) 0l
Bp
= (—1)P F Z [.1‘0.(1), ceey [Z‘U(p),y] .. ]
oceS,
Hence we get that
B
ep1 = (—1)” 7? w? = tp,1. 0
p:
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