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QUANTITATIVE STATISTICAL STABILITY,
SPEED OF CONVERGENCE TO EQUILIBRIUM AND
PARTIALLY HYPERBOLIC SKEW PRODUCTS

BY STEFANO GALATOLO

Asstract. — We consider a general relation between fixed point stability of suitably perturbed
transfer operators and convergence to equilibrium (a notion which is strictly related to decay
of correlations). We apply this relation to deterministic perturbations of a class of (piecewise)
partially hyperbolic skew products whose behavior on the preserved fibration is dominated by
the expansion of the base map. In particular, we apply the results to power law mixing toral
extensions. It turns out that in this case, the dependence of the physical measure on small
deterministic perturbations, in a suitable anisotropic metric, is at least Holder continuous,
with an exponent which is explicitly estimated depending on the arithmetical properties of the
system. We show explicit examples of toral extensions having actually Holder stability and non
differentiable dependence of the physical measure on perturbations.

Risumic (Stabilité statistique quantitative, vitesse de convergence vers 1’équilibre et produits
croisés partiellement hyperboliques)

Nous considérons une relation générale entre la stabilité des points fixes d’opérateurs de
transfert convenablement perturbés et la convergence vers I’équilibre (une notion strictement
reliée & la décroissance des corrélations). Nous appliquons cette relation aux perturbations dé-
terministes d’une classe de produits croisés partiellement hyperboliques (par morceaux) dont
le comportement sur la fibration préservée est dominé par I’expansion de 'application de la
base. Nous appliquons ces résultats aux applications sur un tore fibrant sur le cercle, partiel-
lement hyperboliques, linéaires par morceaux, avec décroissance lente des corrélations d’allure
polynomiale. Il s’avére que, dans ce cas, la dépendance de la mesure physique en les petites
perturbations déterministes, dans une métrique anisotrope, est au moins Holder-continue, avec
un exposant estimé explicitement en termes des propriétés arithmétiques du systéme. Nous don-
nons des exemples explicites d’applications sur un tore fibrant sur le cercle qui ont une stabilité
Hoélder et une dépendance non différentiable de la mesure physique en les perturbations.
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1. INnTRODUCTION

The concept of statistical stability of a dynamical system deals with the stability of
the statistical properties of its trajectories when the system is perturbed or changed in
some way. Since the statistical properties of systems and their behavior are important
in many fields of mathematics and in applied science, the study of this kind of stabil-
ity has important applications to many fields. Many important statistical properties
of dynamics are encoded in suitable probability measures which are invariant for the
action of the dynamics. Because of this the mathematical approach to statistical sta-
bility is often related to the stability of such invariant measures under perturbations
of the system. In this context it is important to get quantitative estimates, such as the
differentiability of the statistical properties under small perturbations (called Linear
Response) or other quantitative statements, such as the Lipschitz or Holder depen-
dence. These questions are well understood in the uniformly hyperbolic case, where
the system’s derivative has uniformly expanding or contracting directions. In this case
quantitative estimates are available, proving the Lipschitz and even differentiable de-
pendence of the relevant invariant measures under perturbations of the system (see
e.g. [2], [7] or [26] and related references, for recent surveys where also some result
beyond the uniformly hyperbolic case are discussed). For systems not having a uni-
formly hyperbolic behavior, and in presence of discontinuities, the situation is more
complicated and much less is known. Qualitative results and some quantitative ones
(providing precise information on the modulus of continuity) are known under differ-
ent assumptions or in families of cases, and there is not yet a general understanding of
the statistical stability in those cases (see e.g. [1, 3, 6, 10, 8,9, 5, 15, 17, 18, 25, 30, 31]).

We approach this question from a general point of view, using a functional analytic
perturbation lemma (see Theorem 5) which relates the convergence to equilibrium
speed of the system to the stability of its invariant measures belonging to suitable
spaces. In our case we consider a space of signed measures equipped with a suitable
anisotropic norm adapted to the system, in which the relevant invariant measures
are proved to exist. We show how, with some technical work, the approach can be
applied to slowly mixing partially hyperbolic skew products. The functional analytic
perturbation lemma we use is quite flexible and was applied in [18] to the study
of the statistical stability of maps with indifferent fixed points. A similar functional
analytic construction was also applied to piecewise hyperbolic skew product maps and
Lorenz-like two dimensional maps in [19].

MAIN RESULTS. The paper has the following structure and main contents.

(a) A general quantitative relation between speed of convergence to equilibrium of
the system and its statistical stability (Section 2).

(b) The application of this relation to a general class of skew products allowing
discontinuities and a sort of partial hyperbolicity, getting quantitative estimates for
their statistical stability in function of their convergence to equilibrium. Here a main
ingredient is the construction of suitable spaces of regular measures adapted to these
systems. (Sections 3, 4, 5).

JE.P — M., 2018, tome 5



(Qllr\VTIT ATIVE STATISTICAL STABILITY... 37()

(¢) The application of this construction to the stability under deterministic per-
turbations of a class of piecewise constant toral extensions having slow convergence
to equilibrium, getting Holder stability for these examples (Section 6).

(d) Finally, we show examples of mixing piecewise constant toral extensions where
a perturbation of the map of size § > 0 results in a change of physical invariant
measure of the size of order 67, where 8 < 1 depends on the Diophantine properties
of the map (Section 6.3).

Let us explain in more details the content of the items listed above:

(a) This relation is a fixed point stability statement we apply to the system’s
transfer operators, giving nontrivial informations for systems having different kinds of
speed of convergence to equilibrium, implying for instance, that in a system with power
law convergence to equilibrium speed, under quite general additional assumptions, the
physical measure is Hélder stable (see Theorem 5 and Remark 7).

(b) We apply the relation to show a general quantitative stability statement for
perturbations of a class of skew products. We consider skew products in which the
base dynamics is expanding and dominates the behavior of the dynamics on the fibers.
For this purpose we introduce suitable spaces of signed measures adapted to such sys-
tems. We consider spaces of signed measures having absolutely continuous projection
on the base space [0, 1] (corresponding to the strongly expanding direction) and equip
them with suitable anisotropic norms: the weak norm |[|-||<;» and the strong norm
I/l p-Bv, which are defined by disintegrating along the central foliation (preserved by
the skew product) and considering the regularity of the disintegration. These spaces
have properties that make them work quite like L' and p-Bounded Variation real func-
tions spaces in the classical theory for the statistical properties of one dimensional
dynamics. In Section 4 we prove a kind of Lasota-Yorke inequality in this frame-
work. This will be used together with a kind of Helly selection principle proved in
Section 3 to estimate the regularity of the invariant measures (like it is done in the
classical construction for one dimensional, piecewise expanding maps). We summa-
rize this informally in the following (see Proposition 22 for a precise and more general
statement).

Taeorem 1. Let us consider a one parameter family of skew product maps
F5:[0,1] x M — [0,1] x M, where M is a compact manifold with boundary and § is
a positive real number ranging in a neighborhood of 0. Let us suppose Fs = (Ts,Gy)
1s such that the following hold uniformly on §:

(A1) Ts :[0,1] — [0,1] is piecewise expanding with C? onto branches.

(A2) The behavior of G5 on the fibers is dominated by the expansion of Ty.

(A3) G5 satisfies a sort of BV regularity: there exists A > 0, such that")

1
sup */ sup |G(21,y) = G(x2, y)|de < oo.
r<A T yeEM,z1,x2€B(x,r)

(1gee (Sk1)—(Sk3) at beginning of Section 3 for precise statements of these assumptions.
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380 S. GaraTOLO

Then the maps Fs have invariant probability measures fs having an absolutely con-
tinuous projection on the base space [0,1] and uniformly bounded |-||p-sv norms (they
are uniformly regular in the strong space).

In Section 5 we consider a class of perturbations of our skew products such that the
related transfer operators are near in some sense when applied to (regular) measures
and state a first general statement on the statistical stability of such skew products
(see Proposition 25).

(c¢) The statement is then applied to slowly mizing piecewise constant toral exten-
sions: systems of the kind (X, F), where X = [0,1] x 7%, T is the d dimensional
torus and F': X — X is defined by

(1) F(w,t) = (Tw,t+ 7(w)),

where T : [0,1] — [0,1] is expanding and 7 : [0,1] — T¢ is a piecewise constant
function. The qualitative ergodic theory of this kind of systems was studied in several
papers (see e.g. [12, 13]). Quantitative results appeared more recently ([16, 14, 27]),
proving from different points of view that the speed of correlation decay is generically
fast (exponential), but in some cases where 7 is piecewise constant, this decay follows
a power law whose exponent depend on the Diophantine properties of 7 (see [23] or
Section 6.1).

We apply our general result to deterministic perturbations of these maps, showing
that the physical measure of those systems varies at least Hélder continuously in our
anisotropic “L!-like” distance. We state informally an example of such an application
(see Proposition 32 for a more general statement and the required definitions).

Turorem 2. Consider a family of skew product maps Fs : [0,1] x T4 — [0,1] x T4
satisfying (A1)—(A3), as in Theorem 1. Assume that Fy is a piecewise constant toral
extension as in (1), with

(2) To(z) = 22 mod (1)
and
(3) Go(z,t) = (Tx,t + 6p(x)),

where § = (01,...,04) € T has linear Diophantine type™® ~,(0) and o = Lio,1/2) 18
the characteristic function of [0,1/2]. Suppose Fs is a small perturbation of Fy in the
following sense:

(D1) For each 8, we have Ty = Ty o o for some diffeomorphism o near to the
identity, satisfying ||o —Id||eo <6 and ||(1/0") — 1]|eo < 6.

(D2) For each § and x € [0,1], y € T, it holds |Go(z,y) — Gs(z,y)| < 6.

(2)See Definition 26 for a recall about this Diophantine type for vectors of real numbers.
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Let fy be the Lebesgue measure, which is invariant for Fy and let fs be an invariant
probability measure for Fs with finite strong norm as found in Theorem 1. Then for
each v > ~,(0) there exists K > 0 such that

If5 = folls» < K&/ G7HD.

We remark that the perturbations allowed are quite general. In particular they
allow discontinuities, and the invariant measure to become singular with respect to
the Lebesgue measure after perturbation. We also remark that for a class of smooth

toral extensions with fast decay of correlations, a differentiable dependence statement
was proved in [17].

(d) We finally show examples of piecewise constant, mixing toral extensions where
the physical measure of the system actually varies in a Holder way (and hence not
in a differentiable way) with an exponent depending on the arithmetical properties
of the system. We state informally the main result about this, see Propositions 33
and 34 for precise statements.

Turorem 3. — Consider a piecewise constant toral extension map
Fo: [0,1] x T" — [0,1] x T!

as in (2), (3), where 0 is a well approximable Diophantine irrational with ve(6) > 2.
For every v < v¢(0) there exist a sequence of reals §; > 0, §; — 0 and a sequence of
maps Fs,(x,y) = (To(x),Gs,(z,y)) satisfying (A1)-(A3), (D1), (D2) such that

1 -
10 = pjll<1r > 553‘1/(7 Y

holds for every j and every p;, invariant Borel probability measure of 1357. with abso-
lutely continuous projection on [0,1].

This shows that in some sense, the general statistical stability result is sharp. We
remark that recently, in [31], examples of C" families of mostly contracting diffeo-
morphisms with strictly Holder behavior have been given (see also [15] for previous
results on Holder stability of these kinds of partially hyperbolic maps).

2. QUANTITATIVE FIXED POINT STABILITY AND CONVERGENCE TO EQUILIBRIUM.

Let us consider a dynamical system (X, T'), where X is a metric space and the space
SM(X) of signed Borel measures on X. The dynamics T naturally induces a function
L : SM(X) — SM(X) which is linear and is called transfer operator. If v € SM(X)
then L[v] € SM(X) is defined by

Lv)(B) = v(T~(B))

for every measurable set B. If X is a manifold, the measure is absolutely continuous
(dv = fdm, where m represents the Lebesgue measure) and T is nonsingular, the
operator induces another operator L : L'(m) — L'(m) acting on measure densities
(Lf = d(L(f m))/dm). By a small abuse of notation we will still indicate by L this
operator.

JE.P.— M., 2018, tome



382 S. GaraTOLO

An invariant measure is a fixed point for the transfer operator. Let us now see a
quantitative stability statement for these fixed points under suitable perturbations of
the operator. Let us consider a certain system having a transfer operator Ly for which
we know the speed of convergence to equilibrium (see (4) below). Consider a “nearby”
system L, having suitable properties: suppose there are two normed vector spaces of
measures with sign B, C B, € SM(X) (the strong and weak space) with norms
I'lle < ||Ills and suppose the operators Ly and L; preserve the spaces: L;(Bs) C Bg
and L;(B,) C B,, with i € {0,1}. Let us consider

Ve ={f € Bs| f(X) =0}

the space of zero average measures in B,. The speed of convergence to equilibrium
of a system will be measured by the speed of contraction to 0 of this space by the
iterations of the transfer operator.

Derinition 4. — Let ¢(n) be a real sequence converging to zero. We say that the
system has convergence to equilibrium with respect to norms |||, ||-||s and speed ¢ if

(4) VgeVe ILg(@)llw < o(n)llglls-

Suppose fo, fi € Bs are fixed probability measures of Ly and L. The following
statement relates the distance between fy and f; with the distance between Ly and Ly
and the speed of convergence to equilibrium of Ly. The proof is elementary, we in-
clude it for completeness. Similar quantitative stability statements are used in [21],
[19] and [18] to support rigorous computation of invariant measures, get quantitative
estimates for the statistical stability of Lorenz-like maps and intermittent systems.

Turorem 5. — Suppose we have estimates on the following aspects of the operators Lg
and L:

(1) (Speed of convergence to equilibrium) There exists ¢ € C°(R), ¢(t) decreasing
to 0 as t — oo such that Ly has convergence to equilibrium with respect to norms
Illw, Ills and speed ¢. -

(2) (Control on the norms of the invariant measures) There exists M > 0 such
that

max(|[fills, [ folls) < M.

(3) (Iterates of the transfer operator are bounded for the weak norm) There exists

C > 0 such that for each n,
15|

(4) (Control on the size of perturbation in the strong-weak norm) We have

Buw—B, < C.

sup ||(L1 — Lo) fllw =t € < 0.
Il flls<1

Then we have the following explicit estimate
I/ = follw < 2MCe(y™(C/2) + 1),
where v is the decreasing function defined as (x) = ¢(x)/x.

JE.P — M., 2018, tome 5
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Proof. The proof is a direct computation from the assumptions. Since fy, f1 are
fixed probability measures of Ly and Ly, for each N € N we have

11 = follw < NLY f1 — LY follw
SNEY fi — LY fillw + 1L £1 = L follw
<

L5 (fr = fo)llw + 122" f1 = L§ fullw-
Since f1 — fo € Vs, ||f1 = folls < ZM, we have
If1 = follw < 2Mo(N) + | LY fr — LY filw,
but

N
(Ly = LY) = > Ly (Lo — La)Li™Y,
k=1

hence
—(LY =L f1 = ZLN (Lo — L) LE 1 = ZL F(Lo — L1)fi,
k=1
and therefore
11 = follw < 2M¢(N) +eMNC.

Now consider the function ¢ defined as ¢(z) = ¢(z)/x, choose N such that
“1(eC/2) < N <¢~1(eC/2) + 1, in this way ¢(N)/N <C/2 < (N —1)/(N —1)
and

/1 = follw < 2MCe(y~(eC/2) +1). O

Theorem 5 implies that a system having convergence to equilibrium is statistically
stable (in the weak norm).

CoroLrary 6. — Let D > 0, let Ls, 6 € [0, D), be a family of transfer operators under
the assumptions of Theorem 5, including lim,, o ¢(n) = 0. Let f5 € By be a fized
probability measure of Ls. Suppose there is C' > 0 such that for every ¢

sup ||(Ls — Lo)fllw < C6
llflls<1

Then fo is the unique fized probability measure in By and it holds

li - =0.
tim [[fs = follw = 0

Proof. — The uniqueness of fy is trivial from the definition of convergence to equi-
librium. For the stability, suppose there was a sequence 4, — 0 and ¢ > 0 such

JE.P.— M., 2018, tome



384 S. Garatoro

that || f5, — follw = ¢ for all n. Applying Theorem 5 we get successively
2MCCS, () (6,CC/2) +1) > ¢,
14
5,2MCC
5,CC _ o((£/6,2MCC) — 1)
2 T (0/6,2MCC) -1

v 6,CC/2) =

¢ §,0C —
—— —1 < o((l)6p2MCC) — 1),
(omec V™7 <o ) 1)
! ~ —
— —0,CC < 206((¢/6,2MCC) — 1),
o7 o((¢/ )—1)
which is impossible to hold as §,, — 0. |

Remark 7. — In Theorem 5, if ¢(z) = Cx=2 then ¢(z) = Co=*~ 1 (b~ 1(e) + 1) ~
g!=1/(a+1) and we have the estimate for the modulus of continuity

If1 = follw < Kyet=H/ (@t

where the constant K7 depends on M , 5’,0 and not on the distance between the
operators measured by €.

3. SPACES WE CONSIDER

Our approach is based on the study of the transfer operator restricted to a suitable
space of measures with sign. We introduce a space of regular measures where we can
find the invariant measure of our systems, and the ones of suitable perturbations of it.
We hence consider some measure spaces adapted to skew products. The approach is
taken from [19] (see also [4]) where it was used for Lorenz-like two dimensional maps.
Let us consider a map F' : X — X, where X = [0,1] X M, and M is a compact
manifold with boundary, such that

F(z,y) = (T(z),G(x,y)).

Suppose F' satisfies the following conditions:

(Sk1) Suppose T is %—expanding(‘g) and it has C**¢ branches® which are onto.

The branches will be denoted by T;, i € {1,...,q¢}.

(Sk2) Consider the F-invariant foliation F* := {{x} x M},¢[0,1]. We suppose that
the behavior on F* is dominated by A: there exists a € R with A\fa < 1, such that
for all z € [0,1] holds

|G (2, y1) — G(2,y2)| < alyr —ya| Vyi,y2 € M.

(3)We suppose that infyepo,1) 7' (%) = 1/A for some A < 1.
(“More precisely we suppose that there are £, Cy, > 0 such that

1 1
1Ty o T (v2))l 1T o T ()]

< Crd(71,72)%, Yv1,7v2 €[0,1].
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(Sk3) For each p < £ there exists A > 0, such that

~ 1
H :=sup — sup  |G(z1,y) — G(z2,y)|dz < co.
r<aA TP yeM
x1,22€B(x,r)
Remark 8. — We remark that (Sk3) allows discontinuities in G, provided a kind
of bounded variation regularity is respected. (Sk2) allows a dominated expansion or
contraction in the fibers direction. Furthermore, by (Sk1) the transfer operator of the

map T satisfies a Lasota-Yorke inequality of the kind
(5) L7 (p)llBv < ArA"||pllBy + Brllul:,

where ||u||gyv is the generalized bounded variation norm (see [24]) for some con-
stant A7 and Br depending on the map.

Derinition 9. — We say that a family of maps Fs = (Ts(z),Gs(x,y)) satisfies
(Sk1)—(Sk3) uniformly, if each Tj is piecewise expanding, with onto C'*¢ branches,
admitting a uniform expansion rate 1/A, a uniform «, a uniform Hoélder constant C,,
a uniform second coefficient of the Lasota-Yorke inequality Br, and furthermore the
family Gy satisfies (Sk3) with a uniform bound on the constant H.

We construct now some function spaces which are suitable for the systems we
consider. The idea is to consider spaces of measures with sign, with suitable norms
constructed by disintegrating measures along the central foliation. In this way a mea-
sure on X will be seen as a collection (a path) of measures on the leaves. In the
central direction (on the leaves) we will consider a norm which is the dual of the Lip-
schitz norm. In the expanding direction we will consider the L' norm and a suitable
variation norm. These ideas will be implemented in the next paragraphs.

Let (X, d) be a compact metric space, g : X — R be a Lipschitz function and let
Lip(g) be its best Lipschitz constant, i.e.,

lg(z) — g(y)] }
d(z,y) 1

Derintrion 10. — Given two signed Borel measures p and v on X, we define a

Lip(g) = sup {
z,yeX

Wasserstein-Kantorovich-like distance between p and v by

/gdu—/gdv

||/L||W1 =W (07 M)-
As a matter of fact, ||-|lw, defines a norm on the vector space of signed measures
defined on a compact metric space.
Let SB(X) be the space of Borel signed measures on X. Given pu € SB(X) denote
by p+ and p~ the positive and the negative parts of it (u = pu*™ — u™).

Wi(p,v) = sup :
Lip(9)<1
llgllee <1

Let us denote

JE.P.— M., 2018, tome 5
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Denote by AB the set of signed measures p € SB(X) such that its associated
marginal signed measures, ut = m*u* are absolutely continuous with respect to the
Lebesgue measure m, on [0, 1] i.e.,

AB = {pu e SB(X) | mip™ < m and wip~ < m},

where 7, : X — [0, 1] is the projection defined by 7, (z,y) = « and 7, is the associated
pushforward map.

Let us consider a finite positive measure p € AB on the space X foliated by the
preserved leaves F¢ = {7¢}¢c[0,1] such that v, = 7.1 (£). We will also call F¢ as the
central foliation. Let us denote p, = mjp and let ¢, be its density (u, = ¢,m). The
Rokhlin disintegration theorem describes a disintegration of p by a family {u}, of
probability measures on the central leaves®) in a way that the following holds.

Remark 11. The disintegration of a measure pu is the p,-unique measurable family
({#4}~, @u) such that, for every measurable set E C X it holds
(6) w(E) =/[ ]uw(Eﬂv)duz(v)
0,1
Derinirion 12, — Let m,, : v — M be the restriction 7, where 7, : X — M is

the projection defined by 7, (z,y) =y and v € F°. Given a positive measure yu € AB
and its disintegration along the stable leaves F¢, ({ty}~, ¢,.), we define the restriction
of u on 7y as the positive measure p, on M (not on the leaf ) defined as

fy =75 (Du (V) y)-

Derintrion 13, — For a given signed measure p € AB and its decomposition p =
ut — pu~, define the restriction of u on v by

fly = Wb = B
Derintrion 14. — Let £ € AB be defined as
rl— {M € AB: /[0 . | gy [l dm(y) < oo}

and the norm |[|-[|«1» : £! — R on it as

= [ o, dm(a)
(0,1]

)

[l

The notation we use for this norm is similar to the usual L! norm. Indeed this
is formally the case if we associate to p, by disintegration, a path G, : [0,1] —
(SB(M), ||]lw,) defined by G,.( ) = p- In this case, this will be the L' norm of the
path.

(®)In the following to simplify notations, when no confusion is possible we will indicate the generic
leaf or its coordinate with ~.
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3.1. THE TRANSFER OPERATOR ASSOCIATED TO F' AND BASIC PROPERTIES OF L1, Let us
now consider the transfer operator Ly associated with F'. Being a push forward map,
the same function can be also denoted by F* we will use this notation sometime.
There is a nice characterization of the transfer operator in our case, which makes it
work quite like a one dimensional operator. For the proof see [19].

Prorosition 15 (Perron-Frobenius-like formula). — Consider a skew product map F

satisfying (Sk1) and (Sk2). For a given leaf v € F®, define the map Fy: M — M by
Fy,=myoF,o0 71';,1/

For all p € L' and for almost all vy € [0,1] it holds

a9 Fl1, o\ Mypt
7 () PIT ()
(LF:U“)I"{ = Z L/ —1 .

We recall some results showing that the transfer operator associated to a Lipschitz
function is also Lipschitz with the same constant, for the “1” distance, and moreover,
that the transfer operator of a map satisfying (Sk1)—(Sk3) is also Lipschitz with the
same constant for the ||-||«<;» norm. In particular, if & < 1 the transfer operator is a
weak contraction, like it happen for the L' norm on the one dimensional case (for the
proof and more details, see [19]).

Lemwva 16. IfG:Y =Y, where Y is a metric space is a-Lipschitz, then for every
Borel measure with sign u it holds

ILapullw, < allpllw,.
If p € Lland F :[0,1] x M — [0,1] x M satisfies (Sk1)—~(Sk3) then

“ypn.

| Lrpll<r < aflp

3.2. TuE sTRONG NORM. — We consider a norm which is stronger than the £' norm.
The idea is to consider a disintegrated measure as a path of measures on the preserved
foliation and define a kind of bounded variation regularity for this path, in a way
similar to what was done in [24] for real functions.

For this strong space we will prove a regularization inequality, similar to the Lasota-
Yorke ones. We will use this inequality to prove the regularity of the invariant measure
of the family of skew products we consider.

Let us consider i € £'. Let us define

osc(p,z,7) = esssup  (Wi(ppy,, t}y,)) and  var,(u,r) = / r~Posc(p, z,7) de.
Y2,71 €B(z,r) [0,1]

Now let us choose A > 0 and consider var,(u) := sup,.¢ 4 var,(u, 7). Finally we define

the p-BV norm as:

el p-Bv = [[pa][ 1> 4 vary ().

Let us consider p such that 1 > p > 0 and the following space of measures

p-BV = {pe L' |ulpBv <oo}.
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This will play the role of the strong space in the present case.
Remark 17. If u € p-BV, then it follows that

esssup ||y [lwy, < AP7H|pl|p-pv.
Y

See [4, Lem. 2] for a proof in the case of real functions which also works in our case.

We now prove a sort of Helly selection principle for sequences of positive measures
with bounded variation. This principle will be used, together with a regularization
inequality, proved in next section, to get information on the variation of invariant
measures. First we need a preliminary lemma:

Lemwva 18. If u, 1s a sequence of positive measures such that for each n, we have
lpn 1> < C, vary(pn) < M, and pin|y — .y for a.e. vy, in the Wasserstein distance,
then

lialler- < C, vary () < M.

Proof. — Let us consider the [|-|«;» norm. Since by Remark 17 it holds ||ty [lw <
AP=YHC + M) for all v, by the dominated convergence theorem we have ||u«1» <
C. Let us now consider the oscillation. We have that liminf, . osc(pn,z,r) >
osc(p, x,r) for all z,r. Indeed, consider a small & > 0. Because of the definition
of osc(), we have that for all £ > osc(u,xz,r) — &, there exist positive measure sets
Ay and Ay such that Wi(upy,, pty,) = € for all 1 € Ay, 72 € Az Since piny, — i)y
for a.e. v, if n is big enough there must exist sets A} and A} of positive measure
such that Wi(pin|y,, tnjy,) = € for all v, € A7, 72 € A3, As a consequence we ob-
tain osc(un, z,r) = ¢, and then for all z,r, iminf, o 0sc(tn,z,7) = osc(p,x,r).
Fatou’s Lemma implies lim inf,, o vary (ti,, ) = liminf, o [, 777 0sc(pin, z, ) dz >
vary(u, ), from which the statement follows directly. O

Turorem 19 (Helly-like selection theorem). Let p, be a sequence of probability
measures on X such that ||, ||p-v < M for some M > 0. Then there exist p with
llellp-Bv < M and subsequence fi, such that

s, = gl 2 — 0.

Proof. — Let us discretize in the vertical direction. Let us consider a continuous
projection m, s : PM (M) — Us of the space of probability measures on M to a finite
dimensional space. Suppose m, s is such that |7, 5(v)—v|w, < C6, forallv € PM (M)
(such a projection can be constructed discretizing the space by a partition of unity
made of Lipschitz functions with support on sets whose diameter is smaller than ¢,
see [20] for example). Let us consider the natural extension 75 : £L1(X) — £}(X) of
this projection to the whole £!(X) space, defined by ms(11)}y = my.6(f1])-

Let us consider the sequence ms(pt,,). We have ||7s(pn)||p-Bv < KsM, where Ky is
the modulus of continuity of 7s. Indeed

esssup  (Wi(ms (1)), ms(W)1y,) < K esssup (Wilppy, s 1,))-
Y2, €B(z,7) V2,71 €B(z,r)
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Since after projecting we now are in a space of functions with values in a finite
dimensional space, to the sequence 7s(u,) we can apply the classical Helly selection
theorem and get that there exist a limit measure us and a sub sequence nj such
that 75(n, ) — ps in £ and 7 (tiny, )|y — Mé|y almost everywhere. Let us consider
a sequence §; — 0 and select inductively at every step from the previous selected
subsequence iy such that 7, , (ue) — ps,_, a further subsequence gy, , such that
s, (te,) — ps, in £ and almost everywhere. Since for all v and m < i we have
175, (12, |v) — ey |y lwy < Cdp, it holds that for different 0,,,0; > s,

lI7s; (tet ) — s, (e 9) [l < C(0i + 65)
and then
VY, s,y = ts; 1y llwy < C(0m + 65+ 6;)
uniformly in «. Since us, are positive measures, this shows that there exists a p such
that ps, — p in £ and Hs; |y — H} almost everywhere. This shows that a further
subsequence fin, can be selected in a way that

s, (n ) — ps, for all i, and p,, — pin £ and almost everywhere.
77 j—oo J j—o00
Applying Lemma 18 we get ||u|lp-Bv < M. O

4. A REGULARIZATION INEQUALITY

In this section we prove an inequality, showing that iterates of a bounded variation
positive measure are of uniform bounded variation. This will play the role of a Lasota-
Yorke inequality. A consequence will be a bound on the variation of invariant measures
in £'. This will be used when applying Theorem 5 to provide the estimate needed at
Item (2). The following regularization inequality can be proved.

Prorosition 20. — Let F be a skew product map satisfying assumptions (Sk1)—(Sk3)
and let us suppose that p is a positive measure. Let p < & (the Holder exponent as in
(Sk1)). It holds

Varp(LF,U)g /\pavarp (U)"’(ﬁnﬂxnoo + SqaChAéipH,uwHOO)-

We recall that, here, p,, is the marginal of the disintegration of p (see Equation (6))
and ||fz ]| is the supremum norm for its density.

Proof. — By the Perron Frobenius-like formula (Lemma 15)
a Fr o, Hyp—1
7 (y) I ()
(Lpp), = —t—-—— —  for almost all v € [0,1]
"= 2T 0
we have to estimate

1
I:=sup — esssup |[(Lpp)jy, — (Lep)y, lw, dm(z)
r<AT Y2,71€B(x,r)

Froran im0 Froron M on) H
=T o T () T o T, ()l

= sup — esssup dm(x).

r<A TP Y2,71€B(z,r)

JE.P.— M., 2018, tome



390 S. GaraTOLO

To make the notation concise, let us set in the next equations
* ! —1
F*(Cl, b) = FT,fl(a) M|T[1(b)v gi(a) = Tz © Ti (CL)

By the triangular inequality we have

q
1
I < sup E —p/ esssup
e
=

v2,71 €B(z,7)

q
1
+ sup Z > / esssup
i=1

v2,71€B(x,T)

F*(v1,7m) —F*(72,72)”
lgi(y1)] W,

1
lg:(m)| \9i(72)|)HW1

dm

F* (72, 72)(

Recalling that (1/]g:(72))]) — (1/1g:(1)) < Chd(71,72)%, we deduce

q
1 1 . i
upz /( +Curt) esssup || F*(v1,m) — F*(72,72)[lw, dm
A l9i(z)] v2,71€B(x,7)

+supz /Chr esssup || F* (v, v2)|lw, dm,

7‘<A Y2
and
Fesw L [l s 5 () ), @
X sup —_ up Y1,71) — Y2, 72)|lw,y am
r<ATT rP |g’b(‘r)| Y2,71 €B(z,7)
+supz / Cur esssup | F*(v1,71) — F* (32, 72) |, dim
T<A v2,71 €B(z,7)
+ sup — | Cprt esssup || F* (v2,72) |lw, dm.
7‘<A Y2
Hence
r<spd s s B ) = F ),
S - u 1,771) — 1,772)||W-
r<ai 19:()] 72 v eB(ar) 1
1
+sup ) — esssup || F*(71,72) — F*(72:72) lw, dm
r<A i=1 TP |g7,(1'>‘ Y2,71 €B(z,r) '
1
35> [ Curesssup | F* (),
r<ATTH T Y2
_Ia+Ib+Ic
Now,
I, < sup esssup F — -1 w, dm.
r<AZTp |gz($ 72771€B(w,7)|| (’YI)(N‘T () N‘Ti (’Yz))H 1
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We recall that, by Lemma 16, || F3 pllw, < olpllw,, so that

1 1
I, < sup —/
rsAZ e ) gi()]

1
. EZ—p/ ebbbup )a||u‘y1 — fhy, lw, de.

esssup |10,y — Hp-1(y) W
Y2,71 EB(I 7‘) ‘T (’Yl) ‘T7 (72) '

=\ sup Z / esssup a||,u‘yl 'u|yzHW1d‘T
I; y1,y2E€B(x,h

and
var,(Lpp)< NPavary, (u)+(Ip + I.).
By (Sk3), we have
Iy, = sup Z /# esssup || F*(71,72) — F*(v2,72)[[W1dm < HHNzHoo
r<a 1P ) 19i(2)] y, yoeB(a.r)

Now, let us remark that, since we are working with positive measures, we have

esssup || F* (72, 72) lwy < aflpelloo;
Y2

and therefore

I.=3 sugz /C’hr esssup || F* (2, 7v2) [lw, dm
r< 2

<3 Z / Crrallpia oo dm < 3gCH Al 1, .
Summarizing, we have obtained

(7) vary(Lpp) < Navary, ()+(H| || oo + 3gaCh AP ||tz |oc ). 0

Remark 21. — By Equation (5) it holds that for each n

IL" oo < Cpu = AP"H(ArM|pallpy + Brllpalli +1).
Tterating (7) we obtain

vary(Lip) < (M) var, (L™ p)+(H + 3gaC AS7)C,

<
<
(8) ~
H + 3qaCy AP

< (NMWa)" vary, (u)+ T o -

By the Helly-like selection principle (Theorem 19) we then have:
Prorosition 22. — In a system as above there is at least an invariant positive measure
in p-BV. For every such invariant measure y, we have

Br(H + 3gaCj, ASP)
1 - A\Po

vary (1) < [ell--
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Proof. We consider the sequence of positive measures p,, = % > L%m. By Equa-
tion (8), this sequence has uniformly bounded variation. Applying Theorem 19, we
deduce the existence of an invariant measure y in p-BV. By the Lasota-Yorke inequal-
ity relative to the map T', we have that

AP Byl = AP Brllpall = AP lps By = (ke o
This gives that
vary(u) = var,(Lpp)< NWavar, (1) +Br ||l <17 AP~ (H + 3aqCh ASP),

from which we get the statement. O

5. DISTANCE BETWEEN THE OPERATORS AND A GENERAL STATEMENT FOR
SKEW PRODUCTS

Here we consider a suitable class of perturbations of a map satisfying (Sk1)-(Sk3)
such that the associated transfer operators are near in the strong-weak topology,
providing one of the estimates needed to apply Theorem 5 (item (4)). In this section
and in the following we set p = 1. We now define a topology on the space of piecewise
expanding maps in order to have a notion of “allowed perturbations” for these maps.
Derinition 23, — Let n€N, let 71 and T3 be to piecewise expanding maps. Denote by

Int, ={A € 2[0:1] | A=1U,...,Ul,, where I; are intervals}

the set of subsets of [0, 1] which is the union of at most n intervals. Set

m(Al) 2 1 — &, T1|A1 :TQOO"Al
and Va € Ay, |o(z) —z| <e, |(1/0'(z)) — 1| < e

and define a kind of distance from T; to T, as:

ds,n(TIaT2) = inf {6 | €€ C(n) T17T2)} :

JdA; € Int,, and do : I — I a diffeomorphism s.t.
C(H,Tl,TQ): {E }

It holds that one dimensional piecewise expanding maps which are near in the sense
of dg,,, also have transfer operators which are near as operators from BV to L. If we
denote by dg the classical notion of Skorokhod distance (see e.g. [11]), it is obvious
that dg,, > dg for all n. By [11, Lem.11.2.1] it follows that for all n there exists
Csr, = 0 such that, for each pair of piecewise expanding maps 17, 15,

9) L1, — L1y |lBv—21 < Csidn,s(T1, To).

Let us see a statement of this kind for our skew products.
Provosirion 24. — Let Fs = (T5,G5), 0 < § < D be a family of maps satisfying
(Sk1)—(Sk3) uniformly with £ =1 and:

(1) There exists n € N such that for each 6 < D, dy, s(To,T5) < & (thus for each 6
there is a set Ay € Int,, as in the definition of C(n, Ty, Ts)).

(2) For each § < D there exists a set Ay € Int,, such that m(As) > 1— 4§ and for
allx € Ay, y € M, it holds |Go(z,y) — Gs(x,y)| < 0.
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Let us denote by Fj the transfer operators of Fs and by f5 a family of probability
measures with uniformly bounded variation

vary(fs) < Ms.

Then, there exists a constant Cy such that for 6 small enough
|(F5 —F5) fsll<i» < C16(Ma +1).

Proof. — Let us set A = A1 N Ay. Note that m(A°¢) < 24. Let us estimate
(10) 5= F§)allrr = [ 1F3fs = F3 S lw dm(o)

- / VE Ly f)l,—F (Lo fo)ym lw dm()
+ / 1Fg (1 ge fo)l, = F (Lo f5) 1w dim().

By the assumptions, for a.e. v, || fs|, ||, < (M2 4+ 1) and |[1acf5]]; < (Ma + 1)4.
Since F'* is a-Lipschitz for the £'norm we have

/I VEG (L )~ F5 (Lye fs)py lw dim(y) < 20(Ma + 1)6.

Let us now estimate the first summand of (10). Let us set p = 14 f5 and let us
estimate

175 = Fullrr = [ 1Bk~ F oy dmo.
Let us denote by Ty,, with 0 < ¢ < g, the branches of Tj, defined in the sets P,
partition of I, and set T5 ; = T5p,na- These functions will play the role of the branches
for Ts. Since in A, Ty = Ts o 05 (where o5 is the diffeomorphism in the definition of
the Skorokhod distance), then Tj,; are invertible. Then for p,-a.e. v € I, we have

q FS’T&} (o HITs L) XTo (PinA) q F;Tgf (M5 () XTs(PinA)

(Fopu—F5p), = - - —
" ZZ:; |T6,i(T0,i1(’Y))| =1 |T§,¢(T5,z‘1(7))|

Let us now consider Tp(P; N A) and T5(P; N A), and remark that To(P, N A) =

os(T5(P; N A)), where o5 is a diffeomorphism near to the identity. Let us denote
Bi = To(PZ N A) ﬂT(;(PZ- N A)7 CZ = To(PZ N A)AT(S(.PZ n A) We have

(1) [(Fg —F)pllrr = / \(Fp— F3 )y llw dm(7)
< / q g teXB & F g iy )X
I

dm

w

> et
» |T5,4(To ()] =TT )
© F i inXe & Fsmo )Pt Xe

i=1 5T
- Grluii _
I ; |T6,i(TO,i1 M) i—1 |Tz§,i(T6,i1 ()]

And since there exists K7 such that m(C;) < K10, we have

J

dm.
w

© FS ar Mmoo Xe I F s poa ) iy Xes

2 T3 (To.t (1)) B> T3 (T5. ()]

i=1 =1

dm < qK1(Ms + 1)4.
w
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Now we have to consider the first summand of (11). We have

< Fome Py, sy L HITs ()X B
D =D dm
=1 T6.:(To ; ('V i—1 |T6,i( 5, '(7))] w
< / zq: MU DGR s Tl e bl
e A G o 0 TSR Y o O TR

4 oM o XBe I Fy o ) By () XB
+ Z T/ — B T/ —1 dm
= | 5.:(Ts (M) P | 50 Ts; D lw
= [y + [ 16) ).
The two summands will be treated Separately.
q F* —1 . 1% 1 XB;
0,7y () Ty, B; PTG ()
= - —Z —
P |To (T02(7 P IT(;»( SN
- zq: FO,TOV HIT5 ) XBi zq: F L PITs () X B
h i=1 |T6,1( Oi,i ('Y i=1 |T6 ( 71(’7)” w
+ XQ:F Ty () I () X zq:F Lo HIms () XEs
i=1 |TO/ ( _1(7))| i=1 |T(§77,(T§j11(’}/))| w
= Ia(7) + I(7)-
Since fs is a probability measure it holds posing 5 = 11 ()
a FF . -1 XB; q F —1 My X B,
0,75} ()7 1T, (M54 (7) | (’Y) i
[reyin= | > Sy e dm()
/Z For, m“\ HnXBs FET;,:M/‘\T%)XB .
= - — m
|T5,4(To. (7)) T5,(To () llw
< Z/HFO Tty >’“L\T X8 Froiting o) XB dm
i—1 | Oz( z( ) |T61(T0_11(7))| w

" )Foﬁ“‘ﬁ Fsm (TMB))“WH dm(B).
0 i

Remark that Tojil(Bi) C P,NA and T[{il (TOJ;(T(;}(B,-))) C P, N A. Since we have
|T5.:(8) —To.:(B)| < 0 and Tojil is a contraction, then |TO_,i1 oT5,(8) — B| < 6. Therefore
we obtain

[F5 sh15 — 6T5 (To,(ﬂ))ulﬁHW ’|F6k,ﬁ“|5_Ft§k,B/‘\ﬂ’|W

+ HFM/”IB (Tol(ﬁ))ﬂlﬁuw
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By assumption (2),
1556t = F5 sy < 6(Ma +1).
By assumption (Sk3),

1F5t18 = Firpaayappisllw < sup - 1G(@1,9) = Glaa,y)|(Ma + 1),
z1,22E€B(,9)
Thus,
Lo(y) < OP(H +1)(My +1) + 6(Ms + 1).
To estimate I;(y) we have:
By o Hims o XB:

g T3 (T (7))

=1

i ;T‘l YHITy (X B
\Té,i(To i (’7))|

") x5.(7)
Z‘\T/ f(v))\_lTéz(B_,fv 155552 otz

q

w

and
/Ibdm |(PT0 PT6)(1)|04(M2+1)+(]K16

From Equation (9) we obtain
[ By dm(y) < (Coraldta + 1) + gE1 )
Ay

Now, let us estimate the integral of the second summand
i 5T—1(7)M|Toji?(a,)XBi B q Fé’Té—Yil(,Y)/‘L‘T(;; (v)XBi
=1 |T(§,'L' (Tzijzl (7))‘ i=1 |Té,i(T§j’i1 (7))|

Setting g;(a) := Té,i o T; ' (a) to make the notation concise

q
1 *
/I Hm s ; /B e Foag oo (st = g2 p) lw dm()
q
«Q
s ; /Bi m H/‘\Tg_,il(v) - MlTS_,'il('Y) ||W dm(y).

Let us consider the change of variable v = T ;(3). Then we obtain

/,H( O‘Z/ ||N| Lty — MLy dm(B)-

Since |T5,(8) — To,:(B8)] < ¢ and TO,i is a contraction, we have |TO_,i1 oTs5:(B)—B| <6
and

Juwamty<a [ s (e -yl dn(3) < a [ os(u,5,0)d5

w

z,y€B(,0)
and then
/H(’y) dm(y) < a26(Msy 4+ 1).
I
Summing all, the statement is proved. O
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The last statement, together with the results of the previous sections allows to
prove the following quantitative statement for skew product maps.

Prorosirion 25. — Consider a family of skew product maps Fs = (T5,G5),0< 5 < D
satisfying (Sk1)—(Sk3) uniformly, with &€ = 1, and let f5s € L' invariant probability
measures of Fs. Suppose:

(1) There exists ¢ € C°(R), ¢(t) decreasing to 0 as t — oo, such that Lg, has
convergence to equilibrium with respect to norms ||-||1-sv, ||

(2) There exists C > 0 such that for each n

12 e < C.

(3) There exists n € N such that for each 6 < D, d,, s(To,Ts) < 6.

(4) For each 6 < D there exists a set A € Int,, such that m(As) > 1 — 46 and for
allx € Ay, y € M, we have |Go(z,y) — Gs(z,y)| < 0.

Let B = (Bp(H + 3qaCy)/(1 — M) + 1. Consider the function ¢ defined as
W(x) = ¢(x)/x, then

Ifs = foll«1» < 2CB*C18(v~ (CBC16/2) + 1),

|«1» and speed ¢.

where Cy is the constant in the statement of Proposition 24.

Proof. The proof is a direct application of the estimates given in the previous
section into Theorem 5. The quantity M appearing at Item (2) of Theorem 5 is
estimated by Proposition 22:
M < BT(ﬁ + 3qaCh)
1— Mo
By Proposition 24 the distance between the operators appearing at Item (4) of The-
orem 5 is bounded by e < C16(Ms + 1), where Ms bounds the strong norm of f5. O

We remark that the quantitative stability is proved here in the ||-||«1» topology. This
topology is strong enough to control the behavior of observables which are discon-
tinuous along the preserved central foliation, see [9] for other results on quantitative
stability of the statistical properties of discontinuous observables and related appli-
cations.

In the following section we show a class of nontrivial partially hyperbolic skew
products having power law convergence to equilibrium and will apply this statement
to these examples.

6. APPLIC/\TIO\I TO SLOWLY MIXING TORAL EXTENSIONS

To give an example of application of Proposition 25 to a class of nontrivial systems,
we consider a class of “partially hyperbolic” skew products with some discontinuities,
having slow (power law) decay of correlations and convergence to equilibrium.

We will consider a class of skew products F' : X — X, with X = [0,1] x T¢
(where T is the d dimensional torus), of the form F = (T,G) (piecewise constant
toral extensions), satisfying (Tel) and (Te2):
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(Tel) There exists ¢ € N such that T is the piecewise expanding map on [0, 1]
defined as

T(x) = ¢x mod (1).
(Te2) The map G : [0,1] x T¢ — T is defined by
G(z,t) =+ Op(z),

where § = (01,...,604) € T%and ¢ = 1; is the characteristic function of a set I C [0,1]
which is a union of the sets P; where the branches of T are defined. In this system
the second coordinate is translated by @ if the first coordinate belongs to I.

We remark that on the system (X, F') the Lebesgue measure is invariant. We will
suppose that 6 is of finite Diophantine type. Let us recall the definition of Diophantine
type for the linear approximation. The definition tests the possibility of approximat-
ing 0 by a linear combination of its components with integer coefficients.

The notation ||| will indicate the distance in R? to the nearest vector in Z?, and
|k| = sup; ;<4 |Ki| indicates the supremum norm.

DeriNirion 26. The Diophantine type of 8 = (61,...,64) for the linear approxi-
mation is

Ye(0) = inf{y | Fco > 0, ||k- 0] = colk|™7, VE € Z% {0} }.

6.1. THE DECAY OF CORRELATIONS. In [29], it was observed that piecewise constant
toral extensions cannot have exponential decay of correlations (in [28] by the way it is
shown that for some piecewise constant SUz(C) extensions there can be exponential
decay of correlations). Quantitative estimates for the speed of decay of correlations
by the arithmetical properties of the angles, have been given in [23].

In this section we recall those results and see that the systems defined above have
at least polynomial decay of correlations, while for some choice of the angles the speed
of decay is proved to be actually polynomial.

DeriNirion 27 (Decay of correlations). Let ¢, ¢ : X — R be observables on X be-

longing to the Banach spaces B, B’, let v be an invariant measure for T. Let ® : N — R

such that ®(n) — 0. A system (X, T,v) is said to have decay of correlations with
n— oo

speed ® with respect to observables in B and B’ if

(12) ‘/qboT”wdu— /¢dz//1/)du

where |||, ||| 5 are the norms in B and B’.

< ollsllv s ®(n),

The decay of correlations depends on the class of observables considered. On the
skew products satisfying conditions (Tel) and (Te2) as above, it is possible to establish
an explicit upper bound for the rate of decay of correlations which depends on the
linear type of the translation angle (see [23, Lem. 11]).
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Prorosition 28. In the piecewise constant toral extensions described above, for
Lipschitz observables the rate of decay is

d(n) = O(n~Y?7)
for any v > v¢(8). For observables C?, C1, the rate of decay is
d(n) = O(n*(l/%) maX(P’q,p+q7d))

for any v > ~,(0).

Remark 29. — We remark that the rate is actually polynomial in some cases.
In [23, §5] (using a result of [22]) it is proved that if the Diophantine type is large,
then the mixing rate of the systems we consider is actually slow, with a power law
speed which depends on the Diophantine type. In a system satisfying (12), let the
exponent of power law decay be defined by
—log ®
p = lim inf M.

n—o0 logn
Let us consider the skew product of the doubling map and a circle rotation endowed
with the Lebesgue (invariant) measure. For this example the exponent p satisfies

1 6
2350 <7 max(21(0) — 2
6.2. CONVERGENCE TO EQUILIBRIUM. We will use the decay of correlations of the
toral extensions to get a convergence to equilibrium result with respect to the strong
and weak norm of our anisotropic spaces. We have from Proposition 28 that for
Lipschitz observables the rate of decay is O(n~'/27) for any v > () and for any
Lipschitz observables with [ f=0:

" —1/2~
go F" fdm| < C| fllupllglhipn -

From this we will deduce that

—1/8~

1L pllr> < Cam | pll1-my-

For this purpose our strategy is to approximate a 1-BV measure p which is meant to
be iterated with a Lipschitz density and use the decay of correlations with Lipschitz
observables to estimate its convergence to equilibrium. We remark that a statement
of this kind extends greatly the kinds of measures which are meant to be iterated, as
the space of 1-BV measures contains measures with singular behavior in the neutral
direction.

The first step in the strategy is approximating the disintegration of p with a kind
of “piecewise constant one” in the next lemma.

Lemma 30. — Let us consider a uniform grid of sizee = 1/m, m € N, on the interval
[0,1]. Given a measure p with ||pu||1-Bv < oo. There is a measure p. such that p. is
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piecewise constant on the e-grid (.|, is constant on each element of the grid as x
varies) and

“pn.

vary (pe) < 2vary (), lpell<rr < |lu

Furthermore,

[ = peller= < 2e vary(u).

Proof. — Let us consider p. defined by averaging in the following way: let = € [0, 1]
and let I; be the element of the e-grid containing z. Then, for a measurable set A C M,
pz(A) is defined as

pie|o(A) = /1 fie | (A)dry.

We remark that p, — pe|, < osc(e, xi(x), ), where x;(x) is the grid center closest
to x, and osc(e, x;(x), u) < osc(2e, x, u) then

osc(2e, x, jt) osc(2e, , 1
/||M|x pezllw < f < 2 sup (M) < 2e vary(p).
2¢e 2e<A 2e
The other inequalities are analogous. |
Prorosition 31. — The convergence to equilibrium of a system satisfying (Tel) and

(Te2) can be estimated as

—1/8~

|IL"v||«1» < Can [v]l1-Bv-

Proof. — Consider a 1-BV measure v, without loss of generality we can suppose
Il”|li-Bv = 1. Let us approximate v it with a Lipschitz measure. First let us approxi-
mate it with a piecewise constant measure v, as before. We have

lv — ve|«1» < 2e vary (v) < 2e.

Let v; be such that v; = ve|,, with z; center of the e grid as before, and f; be the
convolution 7y *v;, where v is a £5 ! Lipschitz mollifier supported in [—€2,€2]¢. Then f;
is a e, ' Lipschitz function. Let

Fag) = {fi(y) if |z — 2] < (1 - ea)e,
¢i(@) fi(y) + (1 = ¢i(2)) fir1(y) if zi + (1 —ea)e <z < wig1 — (1 —e2)e,
where ¢; is a linear function such that
di(xi + (1 —e2)e) =0 and ¢i(wip1 — (1 —e2)e) = 1.
We remark that f is v/2¢e5 'e™! Lipschitz, [ f dm = 0. and ||ve — fm||«1» < 3eo. Hence
(13) lv — fmll«1» < 2evar;(v) + 3es.

Since the convolution with a Lipschitz kernel is a weak contraction in the Wasser-
stein norm, applying Lemma 30 we get vary(fm) < 2vary(v) and || f|«1» < ||v]|«17.
Now we apply Proposition 28 in an efficient way. The proposition concerns the be-
havior of the correlation of two observables. We will consider f as one of them, and
the other will be constructed in a suitable way to get the desired statement.
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Let f be the Lipschitz density found above. Let u = L™ fm. Let u.its piecewise
constant approximation defined as in Lemma 30 and p; = fic|,,. Consider 1-Lipschitz
functions ¢; : T¢ — R such that || [ €| — ||uillw| < & consider functions h;
[0,1] — R such that h; = 1 on the central third of the ¢ interval of the e-grid and zero
elsewhere, and Lip(h;) = 3¢~!. Consider g; : X — R defined by g;(x,y) = ¢;(y)hi(x)
and g = ), g;- By what is said above, we have

“17 3(§+ /g,ug)

and by Lemma 30, ||L™fm — p.||«1» < 2evary(u). Then

[ e |

IL"™(fm)||«1» < ||ptell«1 + 2¢ vary (u)

<3¢+ /gua) + 2e var, (u).

Now consider [ g L™fm. Since g is 1-Lipschitz in the y direction, we have that
' / gL"f— / g be

L™ fll«1» < 3(5 + /g dL" f o + 2¢ vary (u))+25 vary ().

< IL™ fm — pe

«pn < 2e vary (p)

and

Now, since [ fdm = 0, by Proposition 28

—1/2v

’ / ; dL"(fm)‘ < | fpllglhipn

then

4 —1/2
1L fllers < 3(&+ Cllfllip3e ™"

" 2evary (L"(fm))) + 2e vary (L™(fm)).

We recall that the Lebesgue measure is invariant for the system. Then if
K is a constant density such that f + K > 0 it holds L"(fm + Km) =
L™(fm) + Km. It holds vari(L™f) = vari(L"(f + K)), since it is a positive
measure, to (f + K)m we can apply the regularization inequality (Proposition 20).
Setting B = Br (AP + H + 3¢Cy) /(1 — \Pa) we get

vary (L"(fm))< A" vary (f)+B(]| f]

«7 + K)
since f is v/2¢e5 e~ -Lipschitz and || f||1-sv < 1, || flleo < V2e5 e™! + 1. Therefore
var(L™(fm))< A"a” var(f)+B(1 ++v2e5; e~ + 1) and
1L (fm)llear < 3¢ + 3C]| fllip3e™n™"/27 4 82 vary (L" f)
<36+ 30| fllup3e '~/ + 8e[A"a vary (f)+B(1+ V2ey'e ! + 1))
<36+ 3C| flup3e Y2 4 16e[A"a” vary (f)+B(1+ V25 e 4+ 1))
<364+ 30V2e5 e 3 ™Y £ 16\ vary (f)+B(1+V2e5 et +1)].
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Taking &€ = n= /27, gy = n= /87 & = n=1/87 recalling that var;(f) < var;(v) < 1,
we obtain
L"(fm)|«1» < 3n Y27 £ 90V2n3/ 8027 L 160 Y8 (N + 2B) + V2 Bn /8
|
<

C3n_1/87.

~—

Finally, by Equation (13

L™ (v = frm)l|sxs + [ L7 (Fm)|e
2e||v|l1py + L™ (fm)l|1» + 322 < Can™ /57, 0

Once we have an estimate for the speed of convergence to equilibrium, by Propo-
sition 25, and Remark 7, the following holds directly:

Prorosition 32. — Consider a family of skew product maps Fs = (Ts,G5),0< 6 < D
satisfying uniformly (Sk1)—(Sk3) and let fs € L' its invariant probability measures,
suppose:

(1) Fy is a piecewise constant toral extension as defined in Section 6, with linear
Diophantine type v¢(0).

(2) There exists n € N such that for each 6 < D, d,, s(To,Ts) < 6.

(3) For each 6 < D there exists a set A € Int,, such that m(Az) > 1 — 46 and for
all x € Ag,y € TY, it holds |Go(x,y) — Gs(x,y)| < 6.

Then for each v > ~v4(0) there exists K1 such that for § small enough
| fs — fo

o1 < K0/ BV,

6.3. AN ExampLE HAVING HOLDER BEHAVIOR. In this section we show a simple ex-
ample of perturbation of toral extensions satisfying assumptions (Tel) and (Te2) for
which the statistical behavior is actually, only Holder stable. This shows how that
Propositions 25 and 32 give a general estimate, which is quite sharp in the case of
piecewise constant toral extensions.

Prorosition 33. Consider a well approximable Diophantine irrational 6 with
ve(0) > 2. Let us consider the map Fy : [0,1] x T defined as a skew product
FO(TO(x)ﬂGO(xvy)); where

To(xz) =2z mod (1) and Go(z,y) = y+ 0p(x),

where ¢ = X[1/2,]. Consider o' < v,(0). There ewist a sequence of reals §; > 0,
0; = 0 and a sequence of perturbed of maps ﬁ(;j (z,y) = (f(;]. (z), égj (z,y)) satisfying
(Sk1)~(Sk3), with Ty, (x) = To(x) and ||Gs, (x,y) — Go(z,y)||ee < 20; such that
1 r_
I = gl > 505D

holds for every j and every u;, invariant measure of ﬁ(;j (x,y) in L.
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Proof. We remark that since there is convergence to equilibrium for Fj, the
Lebesgue measure jg on [0,1] x 7! is the unique invariant measure in £ for Fy.
Consider F5 = (To(z), y + (6 + 0)p(x))). For a sequence of values of 4 converging
to 0 it holds that (§ 4+ 6) is rational. For this sequence the map y — y + (6 + 6)
(: T — T1) is such that, 0 has a periodic orbit. Let y; = 0, ...,y be this orbit. For
these parameters, consider the product measure u,, = % > <k m® dy,, where m is the
Lebesgue measure on [0, 1] and d,, is the delta measure placed on y;. The measure fi,,
is invariant for Fj(z,y) and is in £'. Tt is easy to see that ||uo — pin||<1» = (1/9)(1/k).
Now the Diophantine type of 6 will give an estimate for the relation between § and k.
Indeed, let v/ < v(6), by the Diophantine type of 6 we know that there are infinitely
many k; and integers p; such that |k;6 —p;| < [1/k;|"". Then |0 —p;/k;| < |1/k;|7" 1.
Let us now consider d; = —6 + p; /k;. It holds |0;] < |1/k;|*'~! and the angle (5, + 6)
generates a periodic orbit of period k;. This happens by perturbing the second
coordinate of the map by a quantity which is less than |1/ k:j|’7/’1. Summarizing, for
the map Fj,

— we have that there is no perturbation on the first coordinate,
— for the second coordinate we have ||Go — G5, ||« < 0, and
— denoting by p; the invariant measure on the periodic orbit defined before, it holds

lgjl/(w'—n,

“rn 2

o — 1

This example can further be improved by perturbing the map Fs, to a new
map F(;J in a way that u; (a measure supported on the attractor of Fg) and
pi+kj/2 (6)(supported on the repeller of F(;].) are the only invariant measures in £!
for ﬁ(;]. and p; is the unique physical measure for the system. This can be done by
making a small further C°° perturbation on G. Let us denote again by yi, ...y,
the periodic orbit of 0 as before. Let us consider a C* function ¢ : [0,1] — [0, 1] such
that:

— g is negative on the each interval [y;,y; + 1/2k;] and positive on each interval
[yi + 1/2k;, yir1] (so that g(y; + 1/2k;) = 0).

— ¢’ is positive in each interval [y; +1/3k;, y;11 —1/3k;] and negative in [y;, yi11] —
[yi +1/3k;, yiv1 — 1/3k;].

Considering Ds : T+ — T defined by Ds(x) = z + dg(x) mod (1), it holds that
the iteration of this map send all the space but the set {y; + 1/2/{] | i < kj} (which
is a repeller) to the set {y; | i < k;} (the attractor). Then define F(;J as:

Fy, (2,y) = (T, (1), Dy, (y + (35 + 0)()).
The claim directly follows from the remark that for the map (ﬁ(g,. )¥i the sets
I :=[0,1) x{y; |i<k;j} and T9:=1[0,1] x {y; +1/2k; | i < k;}
are invariant and the set I'; attracts the whole [0,1] x 71 \ Ty. O

(©)Defined as [uj +1/2k;](A) = u;(A—1/2k;) for each measurable set A in 71, where A —1/2k;
is the translation of the set A by —1/2k;.
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The construction done in the previous proof can be extended to show Holder be-
havior for the average of a given regular observable. We show an explicit example of
such an observable for a skew product with a particular angle 6.

Prorosition 34. Consider a map Fy as above with the rotation angle § =

S22 272" with
To(z) =2x mod (1) and Go(z,y) =y + 0p(x)
as in Proposition 33. Let ﬁ(;j be its perturbations as described in the proof of

the proposition and p; their invariant measures in LY. There is an observable
Y1 [0,1] x T+ = R with derivative in L? and C > 0 such that

’/wduo—/wduj > C\/3;.

Proof. — We recall that that 7%, 272" < 272"+ From this we deduce
122°"9)| < 2=2°"*"V+1 and the Diophantine type of 6 is greater than 4. Following the
construction above, we have that with a perturbation of size less than 2=2°" "+ the
angles 0; = Zjl 22" generate on the second coordinate of the skew product orbits

of period 22*  Now let us construct a suitable observable which can “see” the change
of the invariant measure under this perturbation. Let us consider

o'} k

(14) Y(z,y) Z 2221) cos(22 27ry) and Vi (z,y) Z

1 1

2221 cos( 22 27Ty)

Since for the observable v, the i-th Fourier coefficient decreases like i =2, then 1 has

a derivative in L2. Let z; = 0,. ., 4925 be the periodic orbit of 0 for Yyt 0;, and
wi = (1/ 2221) 25% the physwal measure supported on it. Since 22”7 divides 22°7""

we have 21 1 Yr(xi) =0 for every k < j, thus [¢;_1 duj = 0. Then

oo

1 1 _o2i+1 _92(+1) 4
= [ Y du; > —5 —§ ey 2277 —27 L
J / J (222 )2 ~ (222 )

And for j big enough,

_o2j+1 _92(i+1) 1, 52
92 2 —9 2 +1 2 (2 2 )2.

[\

Summarizing, with a perturbation of size
> 2i 2(j41) 2(j41) 2
=327 <2k 27T = 27T —g(p7 2t
j+1

we get a change of average for the observable ¢ from [ dm =0 to v, > %(2—221‘)2.
Hence there exists a C' > 0 such that with a perturbation of size §; we get a change
of average for the observable i of size bigger than C/d;. |
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Revark 35. — Using 1/(22°) instead of 1/(22")2 in (14) we can obtain a smoother
observable. Using rotation angles with bigger and bigger Diophantine type it is possi-
ble to obtain a dependence of the physical measure to perturbations with worse and
worse Holder exponent. Using angles with infinite Diophantine type it is possible to
have a behavior whose modulus of continuity is worse than the Hoélder one.
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