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RICCI FLAT KAHLER METRICS ON
RANK TWO COMPLEX SYMMETRIC SPACES

BY Ouwuivier Brouarp & Thisaur DeLcroix

ApstracT. — We obtain Ricci flat Kahler metrics on complex symmetric spaces of rank two by
using an explicit asymptotic model whose geometry at infinity is interpreted in the wonderful
compactification of the symmetric space. We recover the metrics of Biquard-Gauduchon in the
Hermitian case and obtain in addition several new metrics.

Risumic (Métriques kdhlériennes Ricci plates sur les espaces symétriques complexes de rang 2)
Nous obtenons des métriques kahlériennes Ricci plates sur les espaces symétriques complexes
de rang 2 a partir d’un modele asymptotique explicite, dont la géométrie a I'infini s’interpréte
en termes de la compactification magnifique de ’espace symétrique. Dans le cas hermitien, on
retrouve les métriques de Biquard-Gauduchon mais on produit aussi des métriques nouvelles.
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1. INnTRODUCTION

A (complex) symmetric space is a homogeneous space under a complex semisimple
Lie group, whose isotropy Lie subalgebra is the fixed point set of a complex involution.
It may always be viewed as a complexified compact symmetric space, thus also as the
tangent or cotangent bundle of such a compact symmetric space, equipped with the
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164 O. Brouarp & T. DerLcroix

appropriate complex structure. Such a complex manifold may admit a Ricci flat Kéhler
metric and indeed several such metrics have already been exhibited: notably Stenzel’s
metrics on rank one complex symmetric spaces [Ste93], and Biquard-Gauduchon’s
hyperKéhler metrics on Hermitian complex symmetric spaces [BG96]. These metrics
are Asymptotically Conical (AC), with smooth cone at infinity for Stenzel’s metrics
and singular cone for Biquard-Gauduchon’s metrics.

Tian and Yau developed in [TY90, TY91] a general method to obtain complete
Ricci flat Kahler metrics on non-compact complex manifolds by viewing such a man-
ifold as the complement of a smooth divisor supporting the anticanonical divisor in a
Fano manifold (or more generally orbifold). If the anticanonical divisor thus obtained
is non-reduced, then a condition has to be imposed on the reduced divisor, namely
that it admits a, necessarily positive, Kdhler-Einstein metric. The Tian-Yau theorem
was refined by various authors along the years, and most notably in the AC case by
Conlon and Hein [CH13, CH15]. Recently, new examples of AC Calabi-Yau metrics
with singular cone at infinity were constructed in [CDR16, Lil7, Szel7], in particular
on C™ for n > 2.

In this article we use the Tian-Yau philosophy to produce Ricci flat Kéhler metrics
on complex symmetric spaces of rank two by viewing such a manifold as the open
orbit in its wonderful compactification. Let G/H denote the symmetric space and X
its wonderful compactification. The boundary divisor X ~ G/H is then a simple
normal crossing divisor with two irreducible components D; and D5, which supports
an anticanonical divisor for the wonderful compactification (note that this manifold
is not always Fano [Ruz12]). Each component divisor is a two-orbits manifold with
one open orbit which is a homogeneous fibration over a generalized flag manifold
with fibers a complex symmetric space. We will search for AC metrics with singular
cone at infinity obtained by taking a line bundle over a singular Kéahler-Einstein
manifold Dy which is a blow-down of the boundary divisor Dy. We find an ansatz to
desingularize this singular cone using the other boundary divisor D; and in particular
the Stenzel metric on the fibers of the open orbit of this other boundary divisor, which
gives the desingularization in the ‘collapsed directions’ It is justified by analyzing
the explicit examples produced by the first author and Gauduchon with the Kéhler
geometry techniques developed by the second author to study horosymmetric spaces
[Dell17Db] (as both symmetric spaces and the open orbits of divisors in their wonderful
compactifications are horosymmetric). There is no canonical choice of behavior on the
respective divisors: we obtain examples where only one choice works, and examples
where both choices work, thus providing two Ricci-flat Kéahler metrics with different
asymptotic behavior.

Taeorem 1.1. There exists a Ricci flat Kdhler metric with the above boundary
behavior on the following indecomposable rank two symmetric spaces:

— for one ordering of divisors, on the non-Hermitian symmetric spaces

Sps /(Sps % Spy), G2/ S0y, G2 x G2/Ga, SOs5 x SO5 / SOs,
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— on each Hermitian symmetric space, there is a Ricci flat Kdhler metric for one
choice of ordering, which corresponds to Biquard-Gauduchon’s metrics,

— on the following Hermitian symmetric spaces, the other choice of ordering of
divisors produces a Ricci flat Kédhler metric with a different asymptotic cone:

SO, /S(03 % On_s) forn>5,  SLs/S(GLy x GL3).

There remains a number of cases not covered by the theorem, including the simplest
rank two symmetric space SLs / SO3. The main reason is that the ansatz considered
degenerates too badly on the divisor Dy, so that the usual techniques to produce the
Ricci flat solution from an asymptotic solution do not apply. We still expect that
such metrics exist, and we hope to come back to this problem in the future. There
are however two exceptions, which are the symmetric space G2/ SO4 and the group
G2 x G3/G4, in which case we can prove that there does not exist any metric with
the expected asymptotic behavior for one ordering of divisors.

Indeed, the existence of such a metric requires the existence of a positive Kéahler-
Einstein metric on the singular Q-Fano variety D,. There is no general existence
theorem for Kéahler-Einstein metrics on singular Fano varieties. For our purpose we
thus prove the following characterization:

Tororem 1.2, Assume Dy is the Q-Fano blowdown of a boundary divisor in the
wonderful compactification of a rank two indecomposable symmetric space, then it
admits a (singular) Kahler-Einstein metric if and only if the combinatorial condition
in [Dell6] is satisfied, thus if and only if it is K-stable.

Since Dy is a (colored) rank one horosymmetric variety, the Kéhler-Einstein equa-
tion reduces to a one-variable second order ODE. The proof is nevertheless obtained by
using the continuity method, in which the main difficulty is the C%-estimate as usual
in the positive Kéhler-Einstein situation. It turns out that the obstruction cancels
except for one choice of Dy in the cases G/ SO4 and G x Go/Ga. These examples
are thus natural examples of singular cohomogeneity one Q-Fano varieties with no
singular Kéahler-Ricci solitons. We actually prove the last theorem in a more general
situation (see Section 3), so that it applies to a larger class of rank one horosymmetric
varieties, and for variants of the Kahler-Einstein equation.

There is an obvious question of generalizing these results to higher rank symmetric
spaces. We expect the general setting to be the same: the wonderful compactification
is obtained by adding r divisors, where r is the rank. For each choice of divisor of the
compactification one can try to produce a Ricci flat Kéhler metric whose asymptotic
cone is a line bundle over a singular blowdown of this divisor. The first step is of
course to check the same combinatorial condition as in Theorem 1.2, which is not
obvious. Here the desingularization is encoded in the combinatorics of the divisors of
the compactification. This procedure should lead to a maximum of r distinct Kéhler
Ricci flat metrics on the symmetric space.
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166 O. Biquarp & T. DeLcroOIX

The article is organized as follows. In Section 2 we introduce the relevant combi-
natorial data associated to symmetric spaces, their wonderful compactifications, and
derive from [Dell7b] the translation of the Ricci flat equation as a real two-variables
Monge-Ampere equation. In Section 3, we state a numerical criterion of existence of
solutions to a one-variable ODE which arises as the equation ruling the existence of
positive Kéahler-Einstein metrics on rank one horosymmetric spaces or simple vari-
ants of this. In the remaining of this section, we determine when this criterion is
satisfied in the case where the equation exactly encodes the existence of a (singular)
Ké&hler-Einstein metrics on a colored Q-Fano compactification of the horosymmetric
spaces arising as the boundary divisors in a wonderful compactification of a rank two
symmetric space. Section 4 is devoted to the proof of this criterion by a continuity
method following the usual steps for complex Monge-Ampére equations. The C© es-
timates are obtained using essentially Wang and Zhu's method, slightly modified as
in [Dell7al. In Section 5, we build an asymptotic solution to the Ricci flat equation
on a rank two symmetric space, using as essential ingredients Stenzel’s metrics and
the positive Kéhler-Einstein metrics obtained in Section 3. This is also related to the
ansatz used in [CDR16, Lil7, Szel7] but is more complicated and in particular ad-
dresses cones over singular Fano manifolds with non isolated singularities. Finally, we
detail in Section 6 the geometry of the asymptotic solution, and determine when the
classical techniques inspired from Tian-Yau’s work apply to our setting to produce
Ricci flat Kéhler metrics. The bad cases occur when the ansatz gives a metric where
the collapsing towards the singular points is too quick compared to the distance in
the cone: the result is a metric with holomorphic bisectional curvatures not bounded
from below or from above, which is a crucial ingredient in the C? estimate for the
complex Monge-Ampeére equation.

2. Serue

2.1. SymmeTric spaces. — Let G be a complex connected linear semisimple group.
We denote by (-, -) the Killing form on the Lie algebra g. Let o be a complex group
involution of G. Let T, be a torus in G which satisfies the property that o(t) = t~*
for all t € Ty and maximal for this property. Let T be a o-stable maximal torus of G
containing 7. The dimension r of T} is called the rank of the symmetric space.

Denote the root system of (G,T) by R. The restricted root system R is the set of
all non-zero characters of T’ of the form @ — o(@) for @ € R. It forms a (possibly non-
reduced) root system of rank r and we let m, denote the multiplicity of a restricted
root o, that is, the number of roots & € R such that o = & — o(@). We call the Weyl
group W of this root system the restricted Weyl group, etc.

We choose a positive root system R* in R such that if & € R* < R” then
—o(a) € R*. Then the images of elements of RT . R” in R form a positive restricted
root system R*. We denote by a the vector space t, M€, which is naturally identified
with 9)(Ts) @R, where 2)(Ts) denotes the group of one parameter subgroups of Ts. We
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2m —4) "
Ficure 1. Restricted root system of the complexified Grassmannian

let a™ denote the positive restricted Weyl chamber in a defined by the choice of RT.
We fix an ordering of the simple restricted roots aq, ..., .

We will use several times the symmetry of positive roots systems induced by a
choice of simple root (see e.g. [Hum78, Lem. 10.2.B]): the reflection with respect to ay
induces an involution of the set Rt \ a.

We further denote by w the half sum of positive restricted roots (counted with
multiplicities) and define the numbers A; as the coordinates of w in the basis of
simple roots: w = Y7, Ajay.

Finally, let us introduce the Duistermaat-Heckman polynomial Ppy of G/H, de-
fined by Ppr(p) = [l.cr (@, p)™ for p € a*.

Examrre 2.1. — Any complex symmetric space as defined above may be recovered
as the complexification of a compact (Riemannian) symmetric space. For exam-
ple, the complexification of a Grassmannian leads to a complex symmetric space
SL,, /S(GL, x GL,,_,) for some integers m, r with r < m/2. The rank of this sym-
metric space is r, and its positive restricted root system (of type BC5) with multi-
plicities is depicted in Figure 1 for the rank two case.

Norarion 2.2, — We will use the notations:
—~ <041,Ozg> ~ <041,Oég>
] =] — —— Qo Qg =g — — Q.
<a2,a2> <OZ1,C¥1>
Note that ~ _
(w, ) (w, a2)
Al = 5= = A2 - 7= = \-
<041, 041> <042, a2>
2.2. THE WONDERFUL COMPACTIFICATION. — From now on we fix an complex group in-

volution o. Let H be a closed subgroup of G such that h = g?. We say that a normal
projective G-variety X with given base point x € X is a G-equivariant compactifica-
tion of G/H if Stabg(z) = H and the orbit of z is open dense in X. We will identify
G/H with the orbit of z.

Assume that H = Ng(G7). Then by [DCP83] there exists a wonderful compacti-
fication of G/H, that is, a G-equivariant compactification of G/H which is smooth,
such that X \ G/H = U§=1 D; is a simple normal crossing divisor, and the orbit
closures of G in X are precisely the partial intersections ﬂje ;D; for all subsets
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J c {1,...,r}. The number r is the rank of the symmetric space so that in the
rank two case, there are two codimension one orbits whose respective closures Dy
and D, are smooth and intersect transversely at D1 N Dy which is the last orbit, of
codimension two, equivariantly isomorphic to a generalized flag manifold.

The structure of G-variety on the boundary divisors D; (and more generally all
orbits) is also known from [DCP83]: there exist a parabolic subgroup P; such that D; is
a G-equivariant fibration D; — G/ P; whose fiber X is the wonderful compactification
of the symmetric space L;/Np, (L‘;)7 where L; is a Levi subgroup of P;. They are
examples of horosymmetric varieties [Dell7b].

There is a unique G-stable anticanonical divisor on the wonderful compactification,
which writes (see e.g. [Ruzl2])

-
~Kx =Y (A;j+1)D;.
j=1

The closure of the T-orbit of eH in G/H is the T/(T N H)-toric manifold Z whose
fan is given by the restricted Weyl chambers and their faces in Y(T/T N H) ® R.
Furthermore, the intersection of a divisor D; with Z is a restricted Weyl group orbit
of toric divisors in Z. The correspondence can be made explicit: consider the ray
defined by the fundamental weight associated to c; (we identify a and its dual using
the Killing form), then D; intersects Z precisely along the toric divisor defined by this
ray. In other words, consider the (real non-compact part of the) flat passing through
eH in X, equipped with the coordinates induced by the a;. Then given a sequence of
points xj converging to a point 2o, € X \ G/H, we have o, € NjcsD;, where j € J
if and only if limy_, o0 aj(x1) = 0.

2.3. Tue Riccar rrar EQuaTioN. — We are interested in the Ricci flat equation
Ric(w) = 0 for Kéhler metrics on G/H. It is natural to impose a condition of invari-
ance under the action of a maximal compact subgroup K of G, and we furthermore
assume that the Kihler form w is i0d-exact (note that the invariance condition
implies the second condition provided the symmetric space is not Hermitian by
[AL92]). Then using the general setup of [Dell7b], one derives easily that the Ricci
flat equation translates as follows.

Prorostriox 2.3 ([Dell7b]). Assume ¥ is a smooth K-invariant strictly psh func-
tion on G/H and write Y(exp(z)H) = o(z) for x € a. Then Ric(i00¥) = 0 if and
only if o satisfies the equation

(1) det(d?p) H (a,do)"™ = C H sinh (o)™

a€Rt a€ERT

for some constant C > 0.

Note that it also follows from [AL92] that the correspondence between ¥ and o
is a 1-1 correspondence between smooth K-invariant strictly psh functions on G/H
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and smooth W-invariant strictly convex functions on a. We will sometimes write g as
0 = e®. Then the equation writes, in terms of ¢, as

(2) " det(d’¢ + (d¢)*) [] (e,de)™ = [] sinh(a)™,

a€Rt aERT
where n denotes the dimension of G/H and we assumed C' = 1 as we may without
loss of generality.

ExamprLe 2.4, — In the rank one case, the symmetric spaces that we defined earlier
are precisely the complexified symmetric spaces considered by Stenzel in [Ste93]. We
may directly recover the main result of [Ste93] using Proposition 2.3: the equation
reduces to a one-variable ODE with separate variables of the form

o"(z)(¢ (x))™ 1™ = C'sinh™* (z) sinh™?(2x),

where m; is the multiplicity of the simple restricted root and my the (possibly 0) mul-
tiplicity of its double. Such an equation admits a unique even, smooth strictly convex
solution, up to an additive constant, which admits a precise asymptotic expansion
and is the Stenzel metric. We will use this metric later in our construction.

In the case of SL,, /S(GLy x GL,,_1), the complexified Grassmannian of rank one,
one has my = 2m — 4 and mgy = 1, and there is a simple explicit solution to the above
equation for C' = 1/2, defined by o(z) = cosh(x).

Exampre 2.5. — Paul Gauduchon and the first author provided in [BG96] an explicit
formula for the hyperKéhler metric on a complexified compact Hermitian symmetric
space. Let us see how this formula may be interpreted in our setup, for the complexified
Grassmannian of rank two.

We work in the coordinates (x, y) defined by Figure 1. Consider the function defined
by o(x,y) = cosh(x) + cosh(y). then we compute 9,0 = sinh(x), dy0 = sinh(y) and
det(d?p) = cosh(x) cosh(y). Plugging this into Equation 1, we obtain the equation

cosh () cosh(y) sinh?™ =D () sinh 2™ =D+ (1)) (sinh?(y) — sinh?(z))?
= C'sinh(22) sinh(2y) sinh®™ =Y () sinh>™ = (y) sinh?(z 4 y) sinh?(y — z)

which holds for all m provided C' = 1/4. Hence the function g corresponds to a Ricci
flat K&hler metric, and one can check that it coincides with the metric of [BG96].

3. Posrmive KAHLER-EINSTEIN METRICS ON RANK ONE HOROSYMMETRIC SPACES
3.1. Tue eQuation. — Let us start with a datum composed of a positive integer
n1 > 0, a non-negative integer no > 0, a one-variable polynomial P which is positive
on ]0,n1 4+ 2ns] and such that P(y)y~"™~"2 is an even polynomial in y, non-vanishing
at 0, and a positive real number A > n; 4+ 2ny such that P is non-negative on [0, A].
We consider the one-variable second order ordinary differential equation

(3) u"(2)P(u (z)) = e~ sinh™ () sinh™ (2z).

JE.P.— M., 2019, tome 6



170 O. Biquarp & T. DeLcroIX

We will use the notations
J(x) = sinh™ () sinh™(2z), and P(y) = y™ "2 (A — )" P(y).

Note that P is positive on [0, A].
We consider the weighted volume and barycenter of the segment [0, A] defined by

A A dy
V:/ P(y)dy Bar:/ yP(y) 37
0 0
We will prove in Section 4 the following statement.
Tarorem 3.1. — The numerical condition Bar > ni + 2ng is satisfied if and only

if there exists a smooth solution u to Equation (3) which is strictly convez, even,
and such that u(x) — Mx| = O(1). Furthermore, if it exists, the solution satisfies an
asymptotic expansion at +oco of the form
u(z) = Ax + Koo + Z Kj e~ (0+2k)e
§,kEN,6<j5+2k
with § = (A —n1 — 2n9)/(k + 1), for some constants K j.

3.2. GEOMETRIC ORIGIN OF THE EQUATION: THE KAHLER-EINSTEIN EQUATION ON RANK ONE
HOROSYMMETRIC SPACES. Let G/H be a rank two complex symmetric space, with
corresponding involution . Choose a simple root @s of G which gives rise to one of
the simple restricted roots ag = @y — o(@2). Recall from [DCP83| that o induces a
permutation of simple roots @ (characterized by the fact that o(a)+a(a) is fixed by o,
though non-trivial in general). Let P denote the parabolic subgroup of G containing T'
such that as and 7(as) are the only simple roots of G which are not roots of P. The
Lie algebra of P writes p = p" &1, P [, where p” is the Lie algebra of the radical of P,
o induces a rank one (indecomposable) symmetric space on the semisimple factor I,,
and the semisimple factor [, is fixed by o.

Let L, denote the simply connected semisimple group with Lie algebra [,. There
is a natural action of P on the symmetric space L,/Np (LZ), and we build from
this data a rank one horosymmetric space G/Hs under the action of G by parabolic
induction: G/Hs is the quotient of G x L,/Nr,(L7) by the diagonal action of P
given by p- (g,2) = (gp~*,p- ). In order to match with the conventions of [Dell17b],
if we let L denote the Levi subgroup of P containing 7', then the involution of L
corresponding to G/ Hj in the definition of [Dell7b] is the involution o9 defined at the
Lie algebra level by 0o = o on [,, and o2 equal to the identity on the other factors 3(I)
and [p.

The horosymmetric space thus constructed is actually exactly the open G-orbit in
the G-stable prime divisor D of the wonderful compactification of G/Ng(H) corre-
sponding to the root asg, as one may deduce from [DCP83], or with some different
details, from [Dell7b]. We will call such a horosymmetric space a facet of the sym-
metric space G/H.

Let ﬁQu denote the positive roots of G which have a positive coefficient in as or
7(as), and let ﬁj{ denote the roots of L, (identified with roots of G) which are not
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fixed by o. The restricted root system of (L,, |z, ) is of rank one, hence there are at
most two possible positive restricted roots. We fix a simple restricted root, denoted
by ay (it actually corresponds exactly to the second simple restricted root of G/H).
We let ny denote the multiplicity of aq, and no denote the multiplicity of 2, which
is zero if 2a is not a restricted root.

In the situation we described above, there exists a unique colored Q-Fano compact-
ification of G/ H,. This is easily seen by the classification of Q-Fano compactifications
of G/Hy via Q-G /Hy-Gorenstein polytopes by Gagliardi and Hofscheier [GH15] and
using the description of the colored data of horosymmetric homogeneous spaces, high-
lighted in [Dell7b]. Note that there may exist another, non-colored Q-Fano compact-
ification of G/Hj, we just focus on the colored one here. Let Y denote this colored
Q-Fano compactification of G/Hy. The moment polytope A for Y is easily determined
as the intersection with the positive restricted Weyl chamber of the line parallel to ay
passing through w.

In this setup, Theorem 3.1 has the following consequence: let Bar denote the
weighted barycenter of A with respect to the Lebesgue measure, with weight the
Duistermaat-Heckman polynomial of G/H.

Cororrary 3.2. — The Q-Fano variety Y admits a (singular) Kihler-Einstein metric
if and only if Bar > ny /2 + no.

Proof. — Recall that K denotes a maximal compact subgroup of G. Let h be a
smooth K-invariant positively curved metric on the anticanonical line bundle K, 5/1 Hyo
and denote by w its curvature form. The second author introduced in [Dell7b] an
even one-variable (in this rank one case) convex function u associated to h, called the
toric potential, and computed the curvature form w in terms of u. It allows to write
the positive Kahler-Einstein Ric(w) = w on G/H; also in terms of u. More precisely,
with the right choices of normalizing constants, the positive Kédhler-Einstein equation
writes

(u' ()"

(4) u”(x) H (7,2x — v/ (z)aq) S () sinh™ (22) e @),

’YEﬁQu
where x = ca., (v +01(1))/2 = @ — (n1/2 + n2)a.
Define the one-variable polynomial P by

Ply)=ym* [ ((B.2x) = (B.a1)y)

ﬂGEQu

— ym +ng H

a€ERT ata

((a’ 2X> - <a’ a1>y)ma7

N | =

where the second equality holds because o(x) = —x. With these notations, the equa-
tion may be written

u'Pu') =e ™,
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72 O. Biquarp & T. DeLcroOIX

where J(z) = sinh(z)" sinh(2x)"2. Note that P(y)y~("11"2) is even thanks to the
symmetry of the positive root system. We may also check that P is positive at nq+2ns.
Indeed, nq + 2n4 is positive, and we have 2y + (n1 + 2n2)a; = 2w, which of course
satisfies that (y,2w) > 0 for all v € RT. In fact, P(y) is, up to a multiplicative
constant, equal to Ppy (2c0 — (n1 + 2ns + y)aq).

To see the geometric origin of the condition on the asymptotic behavior of the solu-
tions u, we turn now to the G-equivariant compactification Y of G/H;. Assume that
the metric h extends to a locally bounded metric on Ky ! Then, again by [Dell7b],
we know that the toric potential u has an asymptotic behavior controlled by the mo-
ment polytope A of X. More precisely, A is the translate by x of a segment of the
form [0, Aav1], where A is easily derived from the description of A: A is the maximum
of all real numbers such that {ag,x + Aai) = 0. The moment polytope controls the
asymptotic behavior of u in the sense that u(z) — 2X|z| is bounded. The value of k
in this setting is easily derived from the restricted root system by definition of A: the
number k is the sum of the multiplicity of as and of the (possibly zero) multiplicity
of 2avs.

Theorem 3.1 thus applies to our situation, and allows to conclude. Indeed, in the
situation described, the complement X ~\ G/Hs has codimension at least two. Fur-
thermore, one can check that here, a locally bounded K-invariant metric on X which
is smooth on G/ Hj has full Monge-Ampeére mass. As a consequence, finding a smooth
solution u to the equation, with u(xz) — |Az| bounded, is equivalent to the existence
of a singular Kéhler-Einstein metric on X (see [BBET16, §3]). O

More generally, for horosymmetric (but not horospherical) spaces of rank one (not
necessarily induced by a rank two symmetric space) the equation for Kéahler-Einstein
metrics will be of the form of the equation we study. Furthermore, there are vari-
ants of the Kahler-Einstein equation that will also be encoded by an equation of
the same form. For example, if we consider a pair (Y, uD) where Y is a non-colored
G-equivariant compactification of G/Hj such that D :=Y ~\ G/H, is a divisor, y > 0
and (Y, uD) is a klt log Fano pair, then the equation for log Kahler-Einstein metrics in
this setting is the same as above, but the real parameter A controlling the asymptotic
behavior of u varies with p.

Other examples may be obtained by considering say a non-colored compactifi-
cation Y of G/Hs (thus equipped with a fibration structure = : ¥ — G/P) and
considering a twisted Kéhler-Einstein equation of the form

Ric(w) = w £ 7*wp,

where wp is some fixed K-invariant Kdhler metric on G/P. The corresponding equa-
tion in terms of u would imply a modified polynomial. We leave it to the interested
reader to deduce the precise equation from [Dell7b].

3.3. EXISTENCE ON FACETS OF RANK TWO SYMMETRIC SPACES. — In the remaining of this

section, we check when the condition from Theorem 3.1 is satisfied in the examples
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m3
m
ma
mi mi m m m m m m
2
Type BC3 or Ba Type Ag Type G2

Ficure 2. Types of rank two root systems

Type Parameter One Representative R multiplicities

Al SL3 /SO3 Ag 1

AQ PGL3 X PGL3 / PGL3 — 2

ATl SLe / Spg — 4
EIV Eg/Fy — 8
AIll  r>5 SL,/S(GLy x GL,_2) BCy (2,2r —8,1)
CIT r>=5 Spa,. /Spy X Spg,—y  — (4,4r —16,3)
DIII SO10/GLs — (4,4,1)
EITT Eﬁ/ 8010 x SO, — (6, 87 1)
BDI r>5 S0,/8(03x0,_5) By (1,r—4,0)
B SO5 x SO5 /SO5 - (2,2,0)
Cll r=4 Sps / Spy X Spy - (3,4,0)

G G2/ S04 G 1

G2 G2 X GQ/GQ — 2

TasLe 1. Indecomposable symmetric spaces of rank two

described previously. Table 1 shows the possible examples of indecomposable sym-
metric spaces of rank two (see [Hel78, p.532]). Note that we do not give all possible
cases of a same given type (e.g. the group SL3 x SL3 / SL3 is also a representative of
the group type As). Furthermore, we chose parameters to avoid redundancy, but some
elements of the infinite families may also be known as representative of other families
of symmetric spaces: for example type BDI may be considered of type CI for r = 5,
of type AIII for r = 6, and of type DIII for » = 8. To check the condition, we reduce
to three situations with parameters depending on the symmetric space considered.
Namely we separate the possible restricted root systems and take as parameters the
multiplicities of restricted roots as in Figure 2.

3.3.1. Restricted root system of type BCy or By. — Note that mg = 0 if the root system
is of type By and else it is of type BC5. The possibilities for (mq,me, mg) are given
in Table 1. We denote the simple restricted root with multiplicity m; by « and the
simple restricted root with multiplicity ms by 8. Let @ = a+ 8 and E =a/2+ 5. We
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(m1 +m2/2 +ms)a

7
4
v
’
.

7 (ma + ma + 2ms) B

- ) -
AY

Ficure 3. Moment polytopes for type BCs

have
w = (m1 +ma/2+ m3)a+ (my + mg + 2mg3)S

and the Duistermaat-Heckman polynomial corresponding to the symmetric space is,
in several choices of coordinates and up to a (different) constant factor, as follows:

Ppu(ya + xf) = z™21ms (y? — o?)mymatms

and
PDH(wa + L‘E) — ™M (t2 _ (2w)2)m2+m3.

Depending on the choice a1 = a or ay = 3, there are two possible facets of G/H
as in the last section. We check when the condition of Corollary 3.2 is satisfied in each
case. From the description in Section 3.2, these conditions translate respectively as

mi+ma/2+ms
/ (x — (m2/2+m3))Ppu((my +ma/2 +m3)a) + z8)dz > 0
=0

and
my /2+m2/2+m3

(w —m1/2)Ppp(wa + (my + me + 2ms)B)dz > 0.

w=0
They may be interpreted as conditions on the weighted barycenters of the segments
in Figure 3.
Using the changes of variables

u=(z/(mi +mg/2+m3))? and v=(w/(m1/2+ma/2+m3))?

and the expression of Ppy, we get the equivalence of the above conditions with,
respectively,

1 1
/ u(m2+m3)/2(1 i U)mldu > mg + 2mg / u(m2+m371)/2(1 _ u)mldu
u=0 2my +ma +2m3 J,—o
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and
1 1
/ Um1/2(1 —)m2tmagy > _m / v(ml_l)/Q(l — )2t gy,
v=0 my + ma + 2mg v=0
These are inequalities on beta functions: recall that the beta function is a function
of two variables defined by

B\, ) = B(u, \) = /;0 A1 — ) Lae.

Hence we want to check

2
(5) B((ma+ms)/2+1,my +1) > — 22t 23

B 1)/2 1
TR - ((m2 +m3 +1)/2,m; + 1)

and

mi

(6) B(mi/2+1,me+mz+1)> B((m1+1)/2,ma 4+ m3 +1).

mi + mo + 2ms

We first check these conditions by direct computation for the examples that do
not form infinite families. In each case, we compute the left-hand side minus the
right-hand side to check the condition.

(mq,ma, ms) condition (5) condition (6)
(2,2,0) 41/1260 > 0 1/140 > 0
(3,4,0) 43/7700 > 0 83/30030 > 0
(4,4,1) 101/63063 > 0 2533,/1801800 > 0

(6,8,1) 5513/70114902 > 0 63407/743642900 > 0

For the infinite families, we use the expression of the beta function in terms of the
gamma function: B(z,y) = T'(2)T(y)/T(z + y). Recall that the factorial of a positive
integer is equal to the gamma function evaluated at the consecutive integer, and
that Legendre’s duplication formula yields the following expression, given a positive
integer p: I'(p + 1/2) = (2p)!\/7/(p'4P).

Since they are proved differently, we separate the proof for condition (5) and the
proof for condition (6).

Lemma 3.3. — Condition (5) is satisfied for all infinite families.

Proof. This first condition is proved by direct computation. We provide details for
the case (m1,mge,m3) = (4,4m — 16,3) (m > 4). We consider the quotient of the
left-hand side by the right-hand side and want to check that it is strictly greater than
one. The quotient writes:

(4m —2)I'(2m — 6+ 1/2)I'(2m — 1)

(4m —10)I'(2m —6)I'(2m — 1+ 1/2)

~ (4m —2)(4m —12)!(2m — 2)!(2m — 1)142™~1

~ (4m —10)(2m — 7)!(4m — 2)!(2m — 6)!42m—6
_ (4m —2)(4m —4)(4m — 6)(4m — 8)(4m — 12)
~ (4m — 3)(d4m — 5)(4m — 7)(4m — 9)(4m — 11)°
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It is greater than one if and only if the polynomial obtained by subtracting the
denominator from the numerator is positive. This last polynomial is

768m* — 5760m> + 14880m? — 15780m + 5787,

it has positive leading coefficient and is of degree four hence we may compute its roots
and check that they are all strictly smaller than four, which means that condition (5)

is satisfied for m > 4. O
LEmma 3.4. Condition (6) is satisfied for all infinite families.
Proof. For this condition, direct computation does not seem tractable, so we first

prove that the quotient of the left-hand side by the right-hand side is increasing with
the parameter m, for the sequence of parameters considered, then check that it is
greater than one for the first value of the parameter. Let us again give details on the
case (mqy,ma, ms) = (4,4m—16, 3) for m > 4. We denote the quotient of the left-hand
side by the right-hand side by Q(m). We first compute
Q(m) = (4m ;FG)F(3)F(4m —10+1/2)
(24 1/2)I'(4m — 9)
_ (4m —6)((8m —20)!)
©3.28m=21((4m — 10)!)2’

Then we have
Qim+1)  (4m —2)((4m —10)1)%(8m — 12)!

Q(m)  25(dm — 6)((4m — 6))2(8m — 20)!
(2m — 1)(8m — 13)(8m — 15)(8m — 17)(8m — 19)
(2m — 3)(8m — 12)(8m — 14)(8m — 16)(8m — 18)°

Again, it is greater than one if and only if the polynomial obtained by subtracting

the denominator from the numerator is positive. This last polynomial is
4096m* — 35584m> + 113792m? — 159086m + 82167,

it has positive leading coefficient and is of degree four hence we may compute its
roots and check that they are all strictly smaller than four, which means that Q(m)
is increasing and thus Q(m) > Q(4) for all m > 4. Finally, direct computation shows
that Q(4) = 385/256 > 1 hence condition (6) is satisfied for m > 4. O

3.3.2. Restricted root system of type Ay. — We denote the simple restricted roots by «
and S. There is an obvious symmetry exchanging the roles of both. Let & = « + 3/2.
We have
w=m(a+ ) =ma+mp/2.
The Duistermaat-Heckman polynomial Ppp reads, up to a constant factor, as follows:
Pou(yi +26) = ™ ((3y/2)* — 2)"
The condition from Theorem 3.1 reads as

3m/2
(7) /:0 (x —m/2)z™((3m/2)? — x?)™dx > 0.
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Ficure 4. Moment polytope for type As

Ficure 5. Moment polytopes for type Go

It may again be interpreted as a condition on the weighted barycenter of the segment
in Figure 4. Condition (7) is easily checked to hold for the possible values of m by
direct computation.

3.3.3. Restricted root system of type Ga. We denote the long simple restricted root
by « and the short simple restricted root by 5. Let @ = o + 3/3/2 and B = a/2+ 8.
We have

w = 3ma + 5mp
and the Duistermaat-Heckman polynomial Pppy reads, in several choices of coordi-
nates and up to a constant factor, as follows:

Ppu(yd +z8) = 2™y ((3y/2)* — 2*)™((y/2)* — z*)™
and
Pog(wa +t8) = w™™((t/2)* — w?)™((t/2)? — (3w)?)™.

The conditions from Corollary 3.2 corresponding to the choices o = o and a; = 8
read as (see Figure 5)

3m/2
/:0 (x —m/2)z™((9m/2)* — x*)™((3m/2)* — 2*)"dx > 0
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and

5m/6

/ (w0 — m/ 2™ (5m)2)2 — w)™((5m/2)? — (3w)2)™dz > 0,
w=0
Direct computation shows that the first condition holds for m = 1 (the integral

is equal to 12879/1792) and m = 2 (the integral is then equal to 192283227/308).
The second condition, on the other hand, is not satisfied: the integral is equal to
—171875/435456 if m = 1, and to —79443359375/6062364 if m = 2.

4. Sovrution To THE ODE BY THE CONTINUITY METHOD

4.1. Tue continurry meETHoD. — To prove the existence of a solution, we consider the
family of equations

®) (@) Py () = e~ e+ A= 00)  )

indexed by t € [0, 1]. Here, uyer is the smooth, even, strictly convex function on R
defined by

(9) Upet () = ln(e)‘“C + e‘”) + C,

where C is the constant determined by the condition [~ e™"=J = fo’\ p.
Consider the set I C [0, 1] of all ¢ such that there exists an even, C? solution u; to
Equation (8) with u}(R) =] — A\, A[. We will show:

Prorosition 4.1. — The set I is equal to [0,1] N[0, (A —ny — 2ng)/(A — Bar)].

4.2. ASYMPTOTIC EXPANSION OF THE SOLUTIONS. — Before proving Proposition 4.1, let
us prove the second half of Theorem 3.1, that is, the asymptotic expansion of solutions.
Recall the notation from Theorem 3.1

A—1ng — 2ns

5:
k+1

Prorosrrion 4.2. Let uy be a C?, even solution to Equation (8) such that u,(R) =
=M\, A[. Then ug is smooth, strictly convez, and admits an arbitrarily precise expansion
at infinity: for any integer jpn,, there are constants K, ;1 such that

uy(x) = Az + Ky o,0 + > Ky jpe” UOFRT 4 o(emdmdTy,
0Ljo+2k<jmé

Proof. — Assume that u, is a C?, even solution to Equation (8) such that u}(R) =
] = A, AL The parity of uy, together with the order of vanishing of J at 0, imply that
u} vanishes to order exactly one at 0, and that u} is positive everywhere. It shows
that u; is strictly convex, and using the equation inductively, that u; is smooth.

By convexity and the assumption uj(R) = ] — A, A[, we deduce that u;(z) — Az
admits a finite limit K; ¢ at infinity, which provides the two initial terms of the
expansion formula, and the full expansion formula for j,, = 0.

We proceed now by induction and assume that the expansion formula is proved for
a given j,,. We will prove an expansion formula for j,, + 1.
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Consider the function F' defined for w > 0 by
) = ((EFDHQO) — QO —w)) ) VY
(—DFPI () :
Note that the assumptions on P imply that (—1)* P*)(\) > 0. The function F admits
an expansion to any arbitrary order N
Fw)= Y Auw"+o(w"),
1<nEN

where A; = 1, Ay = —P*ETD(N\)/(k +1)(k 4+ 2)P*)()), ete. Tt is invertible near 0
and its inverse function G satisfies an expansion

G(s) = Z Bps"™ + o(sY)
1<n<N
to any order N, with By = 1, By = P¢+D(X)/(k 4 1)(k + 2)P*) ()), etc.

Using the definition of F' and the equation, we have

! o 1/(k+1)
FO\ —ui(x)) = (%/ e_(tut+(1_t)uref)J> .

The function u.es obviously admits an expansion as in the statement at any order,

hence we have an expansion
tut(q;) + (1 — t)uref = \r+ KO,O + Z Kj,ke—(j(s—O—Qk')r + O(e—jm(sm)’
0<Jo+2k<jmd
for some constants K. We may thus write an expansion formula

kA DEue)+1-tun) 5
(—1)FP®) (A

_ K(/) 06(n1+2n27)\)z <1 + § : KJ/ kef(j6+2k)z + O(ejmém))
0L jo+2k<jmd

for some constants K ;. Up to replacing the constants K ; by others constants K7},
the expansion is still valid for the integral from x to infinity. Taking the power 1/(k+1)
we obtain the expansion

DV e e )
5<j6+2k<jmd

KQeth S Ko (G . ofo-tniie)
6<j+2k <m0

F(X = ug(x))

We finally apply G to the expansion of F(A — uy) to deduce the corresponding
expansion of u:

up(@) = A+ Kgpe ™ YT KGRlen (URNIEhe g o mthon),
5<j6+2k<jmd

This expansion integrates to provides the expansion of uy at the order j,, + 1. O
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4.3. INITIAL SOLUTION. We now proceed to the proof of Proposition 4.1, and first
verify 0 € I. The equation for ¢ = 0 is an ordinary differential equation with separate
variables. Let () denote a fixed primitive of P. It is strictly increasing on [0, A]. Let Q!
denote its inverse function, that is, such that Q=1 (Q(y)) = y for 0 < y < A. Let
ug : R — R denote the even function defined for x non-negative by

() :/Om Q! (Q(0)+/OS e"rch) ds.

It is easily checked to be a C solution to Equation (8) at ¢ = 0, with ufy(R) =] — X, A[,
then is ultimately smooth and strictly convex in view of Proposition 4.2.

44 UPPER BOUND ON THE TIME OF EXISTENCE OF A SOLUTION

Prorosition 4.3. Assume that there exists an even and C? solution u; to Fqua-
tion (8) at time t with uy(R) =] — X\, A[, then
A—ng —2
PP L]
A — Bar
Proof. — Assume there exists a solution as in the statement. Then it is in particular

strictly convex. It is part of our assumptions that A > n,+2ns, hence e~ (tue+ (1=t urer)
converges to zero at infinity. As a consequence, the integral from zero to infinity of
the derivative (e~ (‘w1 =turer) 1Y/ vanishes. On ]0, oo, this derivative is equal to

e~ (et (1=t)ueet)(@) (1) (n coth(z) + 2ng coth(2z) — (fuy 4 (1 — t)trer)’ (2))
Using Equation (8), then the change of variables y = u}(x), we get

o0 o0
/0 ug(sc)e_(t““r(l_t)“fef)(x)J(sc)dm:/O wy(2) Puy(z))uy (z)dw

A
= / yP(y)dy
0
= V Bar.
On the other hand, we have cosh > sinh and
integral of (e~ (tw+(1=turer) 1)/ vields the inequality

ny + 2ng —tBar—(1 — )\ < 0.

< A hence the vanishing of the

We have thus obtained the desired necessary condition. O

4.5. Openness. — Just as in choosing the continuity method to solve the equation,
we proceed here in analogy with the case of Kéhler-Einstein metrics on compact
manifolds. This is even more justified as in the case that interests us the most, we are
working on a singular complex variety. The openness follows from the usual method
in the Kéahler-Einstein continuity method, except that since our manifold is singular,
we must use weighted spaces instead of the standard functional spaces. Denote by
C** the space of even C* functions on R. To solve the equation, we use weighted
spaces

kev __ . k.ev
(10) C, " = cosh(z)"C™Y.
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We drop the suffix ev if we consider the same space only on an interval (A, oo) with
A>0.
We rewrite Equation (8) as

(11) In (uy P(uy)) + tug = —(1 — t)trer + In J.

The linearization of the LHS is

,U// P/ u/
o P
Uy P(uy)

(12) Liv=Aw+tv, Aw=

Levvia 4.4, — If ug is a solution of (8), and we denote w, = uy P(uj) the volume
form of the corresponding metric, then one has the estimate

U/ 2
/(Atv)th P t/ (u) W,
t

and the inequality is strict if v’ # 0.

Proof. — This is the usual estimate for the first nonzero eigenvalue of the Laplacian
in the continuity method: since —In J and u..f are convex, the equation on u; implies

(13) pr = —(Inwy)” > tuy.

(This is a weaker version of Ric > t which writes p; + (InJ)"” > tu}).

To prove the estimate, we might check that the usual Weitzenbock formula applies
(we are on a singular manifold), but in our case it is easy to reprove it directly: by
integration by parts, writing Ayv = (P(u})v')’/P(u})uy, one obtains

t Wi
ou’ (w/)Q
— 27t /A _ t N2
[ 2= i @
< /(Atv)th
and the result follows from (13), as does the strict inequality. g

From Proposition 4.2 we have u}(z) = A — Ky6e~%% + O(e~0+9)*) and u/(x) =
K56%e=% 4 O(e~(0+9)%), Therefore the leading terms of A, are given by
dx
K502

So it is natural to study the operator Ly = Ay 4+t : C2*¥ — C?f;- Observe that
there is an asymptotic solution converging to a constant at infinity: if near oo

Ay ~ (" — kév').

tK
(14) vo(z) =1+ TZ e %%
then
(15) Livo = O(e™™")

for small 79. We extend vg as an even function on R.
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Lemwva 4.5. If =0 —mo <m <0 andt >0 then Ly : Ruy & Cfl’e" — C’g_’:; is an

isomorphism.

Proof. — Weighted analysis (see for example [LM85]) says immediately that

. 2,ev 0,ev
Ly: O3 — OO

is Fredholm as soon as 1 # 0, kd, which are the critical weights giving the possible
orders of growth of elements of the kernel of L;. Moreover L; is selfadjoint with respect
to the volume form w; ~ cst.e~(k+1)dz,

The L? space corresponds to the weight %(k +1)d, and the same weighted analysis
implies that A; has discrete spectrum; from Lemma 4.4, the first nonzero eigenvalue
of A, is greater than ¢, and therefore kery2 L; = 0. This implies that the kernel of L
in C?]’ev vanishes for n < %(k—i— 1)d and therefore for n < k¢ since no kernel can appear
between critical weights.

From selfadjointness, the cokernel of L; for the weight 7 identifies to the kernel
of L; for the weight —n + kd, so we get surjectivity provided that n > 0. When the
weight 7 crosses the critical weight 0, the index changes by 1, so we get for n < 0
an index equal to —1. If we add the factor Rvg at the source, we therefore obtain a
Fredholm operator of index 0; it is an isomorphism since L; is injective for weights
smaller then kd. The restriction n > —J§ — 1y comes from (15), one may obtain the
isomorphism for smaller n provided that vg is replaced by an asymptotic solution to
order § + 7. |

Proof of openness. For ¢t > 0 the operator L; is an isomorphism between the spaces
specified in Lemma 4.5, which is exactly what we need to apply the implicit function
theorem to equation (11). For ¢t = 0, as is well-known, one recovers the same result by
applying the implicit function theorem to the operator In (u} Py (u})) +tu;+ [ wiwo. O

4.6. CY ESTIMATES. We turn now to a priori estimates on the solutions to Equa-
tion (8). We begin with C? estimates with respect to the function ug, which are the
estimates where the condition appears. Our goal in this section is thus to prove the
existence, on any closed interval [to,t1] C [0,1] N]0, (A — n1 — 2n3)/(A — Bar)[ of a
constant C' such that |u; — ug| < C for any smooth, even, strictly convex solution wu;
of Equation (8) with |us(x) — Mz|| = O(1), at time t € [to, t1].

In the following, u; denotes a smooth, even, strictly convex solution of Equation (8)
at time ¢ with w;(z)—A|z| = O(1). Set j = —In J on |0, oo] and vy := tup+(1—t)Urer+7-
Note that, on ]0,00[, e~** is the right-hand side of Equation (8). In particular, its
integral is fixed:

oo
(16) / e Vtdr =V.
0
The function v; is smooth and strictly convex and satisfies

liy4(e) = i) = +oo.
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As a consequence, v; admits a unique minimum and we introduce the notations my
and x; defined by m; = minjg oo vt = v¢(7¢).

4.6.1. Reducing to estimates on my, x4, and linear growth

Lemma 4.6. Assume there exists positive constants tg, Cy,, Cr, €1 and £y such that
t = to, |me| < C, ve(x) 2 li|x — x| — Lo, and xy < C. Then sup |uy — ug| = C for
some constant C' independent of t > tg.

Proof. Denote by v; resp. vy the Legendre transforms of u; and ug. They are even
and bounded strictly convex functions defined on [—A\, A], smooth on | — A, \[ and
continuous on [\, A]. It is standard that supg |us — uo| = supyg yj [v; — vol. To prove
the statement, it is thus enough to bound |v,| on [0, A].

Let v; := fo)\ vedp/(A\) denote the mean value of v;. By Morrey’s inequality, then
by the Poincaré-Wirtinger inequality, we have (for some constant C' independent of ¢
which may change from line to line)

|’Ut — E}\t|co,1/2

Choose p, ¢ > 1 such that 1/p + 1/¢ = 1 and P~9/? is integrable on [0, \]. Then by
Holder’s inequality, we can write

A A
|t = [ quppmyes)
0 0

A 1/p A 1/q A 1/p
<</ |v;|2pp) (/ P—q/p> gC(/ |v;|2pp) .
0 0 0

By the change of variables x = v}, we have

A o'}
/ﬁwﬁp=/ 227 P(ul () ot () dx
0 0

= / |x\2pe*”t(w)d:c
0

by Equation (8). By the linear growth estimate, this is

oo
g/ 2=t +Ho+0Ce gy _
0

We thus have |v; — U;|co1/2 < C. As a consequence,

sup  |ve(y1) — ve(y2)| < C.
y1,y2€[0,A]

Hence to conclude it suffices to bound v; at some point. By definition of Legendre
transform, u:(0) = —v4(u}(0)) = —v4(0). Since |u}| < A, we have

|t (0)] < Jue(ze)] + ACh.
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Note that there exists a constant s; > 0, independent of ¢, such that x; > s;. Indeed,
the minimum x; is the point where v; = 0. Since j tends to infinity near 0, its
derivative is unbounded, whereas u; and u, are < A.

By definition of m; and ¢, we can conclude:

1 )
lug(z)] = n Ims — (1 — t)Upet (z¢) — j ()]
1 .
< ;(Cm + Sup Urer + SUp J)

0 [Sl,Cx] [SlvcfE]
<C. 0

4.6.2. Estimates on |my| and linear growth. — Define 0 < 6 = 6(t) < y = y(t) by
[y — 6,y + 0] = v; *([my, m; + 1]). Note that there exists an s > 0 independent of ¢
such that y — d > ss. Indeed, for 0 < x < 1, consider the expression

ve(z) = (1) + /11 vi(z)dz = my + /j J'(2)dz.

Since j’ is negative and f10 j'(2)dz = oo, we may find s > 0 such that [ j’(2)dz > 1
for all 0 < = < s, hence v (x) > my + 1 for z < s.

On [sg, 00[, the derivatives of 14 admit a uniform bound independent of ¢, so we
may also find a §p > 0 independent of ¢ with [z; — do, 2+ + do] C [y — d,y + I].

We will use estimates on 4 to derive estimates on |m;| and linear growth.

Levmva 4.7. — Assumet > tg > 0 then § < \/tglemﬂr1 Supjo, 3] P.

Proof. — Consider the function f defined by

f(@) = w(z) —toe™™ " (sup P) ™" ((& — y)* = 6%) —my — 1.
(0,]

We claim that f is convex on [y — §,y + §]. Indeed:
f'(@) =ty (x) + (1 = tyuges(z) + j" () — toe™™ " (sup P)~*

[0,A]
> tou) (z) — toe™™ " (sup P)~*

[0,A]
> toe V@ (P(u)(2))) ™t — toe ™ (sup P)

[0,A]
> 0;

where the last inequality holds by definition of y and §. By construction, f(y — §) =
f(y+0) = 0, hence by convexity, f(y) < 0. This translates as the second inequality in

my < vi(y) < —toe” ™ (sup 1’7’)7152 +my +1
(0,A]

and concludes the proof. O

Prorosition 4.8. — There exists positive constants Cp,, {1, Ly such that |mi| < Cp,
and vi(x) = l1|x — x| — L.
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Proof. — We use Donaldson’s coarea formula [Don08] to express V:
V= / e V@ dy =™ / e *Vol({vy <my + s})ds.
0 0

We first obtain both upper and lower bounds on Vol({v; < m¢ + s}). On one hand,
for s > 1, the set {1y < my + s} contains {v; < my + 1} = [y — §,y + §] hence also
[x¢ — b0, @t + g, so that, for s > 1,

VO]({I/t < me + S}) > 250

On the other hand, by convexity, the set {1y < m; + s} is included in the s-dilation
of [y — d,y + &] with center z;. As a consequence,

Vol({vy < ms + s}) < 256 < 2s /talemt‘*‘l sup P,
[0,A]

where the last inequality follows from Lemma 4.7.
From this we deduce upper and lower bounds on V: on one hand,

Ve ™ / e *Vol({vy < my + s})ds
1

o0
> 20pe” ™ / e %ds = 20pe ™!
1

and on the other hand

o0
V< 2™ [tytemitlsup P/ se”%ds =2 [tgtesup Pe ™2,
[0 Jo [0,7]

We easily translate this into a bound |m;| < Cp,.

Going back to Lemma 4.7, we now have a constant §,, independent of ¢ such
that § < &,,. As a consequence, we have v;(x; &+ 25,,) > m; + 1 and, by convexity,
vi(x) = |z — 24|/ (20, ) +my outside of the interval [x; — 28,,, 2+ +26,,]. The conclusion
thus follows:

vi(x) 2 | — x| /200 + My — 1 2 | — 24| /20, — Crp — 1
everywhere. 0

4.6.3. End of proof of C° estimates. — We conclude the proof by contradiction. By
openness at 0 it means that the C” estimates fail on some interval [to, '] C [0,1] N
[0, (A = n1 — 2n2) /(A — Bar)[ with ¢y > 0. Then we may find a sequence (tg)gen+ of
elements of [tg,t'] such that ¢, — to and

lim sup |ug, — uo| = oo.
k—oo R

By Lemma 4.6 and Proposition 4.8, we then have limy_,., 2, = oo up to passing to
a subsequence.
In view of the properties of 14, it is immediate that

o0
/Ut _
/ v, e "edr = 0.
0
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This vanishing integral may be rewritten as

(17) tk </ ugkeiytk +/ jleytk> = (tk — 1) </ u;efgfl’tk +/ jleytk>.
0 0 0 0

Lemma 4.9. — The limit of equality (17) as k — oo gives

too(Bar —(ma, +2maq,)) = (too — 1)(A — (Mq, + 2Maq,)).

Before proving the lemma, we show that it allows to conclude. Indeed, Lemma 4.9
implies to = (A — n1 — 2n2)/(A — Bar), which is a contradiction with to < ¢ <
(/\ — Ny — 2712)/()\ - Bar).

Proof. By Equation (8), Legendre transform and the definition of Bar, we have
Jo~ up, e =V - Bar for all k.
Let us abbreviate indices t; by k in the rest of the proof. Let € > 0. Recall that

vip(z) = 1|z — x| — €p. We may thus fix a § > 0 independent of k such that

/ e (@ dy < / e~ (lz=zrl=Lo) 4o < e,
10,00[\[z) =8, 21 +3] R\ [z —6,x,+6]

and

e < E.

Fix some s > 0. Since z; — oo, there exists kg such that for any k& > kg, —¢ <
u! A< 0and —e < j' +mg, +2mae, <0 on [z —§,xk + 0].

ref —
Then we can write, for k > kg,

[eS)
‘/ u;efeiuk - AV‘ g / u:'efeiuk
0 10,00\ [z —6, 2 +4]

n \ / (g — Ao
[z —8,xk+0]

+ ‘/\ / e
10,00[\[z) — 8,21 +3)

<Ae+eV 4+ de.

The proof for for the integral involving j' follows the same lines, the only difference
being to control

‘/ jle k.
10,00[\ [z} —8,25+6]
To this end we use the definition of v, and write
— Vg /! —VEk Vi

< +

‘/ j'e / vie / Upop€
10,00[\[zk —8,2 1 +0] 10,00[\[zk —8,2 1 +0] 10,00[\[z) —8,2 1 +0]

The second term is controlled as before. The first term on the other hand is less
than 2e by integration and definition of . |
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4.7. C? ESTIMATES. We turn to a priori estimates on u;. Note that the equation
at t may be written

ull = e et Jet(tret—ut) / P(y)),

Consider again a fixed primitive @ of P. It is strictly increasing on [0, A]. By the
properties of P, we may find a positive constant C' > 0 such that

ym et /C < Q(y) — Q(0) < Cym et

A=) /C<QM) = Qy) < CA -y
and
YN = y)* /O < Py) < Oyt (A —y)t.
Thanks to the C%-estimates, we may further choose this constant C so that

1/C < et(ureffut) <C

independently of the value of .
Using the previous inequalities in reverse order, we get

_1 P(up) < Ui/ _ Met(umf—ut) < C’P(%)
P(ut) ~ug  Plup) P(uy)
then
o3 W)\ — )t g ()™ (A — )
(up)m4re (A —up)® = ug T (up)mAre (A - up)*

and, using the first two inequalities:

uf (Q(ué) - Q(O))“”l‘”z”(“l*’”“’ (Q(A) - Q(u@)‘k““”
uf \ Q(up) = Q(0) QM) — Qu))

~ 2nq1+2ng 2k
where C' = C*Fmrmma i TR

We now remember the integral equation

c' < <C,

Q(U;(x)) - Q(O) = /0 e_urefjet(“ref—ut)

again and deduce

and similarly

CTHRM) — Quh(2))) < QM) = Q(uy(x)) < C(Q(N) — Q(up(2))).

Putting everything together yields the final estimate comparing v} and ug:

1/

3n1+3ng 3k Uu 3nq+3ng 3k
—3—21T=R2 3k t 3+ +25
ny+no+1l  k+1 _ nit+no+1 ' k+1

C < 5 < .

0
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4.8. CLOSEDNESS. Assume now that t; € I, t; — ¢, and we have uniform C°
and C? estimates on ug, as obtained in other sections (note that C! estimates are
immediate in view of the restriction u (R) =] — A, A[). Using Arzela-Ascoli, we
obtain a limit function u; which is C!, with locally uniform convergence of ug; t0 uy
and of u;j to u;. As a consequence, we also know that u; is an even function and
that u;(z) — A|z| is bounded. It remains to check that u; is C2. Using the equation
we have v = e_(t““j+(1_t")ure‘)J/P(u;j). Combined with the fact that uj /ug is
uniformly bounded (this follows from the same techniques as the C? estimates), we
obtain that uy, converges locally uniformly on R \ {0} to e~ (tut(I=twer) 7/ P(y1),
hence u; is C? on R \ {0} with this same second derivative. To conclude, it remains
to check that u; admits a limit at 0.
Note that wu; still satisfies the integral equation

Q(uf) — Q(0) = / o (b () 7

outside 0. The polynomial P and @ have the following behavior at 0: P(y) =~
ymitnz p(natn2)(0) /(ng +ng)! and Q(y) — Q(0) ~ yrtmitnz plritn2)(0) /(1 4-ny +no)!.
As a consequence, from the integral equation we have at 0,

(u2)1+"1+”2 ~ e*(tuﬁ(lﬂf)urcf)(o)(n1 + nQ)!x1+n1+n2/P(n1+n2)(0)

hence u} does admit a limit at 0, hence u; is C? on R with

1/(14+n1+n2)
u!(0) = (e—<tut+(1—t>uref)<o>(n1 +n2)!/P(n1+n2)(0)> e

This ends the proofs of Proposition 4.1 and Theorem 3.1.

5 CONSTRUCTTON OF AN ASYMPTOTICALLY RICCI FLAT METRIC

Let G/H be an indecomposable rank two (complex) symmetric space. We use the
notations introduced in Section 2. We introduce the three constants b, ag and b
defined by

b=2A2/n apoiy = bia + bas.

5.1. APPROXIMATE SOLUTION NEAR Dy. — Near (the open G-orbit of) Ds, that is, when
ag — 00 and a; is bounded, we use a Tian-Yau like ansatz. We define a potential

0 =expB, B =bas+ (),

where b is the constant defined by b = 2A4s5/n, and ¢ is a solution to a positive
Kahler-Einstein equation on the open orbit of Dy, with asymptotic behavior imposed
by the Ricci flat equation on G/H as we will check. More precisely, we assume that
the function defined by u = ny + C, where C' = — In(2"~2"ma1 ~M2a1 p2p1=1) g o
smooth, strictly convex, even solution to the equation

(18) v’ Ppp (24200 +v'aq) = e *J
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with J(z) = sinh™1 (z) sinh®"*1 (22) and Ppy is the Duistermaat-Heckman polyno-
mial for G/H. Furthermore, we assume that the function u satisfies the condition

(19) u(z) — |nbrz| = O(1).

Now, not only are we in a position to apply Theorem 3.1 to check when such a function
exists, but one can check that we are exactly in the example of situation described
in Section 3.2. The function w, if it exists, is thus the potential of a singular Kéahler-
Einstein metric on the colored Q-Fano compactification of the open orbit in Dy, which
is some G-equivariant blow-down of Ds. It follows from Section 3.3 that it is possible
to find such a function % in all cases except when G = G5, in which case only one
choice of ordering of the roots allows the function 1 to exist.

Let us check that this gives indeed an asymptotic solution of the Monge-Ampere
equation: we obtain

d2g(2) — 9(2) (d?ﬁ 4 (dﬂ)Q)
= 0 (" (a1)af + (baz + ¢’ (a1)an)?).
Therefore, using equation (18),

det(d®o) ] (e,de®)™ = (e®)"v*y" [ (baz +¢'ar, )™

a€RT a€Rt

= QMay FM2a, +2-nonba2 ginh My () ) sinh™2%1 (201 ).
Thanks to the symmetry of the root system g + Aay, we have
Z Mo = 2A500 = nbas,
a€ERt,a1ta
and it follows that
det(d?o®) H (ar, d®)™e = sinh™e1 (v ) sinh™2°1 (201 H eme /2

a€R* a€Rt a1t

= (1+ O(e 222)) H sinh™= (a),

a€ERT

where O(e™2%?) means functions whose all derivatives with respect to a; or ay are
bounded by cst. e2%2.
Rewriting the Ricci flat equation (1) as

(20) P(0®) := Indet(d?o?) + Z ma(1n<a,dg(2)> —Insinha) =0,
aERTt

we finally conclude that o is an approximate solution when as — 0o in the sense
that for all £ we have

(21) VP (0?)] < cpe™292,
The solution is good near D3 except when we become close to Dy (a; — o0), where

we will construct another model in the next section. It is also important to note
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(as we will see in Section 6) that the geometry when we approach D5 is conical, and
in particular the radius in the cone is

r e~ 02,

From the inequality b < 2 (in all root systems except Ga, only as and 2ay appear
in the root system and this implies immediately b = 245 /n < 2; in the G2 case, this
is also true, see the tables in § 7), it then follows from (21) that, when a; remains
bounded and ay — oo,

(22) P(o®) =00, 4/b> 2.

which is a good initial control. Our aim now is to construct an asymptotic solution
near Dy which can be glued to this one in order to extend the control (22) to a whole
neighborhood of infinity.

5.2. ArPROXIMATE SOLUTION NEAR Di. — Near D;p, we need to find an asymptotic
solution with a good enough control, and to glue it to the Tian-Yau ansatz produced in
Section 5.1. Note that from Proposition 4.2, 1) admits a precise asymptotic expansion
as ¢ — 00. In particular, we introduce the constants K7, K5 and a; by

(23) P(x) = bz + K1 + Koe™ % + o(e™ M%),
Note that the expression of a; was given in Section 3, it is
a1 = (nby — Ma, — 2mag, )/ (1 4+ ma, + maq,).

We define C = 7<0[1,042>/<042,042> so that &1 = o1 + CO[Q.

Prorosition 5.1. — When a; — oo there is an expansion
(24) o) ~ R (143 e Ry (),
k=1

where Ry is an even function of as, such that:

(1) 0<ay <ag <---, and fori > 2 one has a; € a;N + 2N;
(2) for every k > 1, if gg) is the truncation of the expansion at order k, then
(25) VP(e)] < Cre s

(3) when az — oo then Ry(az) = €2 (ry, + O(e=222)), where O(e~22) denotes
a function whose all derivatives are O(e=292).

It is important to note that the terms e~ &1 02 — =@ are actually bounded
when oy — 00.

The first truncation ggl) and corresponding function R; plays an important role
in understanding the geometry of this model. Let us denote the function R; by w. It
is obtained as a potential of the Stenzel metric on the symmetric space fiber of the
open G-orbit in Dy, in the notations of Example 2.4. More precisely, the function w

is an (even, smooth, strictly convex) solution to the equation

Cw" (x)(w'(z))™e2T™202 = sinh™e2 () sinh™?2 (2x)
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with C' = 27727 ez g2 K| gy |2(Maz Fmaas) [Lostacrs (@ aodr)™=. Such a solution is
defined up to an additive constant, and admits an expansion when x — oo which by
choosing the additive constant is of the form

(26) w(az) = Koo (143 wpem2e)),
k=1

for some constants wg. Note that one verifies easily from the two one variable equations
that the constant K5 and a; in the expansion of w are the same as that in the
expansion of 1.

Proof. — If k=1 we take Ry = w so that
le) _ eKleaoal(l Jrefalalw(aQ)).
Then
dQ,le) = ef1e™ ((a + (ag — a1)?e™ " )w(az)a?
+ (ap — a1)e” 1w (a2) (@ran + ady) + e W (an)ad).
In particular one obtains

(27) det(de}")) = et adu (ag)el )% (1 4 (galemn® (w(ag) — S1E)).

2

On the other hand, one has
(28) <Oé, dQ§1)> _ eKle(ao—al)al wl(Oé2)<Ol7 a2>
if as | a, and

(29) (e, doi) = eMrag(an @)e™ ™ (14 e~ % (Uxtiu(ag) + 522w/ (a2)))

ao{a,an)

if (65 J[Ot.
We define an algebra A of formal expansions
A= {Z ea’“alfk(az)},
k>1
where the coefficients 0 # a, € a1N 4 2N and fj is an even function satisfying, when
Qg — 00,
frlag) = e™¢e2 (A + O(e™22)),

and all the derivatives of f; have a similar expansion. More generally we define A5 C A
as the subalgebra of expansions with exponents a > §, and we observe that

.A(s.Ag' C ./45.,.51.
With this formalism, putting together (27), (28), (29) and (26), it follows that
(30) Pof") € A,
The linearization of equation (20) is
_ 2 (1)\—1 42 (o, df)
(31) Lf =tr((d*e")~'d?f) + Z Ma o dgy’

a€ERT
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Writing df = 07fay + dafas, where 0;f = Hg, f/|c1]* and Oof = Ha, [/|az]?, we
obtain the formula
1

eK] eag&l

(32) Lf= (e“1a1A2f+a528%f+agl(n— 1= do)dsf

w(as)
w' (o)

where the term O(e~%1%1d?f) means terms in the second derivatives of f with co-

+ aEQ(ao —a)?

O3f +O0(e™ ™ d2f) + O(e™ ™ df)),

efficients which are O(e~%1*1) (with all their derivatives with respect to & or as);
and As is the Laplacian on the symmetric space defined by

(33) Aof = wagf _Oaf

"(arg) w' ()

Therefore when a; — oo the leading order term of L is given just by

+ (d2 — 1)

e—Kl e(_a()“l‘(ll)al As.

From weighted analysis, we know that if § > 0 then the Laplacian
.k k-2
AQ : 05 — C(S*Cal
is surjective, with kernel reduced to the constants.

Now we can correct our first approximate solution ggl) using the linearization of

the equation : from (30), we have
Ploi”) = e % g(az) +h
where

— g(az) is an even function satisfying g(as) = e*1¢?2(A + O(e~292));
— h € A,,, where ay = inf(2a4, 2).
Then we solve the equation
(34) Arf=g
with f € Cfal for all k (f is well-defined up to a constant); the form of Ay tells us
that, maybe after adjusting the constant if (a1 < 2,
(35) flag) = 2112 (B + O(e™2*?)),

where the term O(e™2%?) again means that all derivatives have the same decay. This
is exactly the required expansion so that the function

(36) 0y = o) — el % f(ay),
has the form expected in the statement of the proposition. If we apply the other terms
of the linearization L defined in (32) to e(*0~291)%1 f(q,), we obtain a function in A,,;

the nonlinear terms of P(Qél)) also behave well thanks to the multiplication properties
in A, so that one obtains finally

P € Ag,.
(1)

We can iterate this procedure to construct inductively g, ’, and this gives the propo-
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5.3. THE APPROXIMATE SOLUTION. Near the divisor Dy we have the other approxi-
mate solution p(?) = e?@2+¥(1) with +)(ay) satisfying the equation (18). We have an
asymptotic expansion
(37) Ylar) ~brar + K+ Y epe” ™™, ay € N 42N,

k>1
Lemma 5.2, — If we take for each term Ry(as) of the expansion (24) the top order
term rpe* <2 then we obtain the same expansion as in (37), that is, (formally)

exp E cpe M =1+ E rrpe” ke,

k>1 k=1
In particular, the difference 0@ — o) has a formal expansion
o — oV ~ Figtoti Yy " et gy (ay),
E>1
with each gi(agz) = O(e2%2).

The lemma means that each term e*®2~%1 of the expansion of p(?) glues well with
the terms of o(V: one can actually interpret the construction of o(*) as an extension
along D; of each term of this asymptotic term, so that one obtains an asymptotic
solution along D; at any order.

Proof. — We can rewrite o(® in terms of the coordinates (&, ) used to con-
struct o™): since &y = oy + Cas,
o® = exp (apdis + Ky + Y e x @)
k>1

This is by (21) a formal solution of the equation
(38) P(e®) = O(e™22).
We then just need to check that the top order terms of o), that is,

1 o — & —
QEOE) = 6K1+a0041 Zrke ag (a1 —Caz)

k>1
also satisfy (38), and that the formal solution of (38) in powers of e = e®17¢a2 g
unique.
Note
=M — Qg; — Kitaod: Z €T (e7202),
k>1
then it is clear that the contribution of 7 in P(p")) is O(e~2%2), that is,

P(oh) = Plofey) + Oe72).

It follows that gg; is also a formal solution of (38). The uniqueness can be obtained
by specializing the construction of the formal expansion in the proof of Proposition 5.1
to the top order terms and checking that at each step the top order term is uniquely

determined: this is true because when we solve (34) the ambiguity is a constant but
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the top order term blows up (35) and is completely determined by the previous top
order terms. g

This now enables to glue together the potentials 0 and p(*) along a ray a; = nas
in the following way. We truncate o(!) to some order k into g,gl). We choose a smooth
nondecreasing function y on R such that x(t) =0if t <0 and x(¢t) =1ift > 1, and
define

1
(39) 0= x(a1 —naz)ey) + (1= x(a1 — naz))e®.
On the transition region 0 < a3 — nas < 1, we write

0= 0" + (1= x(a1 — nas)) (0@ — o).

By the lemma, and using the fact that x(a; —nas) and all its derivatives are bounded,
one obtains that, still on the transition region, the linearization L calculated in (32)
satisfies

Lo = o)) = O(e7202 el ameen),
where again the O(-) means a function such that all derivatives with respect to «;
or a satisfy the same estimate. The nonlinear terms are even smaller, so we finally
get on the transition region

(40) P(o) = 0202 4 elor—arnan)

Prorosition 5.3. — Taken < ((2/b—1) and k large enough so that ar, > ag(14+(/n).
Then, for (a1, asz) outside a large compact set, we have for all ¢

IVP(0)| < Coe™ 98 B =bas + ().

Proof. — The idea of the proof is simple: near Dy (that is, when oy — oo while ay
remains bounded) we already have such a control, see (22), and therefore the control
persists up to the gluing region 0 < a; —nag < 1 provided that 7 is small enough. On
the contrary, if 7 is small then we need a high order control in powers of e~ near D;
in order to control up to the transition region: this is provided by Proposition 5.1.

More precisely, observe that when a; — oo one has 8 = agar; + O(1). Then:

— on the region a; < nay then agdy < b(n/¢ + 1)as so e=22 = O(e~(1+9)8) on
this region if n < {(2/b—1);

— on the region ay > nag then aga; < ag(1+¢/n)ay so elor—ary1)ar — O(e~(1+2)8)
on this region if axy1 — a1 > ao(1+ (/7).
Given the controls (25) and (22) near D; and Dy, and the control (40) in the transition
region, the proposition follows. O

We will now modify slightly this function obtained by gluing to make it a well
defined W-invariant smooth and strictly convex function, thus corresponding to a
Kéhler metric on G/H. Recall that ¢ coincides with 0 in the region defined by
a1 < nag and that 0? is invariant under the reflection defined by a; since @y is
orthogonal to a; and v is even. Similarly, on the region defined by a3 > nas + 1, ¢

coincides with g,(fl) which is invariant under the reflection with respect to ag. From
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this we deduce that the W-invariant function, still denoted by g, whose restriction to
the positive Weyl chamber is g, is smooth outside of a large enough compact set.

Let us now show that o is strictly convex outside of a large enough compact set.
Note that o(?) is strictly convex by construction. We restrict to a region of the form
{a1 = eaa > 0} for some € > 0. In restriction to such a region, we have 0O —aRa1 —
o(e0@1—a-101) — o(e@0a1) at infinity, for & > 2. For simplicity, we identify y with
the composition x (a3 — nasg), and compute

o =d?0\" + (1 — x)(d*0® — d?0y") — 2dxd(0® — o) — (0@ — o}")d?x.

We have at least o(?) — g,(cl) = O(e“oal_a?o‘l), and the derivatives of y are bounded,
hence the two last terms above are of this order. On the other hand,

P + (1= (@ ~ ;)
is
eK1gaod ((a§ + O(e™™*1))ag + O(e™ ) (a1 + asdy)
+em T (xw" (az) + (1 — ) K2a7¢e1¢*)a3).

We may now conclude, in view of the properties of w (which is strictly convex and
such that w(az) = Kee¢2(1 + O(e™2%2)), that the dominant term of det(d?p) at
infinity is strictly positive. Furthermore, the dominant term for the matrix itself is
e e“oala%&%, which is semi-positive, hence we may find a compact set outside of
which the function p is strictly convex.

We finally glue in an arbitrary smooth, W-invariant, strictly convex function on
the compact set where g is not well-behaved as follows. Let M € R and consider the
function

Oint := M + In Z e .
weWw

It is a smooth, W-invariant and strictly convex function on a, and we may assume,
by choosing M large enough, that g;,; > ¢ on the compact set where it is not well-
behaved. Now consider the function defined by sup(gint, 0). It is a convex function,
smooth and strictly convex outside of the set where gy, and o coincide, which is
compact by comparison of the growth rates. We finally choose an approximation of
this supremum which is smooth, strictly convex, and equal to ¢ outside of a compact
set containing the contact set of o and ing. This is possible using for example [Gho02].
This final function provides the desired asymptotic solution, and we still denote it by o
in the following.

6. Sorurtion To THE KAHLER-RICCI FLAT EQUATION

6.1. Tue asymeroric merric. — Let (I3,l2) denote the basis of a which is dual to
the basis of restricted roots (a1, az). We use the notation ﬁs to denote the roots
of G which are not stable under o, and let @, = @ — o(@) denote the restricted root
associated to a € ES. Recall that with this convention, &,.|q = 2a/4. For each @ € R+

JE.P.— M., 2019, tome 6



196 O. Biquarp & T. DeLcroOIX

denote gz = ez + o(eg), where (@Y, eg,e_5 = —0(eg)) is a sla-triple. (Here &V is

defined by a¥ = 2Hz/|al?).
Then we can parametrize the symmetric space by

(41) (21, 22, (2a) gept) eXP( Z Zaua) exp(z1ly + z2l2)H,

@eRT
which is a local biholomorphism when R(z1)l; + R(22)l2 belongs to the regular part
of a.

Using the forms w,; = %dza N dzy for a,b € {1,2}, and w_= = %dza A dzg, then a
K-invariant Kéhler potential is given by a function o(z1, z2) on a, and it follows from
[Dell7b, Cor. 2.11] that the Kédhler form on the symmetric space G/H is given along
the regular part of A = expa by

(42) Z d* ol lp)w,g + 2 Z coth(@) W%ST) Wan-
a,be{1,2} acRT

The parametrization (41) is slightly different from that in [Dell7b] which explains
that the formula is not exactly the same: in (41) we choose the coordinates (z,)
given by the group action on e*1¥#2!2 [] ¢ A; this choice still makes sense on the
compactification (when z; or 2o go to infinity), so our formulas will be meaningful
also on AN D; and AN Ds.

Note that with this normalization, the restriction to A of the metric g corresponding
to the the Kahler form (42) is given in coordinates (x1,x2) by

(43) gla = Hess .

With these formulas at hand, we can now give the asymptotic behavior of the
metric at infinity. We define as in Section 5.1 the function

B =bag + ().

Then near D», that is, when as — 00, the potential e” leads to a metric

(44) g =e’8<dﬁl2+¢"(a1)allz+ > é Coth(@)<d5,ar>leaI2)~
acht

Since df = bas + ¥/ (a1)aq and ¥’ (ay) > 0, we have (df,a,) > 0 for all a, € ITE:“
and all values of ;. Therefore, the formula (44) is an asymptotically conical metric
with radius r = 2e#/2 when we approach D», that is, when as — 0o while a1 remains
bounded.

We now pass to the behavior near D; of the metric given by the principal term of

the potential, ggl) = exp(apa; + e~ %1w(ay)). The same calculation now gives

g1 = Q(ll) (}(ao - aleialalw)a1 + eialalw/aglz + a%eia1a1w|c~x1|2 + efalalw/'|a2|2
2 ~ G A~ 5 ~
+ Z @ coth(a)<(a0 —are” "M w)ag + e M w ag, ar>\dza|2).

aeRT
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Splitting the sum into roots such that @, is a multiple of as and other roots, we write
the principal part as

(45)  gmod = le) (‘l(2)|&1|2 + 2a0 Z coth(@) <a|16162¥r> |dza|?
axfd,
e (w"|a2|2 + 2w’ ; coth(@) <a2|024r> |dza|2)>
[e D[ 7

Then, using that w(az) = O(e*52) when as — oo and therefore e~ 1% w(ay) =
O(e*1), with the same for the derivatives with respect to as, we obtain

= O(e” "),

(46) |gl — Ymod

9mod

Therefore the equation (45) gives the asymptotics of g1 when a; — co.

The metric g, is not exactly asymptotically conical since g,/ ggl) collapses along
the directions given by the action of H,, and the pg, when ay | @, that is, along
the directions of the fibers of the fibration Dy — G/P;, which are isomorphic to the
symmetric space X1; and the metric

w”|e|? + 4w’ Z k|dzq|?
a=kas€Rt
is the asymptotically conical Kéhler Ricci flat metric on Xj.
Of course it is important to note that on the regular part of the Weyl chamber, the
formulas (44) and (45) give the same asymptotic behavior, since then 8 = aga; + K1+
Koe™®%1 4 O(e~20191) and the asymptotics of ¢ (a) and e~ %" (ap) ~ ae~ %11

match, so we again obtain

|92 = gmod|gmea = Oe™ 1),

Our definitive initial metric gy derives from the potential ¢ obtained by gluing the
potential 0?) = e with the potential Q,(:) for some large k as described in § 5.3.
Of course gq is also asymptotic to gmoq When a; goes to infinity:
= O(e” M),

If we now replace ggl) by the potential QS) from Proposition 5.1, leading to the
potential given by (39), then we of course get a higher order coincidence between

|gO — 9mod|gmod

dd® Q](Cl) and dd® 0(®: more precisely, from Lemma 5.2 we have the estimate (also true
for the derivatives):

9(2) o QS) _ O(eao&l (67a1a172a2 + efak+1a1))’
we obtain
dd®o® — dd® gy, = Oe722 4 elrmmene),
and more generally

|vf(ddcg(2) _ ddCQél)) _ O(e(€/2)a1 (672042 + e(alfakJrl)al)).

9mod
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The Ricci form is given by
1
Ric = —7 dd°P(o).
From Proposition 5.3, we obtain:

Prorosition 6.1. — Given any integer £y, if the coefficient n defining the transition
region is small enough and k is large enough, then for the metric gg coming from the
potential o given by (39), one has for all £ < £y

IVEP(0)lgo < Coel 1774/,
In particular, for £ < £y — 2, one has

|V¥Ric |y, < Cpel=27574/25,

Proof. The proof is similar to that of Proposition 5.3, the difference being that we
now calculate the derivatives with respect to the metric go, hence the weight e=#/2
for each derivative, and additionally e®®1/2 for derivatives in the direction of H,,
when we go to D;. Because of this last weight, the proposition is not an immediate
consequence of Proposition 5.3, but the scheme of proof is the same : we check what
happens in the various regions.

— In the direction of Dy (as — 00, a; bounded), we have P(p) = O(e~2%2) (with
the same estimates for the derivatives), and therefore, given the geometry of the
metric,

[VEP(0)] = Ofe2271129),
— In the direction of D; (a; — o0, this includes the transition region), we have

7)(9,(61)) = O(e~*“1); here, because of the geometry of the metric, each derivative in
the H,, direction comes with a weight ela1/2)o1 and therefore

|V€P(Q§€1))|go = O(e(*“k”m)al*(f/?)ﬂ)'

(Recall 5 ~ agay in this direction).

If ¢y is given, we can take k large enough in order to have —ay + ¢/2 as negative as
we want, and we then proceed as in the proof of Proposition 5.3. O

It is clear from the proof that it is impossible to control all the derivatives of the
Ricci tensor when one goes to D1, because of the collapsed directions. This is usually
remedied in the literature by using weighted spaces with two weights, one of the
weights taking care of the collapsed directions. We will use another approach and just
state the bounds in the proposition in order to control the geometry at infinity of gg.

6.2. Tue Riccr rrat KAHLER METRIC

Lemva 6.2. — Fiz £y and then go as in Proposition 6.1. If a1 < ag then the injec-
tivity radius of go s bounded below, and gy admits a C*~1* atlas; in particular the
curvature of go is bounded in C*~3,
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By a C* atlas we mean the local existence of holomorphic diffeomorphisms with
a ball B C C" such that C~1gcn < go < Cgen and llgollcr.a gy < C. The notion of
quasi-atlas is similar but the diffeomorphisms can be only local diffeomorphisms: this
is used in Tian-Yau [TY90] but here we need only the notion of atlas.

Proof. — This follows immediately from the model (45) for the metric at infinity : if
a1 > ag then there is a collapsing in the directions of the fibers X; when oy — oo,
and it follows that the injectivity radius goes to zero since it behaves like that
et tan injy,. But if a; < ap all directions blow up or at least remain bounded
below when one goes to infinity, so the injectivity radius stays bounded below.

A lower bound on the injectivity radius and the bound on ¢y — 2 derivatives of
Ricci (Proposition 6.1) gives a lower bound on the C*~1® harmonic radius of gy,
which gives a C% =3 bound on the curvature of go. From this it is easy to pass to a

C'=32 atlas, see for example [TY90]. O

We produce the Kéhler Ricci flat metric by using the Tian-Yau theorem [TY91] in
the version written in the PhD Thesis of Hein [HeilO, Prop.4.1]. The hypothesis on
the initial metric gg are:

(1) the existence of a C** quasi-atlas, which follows from Lemma 6.2 with ¢y > 4;

(2) an initial Ricci potential f € C%% decaying as O(r~27¢): this follows from
Proposition 6.1 with £y > 3;

(3) the condition SOB(n): there exists a point ¢ and C' > 1 such that if we note
r(z) the distance to zo, then the annuli A(z, s,t) are connected for all t > s > C,
Vol(B(zg,s)) < Cs™ for all s > C, and Vol(B(z, (1 — C~Y)r(x))) = C~r(z)" and
Ric(z) = —Cr(z)~2: all these conditions are clear given our explicit model.

The theorem of Hein now produces a Kihler Ricci flat metric wo+dd®u with v € CH®
for some @ < «. Therefore this metric has the same asymptotic cone than wg, and
the theorem is proved.

Remark 6.3. — The function e ~ r2/4 gives the asymptotic potential at infinity,
which implies that A(e?) ~ n (including when one goes to Dy, that is, in the directions
where there is collapsing). The functions ®? are then well suited to barrier arguments,
and one can then prove that, if we write the Ricci flat metric wy + dd®u, then one
has actually u = O(e~%"), see [Heil0, §4.5].

7. SUMMARY OF CONSTANTS

We gather in Table 2 the expression of notable constants in terms of the multiplic-
ities in the restricted root system, as well as the indexing of simple restricted roots.
Recall that the dimension n of X is n = 2+ 3" _ps Mq, that the dimension of the
fibers of the facets are dim(X;) = 1+ mq, + Maq, and dim(Xs) =1+ mq, + Maq, -
The coefficients of @w = Aja; + Asas were computed in Section 3.3 and are re-
called in the table. For the Tian-Yau ansatz, we introduced b = 2As/n, then set

JE.P. — M., 2019, tome 6



200

O. Biouarp & T. DELcrOIX

Ao B(C)Q (Otl = a) B(C)Q (041 = ,3) G2 (Oél - a) Ga (al = 5)

(01, 00) —1/2 -1 -1 —3/2 —3/2
(o1, 1) 1 2 1 3 1
<CM2, CM2> 1 1 2 1 3
n 243m 2(1 4+ m1 +m2+m3) 2(1 +m1 +me +ms3) 2+ 6m 24 6m
dim(X:) 14+m 14+ ma + ms 14+ m 14+m 1+m
dim(Xs2) 14+ m 14+my 14+ mo +ms3 1+m 14+m
Aq m m1 + ma/2 + ms mi1 + mso + 2ms 3m 5m
Ao m mi1 + meo + 2ms mi1 + % + ms 5m 3m
b 2m mi+mo+42ms 2mi+mao+42ms 5m 3m
24+3m 1+m1+mo+msg 2(1+m1+mo+m3) 1+3m 1+3m
b1 3b/2 b/2 b b/6 b/2
ao 2b b 2b 2b/3 2b
2m mo+2ms 2mq 2m 2m
a1 1+m T+mo+ms3 T+m, 3(1+m) 3(1+m)
a1 < ag false ms3 <1 ma(m1 — 1) < 2ms true true
Dy KE?  true true true true false

TasLe 2. Notable constants and conditions

ag = b|laz|?/{ay,as) and by = b(aa, as)/{a1, as). Finally, the constant a; appeared
in the expansions, and is equal to nby — mq, — 2maq, /(1 4+ Ma, + Maq, ).

We also include in the table when the condition a; < ag is satisfied, and when the
positive Kihler-Einstein metric needed exists on Dy. Note that we consider only the
values of multiplicities that appear in symmetric spaces.

[AL92]

[BBE*16]

[BG96]

[CDR16]
[CH13]
[CH15]
[DCP83]
[Del16]

[Dell7a]
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