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ON THE PERSISTENCE OF
HOLDER REGULAR PATCHES OF DENSITY FOR
THE INHOMOGENEOUS NAVIER-STOKES EQUATIONS

BY RAPHAEL DANCHIN & XIN ZHANG

Asstract. — In our recent work dedicated to the Boussinesq equations [15], we established
the persistence of solutions with piecewise constant temperature along interfaces with Holder
regularity. We here address the same question for the inhomogeneous Navier-Stokes equations
satisfied by a viscous incompressible and inhomogeneous fluid. We prove that, indeed, in the
slightly inhomogeneous case, patches of densities with C1:¢ regularity propagate for all time.
Our result follows from the conservation of Hélder regularity along vector fields moving with
the flow. The proof of that latter result is based on commutator estimates involving para-
vector fields, and multiplier spaces. The overall analysis is more complicated than in [15], since
the coupling between the mass and velocity equations in the inhomogeneous Navier-Stokes
equations is quasilinear while it is linear for the Boussinesq equations.

Risumic (Persistance de la régularité holdérienne des poches de densité pour les équations de
Navier-Stokes inhomogene)

Dans notre travail récent consacré aux équations de Boussinesq [15], on a établi la persis-
tance de solutions avec température constante par morceaux le long d’interfaces a régularité
holdérienne. On aborde ici la méme question pour les équations de Navier-Stokes inhomogeéne
satisfaites par un liquide visqueux incompressible & densité variable. On démontre que, dans le
cas légérement non homogene, les poches de densité avec régularité C1»¢ se propagent pour tout
temps. Notre résultat est conséquence de la conservation de la régularité holdérienne le long
des champs de vecteurs transportés par le flot de la solution. La preuve de ce dernier résultat
repose sur des estimations de commutateur mettant en jeu des para-champs et des espaces de
multiplicateurs. L’analyse est plus compliquée que dans [15], dans la mesure ou le couplage
entre les équations de la masse et de la vitesse dans les équations de Navier-Stokes inhomogéne
est quasilinéaire alors qu’il est linéaire pour les équations de Boussinesq.
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INTRODUCTTION

We are concerned with the following inhomogeneous incompressible Navier-Stokes
equations in the whole space RN with N > 2:
Op+u-Vp=0,
p(Opu+u - Vu) — pAu+ VP =0,
divu = 0,
(p,w)le=0 = (po, o).

(INS)

Above, the unknowns (p,u, P) € Ry x RY x R stand for the density, velocity vector
field and pressure, respectively, and the so-called viscosity coefficient u is a positive
constant.

A number of recent works have been dedicated to the mathematical analysis of the
system (INS). In particular, it is well-known that if pg is positive and bounded, and
V/Pouo is in L2(RY), then the system (INS) admits a global weak solution with finite
energy (see [3] and the references therein). That result has been extended by J. Simon
in [25] to the case py > 0, and by P.-L. Lions in [23] to viscosity coefficients depending
on the density.

In [23], P.-L. Lions raised the so-called density patch problem. It may be stated as
follows: assume that pp = 1p, for some domain Dy. Can we find conditions on ug
that ensure that

(0.1) p(t)=1p, forall t>0

for some domain D; with the same reqularity as the initial one ?

Whenever /pguo is in L*(R"), the renormalized solutions theory in [16] by
R.DiPerna and P.-L.Lions for transport equations ensures that the global weak
solutions mentioned above have a volume preserving generalized flow ¢ and that we
do have (0.1) with D; being the image of Dy by ¥(t,-). However, without assuming
more on ug, it is very unlikely that one can get information on the persistence of
regularity of D, for positive times.

The present paper aims at making one more step toward solving Lions’ question,
by considering the case where

(0.2) po =mlp, +n2lpg,

for some simply connected bounded domain Dy of class C1<.
Our goal is to find as general as possible conditions on ug, that guarantee that for
all time ¢ > 0, the domain D; := 9(t, Dy) remains C*¢, and the density reads

(03) p(tﬂ ) = 771]1171, + UQ]IDS'

Several recent works give a partial answer to that issue if |n; — 7] is small enough.
Indeed, the paper by the first author with P. B. Mucha [11] ensures that if pg is given
by (0.2) and u belongs to the critical Besov space BI()A{/ P )71(RN ) (see the definition
below in (1.2)), then (0.3) is fulfilled for small time (and for all time if ug is small)
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and the C! regularity is preserved. Likewise, according to the work [18] by J. Huang,
M. Paicu and P.Zhang (see also [14]), one may solve (INS) if the initial density is
close (for the L* norm) to some positive constant and ug belongs to

S(N —1 N (N +6—1 N
BO/P=Y RN Y 0 BV/P) RN)

for some 1 < r < co. As the flow of the corresponding solution is CLY for all §' < 6,
one can deduce that if pg is given by (0.2) then the C1¢ regularity of the boundary is
preserved provided that ¢ < § (as the flow need not be in C!:9).

Finally, as noticed in [12] then improved by M. Paicu, P. Zhang and Z. Zhang [24], in
the 2D case, if working within the energy framework, then one may avoid the smallness
condition on the density and solve (INS) globally if pg and ug just satisfy

(0.4) 0<m <po<n2, ug€ H(R?) for some s> 0.

As the constructed velocity field therein admits a C' flow, one can readily deduce
that, if po is given by (0.2) with Dy C R? then the C! regularity of the boundary is
preserved.

The common point between the above works is that the hypotheses on wug do
not take into account the non-isotropic structure of py. Consequently, the maximal
regularity that can be propagated for the patch is limited by the overall regularity of
the initial velocity. In two recent papers [22, 21] devoted to the 2D case (see also [20]
for the 3-D case), X.Liao and P.Zhang pointed out that only tangential regularity
along the boundary of Dy was needed to propagate high Sobolev regularity of the
patch. They followed J.-Y.Chemin’s approach in his work [7] dedicated to the vortex
patches problem for the 2-D incompressible Euler equations, and characterized the
regularity of the boundary of the domain by means of one (or several) tangent vector
fields that evolve according to the flow of the velocity field.

More precisely, assume with no loss of generality that D coincides with the level
set fo '({0}) of some (at least C!) function fy : RN — R that does not degenerate in
a neighborhood of 9Dy, namely there exists some open neighborhood Vj of Dy such
that

(0.5) Do = f;'({0})NVy and Vfy does not vanish on Vp.
Then D; coincides with f;1({0}), where f; = f(t,-) := fo o ¥; ! with vy := 1)(t,-)

and v being the solution of the (integrated) ordinary differential equation:

(0.6) Yt ) =x+ /0 u(7, (7, z)) dr.

Now, the tangent vector field X, := V' f; coincides with the evolution of X := V=* fy
along the flow of u, namely:(!)

(0.7) X(t,) = (Oxve) o9y,

(D For any vector field Y = Y*(z)9, and function f in C*(R™;R), we denote by dy f the direc-
tional derivative of f along Y, that is, with the Einstein summation convention, dy f := Y*d, f =
Y . VF.
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784 R. Dancrin & X. Znane

and thus satisfies the transport equation

(0.8)

X +u-VX =0xu,
X|t=0 = Xo.

Consequently, the problem of persistence of regularity for the patch reduces to that
of the vector field X solution to (0.8).

In their first paper [22], X.Liao and P.Zhang justified that heuristics in the case
where the jump |71 — 72| is small enough, and wuy € (lep(]RQ))Q for 2 < p < 4.
Their proof was essentially based on weighted L, — L, estimates for the velocity and
allowed to propagate Sobolev regularity W*? of the boundary, with k large enough
(in particular the boundary is at least C*¢ for some ¢ > 0). In a second paper [21],
after revisiting the approach of [24] (that is Sobolev spaces H® with s > 0 and thus
finite energy framework), X. Liao and P.Zhang succeeded in proving a similar result
for general positive 71 and 7y in (0.2). The corresponding level set function fy has
to be in W2+k:P(R?) for some integer number k > 1 and p € ]2,4][, hence Dy is still
at least C%°. As regards the initial velocity field ug, it has to satisfy the following
striated regularity property along the vector field Xg := V= fy:

(0%, uo € By =H K ®2)? for all £ € {0,...,k}

with 0 < s <1—¢ and (s,p) in ]0, 1] x ]2, min{4,2/(1 — s)}[.

In the present paper, we propose a simpler approach that allows to propagate
just C1¢ Holder regularity (for all e € ]0, 1[), within a critical regularity framework.
By critical, we mean that the solution space that we shall consider has the same
scaling invariance by time and space dilations as (INS) itself, namely:

0.9) (p,u, P)(t,x) — (p, \u, N2P)(N*t, Ax) and  (po,uo)(z) — (po, Mug)(Ax).

That framework is by now classical for the homogeneous Navier-Stokes equations
(that is p is a positive constant in (INS)) in the whole space RY (see e.g. [4, 19] and
the references therein). As observed by the first author in [10] (see also H. Abidi in [1]
and H. Abidi and M. Paicu in [2]), working in a suitable critical functional framework
is still relevant in the inhomogeneous situation.

Acknowledgements. — We are grateful to the referees for pointing out the work [17]
by F. Gancedo and E. Garcia-Juarez that has been posted on arXiv a few weeks after
we submitted our paper. There, in the 2D case, the C1'¢ regularity of the interface is
propagated whenever the density is given by (0.2) with 1 > 0 and 79 > 0, and wug is
in He' for some &’ > e. That result relies on the nice observation that in that particular
case, the flow of the solution constructed in [24] has C¢ regularity in all directions. In
the present paper, we are able to consider densities which are not piecewise constant
(like in (0.2) with a smooth variable 77 for example), and velocity fields that have
just critical regularity but we need the density to be close to some positive constant.
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1. Resurts

Before stating our main result, we need to introduce a few notations. First, we
recall the definition of Besov spaces: following [4, §2.2], we consider two smooth radial
functions x and ¢ supported in {£ € RY : [¢] < 4/3} and {¢ € RY :3/4 < |¢] < 8/3},
respectively, and satisfying
(L) D o7 =1 VEeRVN{0}, x()+) »279¢) =1, VEeRY

jez §>0
Then we define Fourier truncation operators as follows:

Aj = (279D), Sj =x(27/D), Vi €Z; Aj:=9(277D), Vj =0, A_;:=x(D).

For all triplet (s,p,7) € R x [1,00]?, the homogeneous Besov space B;T(RN) (just
denoted by B;r if the value of the dimension is clear from the context) is defined by

(12) By (RY):={ueSRY): ullz, = 27[A;ullL,

rz) < oo},

where S; (R™) is the subspace of tempered distributions S’'(RY) defined by
SHRY) :={ueS'RY): JJim Sju=0}-

We shall also use sometimes the following inhomogeneous Besov spaces:

(1.3) B, (RY):={ueS'®RY): |lullp;, = [|2°|A5u]»

ruf-1}) < oo}

Throughout, we adopt the common notation b5, .(RY) to denote Bj,(RY) or
B3 (RY).

It is well-known that Sobolev or Hélder spaces belong to the Besov spaces hierarchy.
For instance B§7Q(RN ) coincides with the homogeneous Sobolev space H*(RY), and
we have

(1.4) B, o (RN) =CO*(RY) = L®(RN) N B, (RY) if s€]0,1[.
To emphasize that connection, we shall often use the notation €* := Bgo’oo
(or €° := B3, ) for any s € R.

When investigating evolutionary equations in critical Besov spaces, it is wise to use
the following tilde homogeneous Besov spaces first introduced by J.-Y.Chemin in [8]:
for any T € ]0, 4+00] and (s,p,r,7) € R x [1, +00]?, we set(?)

L3(Bs,) = {u €800, 7[R lim_$yu=0in L3(L™) and lull g s, , < 00}7

@For T € 10, +o0[, p € [1,+00] and E a Banach space, the notation L%(E) denotes the space of
LP functions on |0, T with values in E, and LP(R4; E) corresponds to the case T' = +o00. We keep
the same notation for vector or matrix-valued functions.
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786 R. Danciin & X. Znane

where

< 00.

||U’||Z'7Y,(B;T) = H2JS||A]UHL;(LP) 07(2)

The index T will be omitted if equal to +o0, and we shall denote
Co(Ry; Bs,) == L®(Ry; B3 ) NC(Ry; B ).

We also need to introduce the following spaces for (o,p,T) € R x [1, 00] x ]0, 00]:

D, p,1

EZ(T) = {(v,VQ) : v € Gy([0,T[; BSYP) ™), (90, V20,V Q) € LL(BYP )1,
endowed with the norm
”(vv vQ)HE‘g(T) = ”vHE%O(B;J\i/p)-%—a—l) + ||(at'U, V2’U, VQ)”LlT(B;A;/pH"_l)'

For notational simplicity, we shall omit o or T in the notation Eg (T') whenever o is
zero or T = oo. For instance, E'p = Eg(oo)

Finally, we shall make use of multiplier spaces associated to pairs (F, F') of Banach
spaces included in the set of tempered distributions. The definition goes as follows:

Derivition. — Let E and F be two Banach spaces embedded in &' (RY). The mul-
tiplier space M(E — F) (simply denoted by M(E) if E = F) is the set of those
functions ¢ satisfying pu € F for all v in E and, additionally,

(1.5) lellmp—r) == sup |lpullp < co.
ueklr
lull <1
It goes without saying that || - || sz r) is @ norm on M(E — F) and that one

may restrict the supremum in (1.5) to any dense subset of E.
The following result that has been proved in [11] is the starting point of our anal-
:o.(3)

ysis:

Tueorem 1.1. — Let p € [1,2N[ and ug be a divergence-free vector field with coef-
ficients in Bl(jf\l[/p)fl. Assume that py belongs to the multiplier space M(Bl()f\{/p)fl).
There exist two constants ¢ and C' depending only on p and on N such that if

llpo = Ul yysoym—) + llwoll goxm—r < e
then the system (INS) in RN with N > 2 has a unique solution (p,u, VP) satisfying
pe L™ (R_,_;M(BI(){\{/Z))_l)) and (u,VP) € E,.
Furthermore, the following inequality is fulfilled:
(1.6) ”uHEx(R‘*';B;{\i/”)*l) + ||8tu, V2u, VP”Ll(]R‘*';B;ﬁ/”)*l) < C”uO”Bé{\i/p)—l-

(3)As the viscosity coefficient p will be fixed once and for all, we shall set it to 1 for notational
simplicity. Likewise, we shall assume the reference density at infinity to be 1.
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By classical embedding, having V2u in Ll(RJr;Bg\lf/p)_l) implies that Vu is in
LY'(R4;Cp). Therefore the flow ¢ of u defined by (0.6) is in C'. Now, it has been
observed in [11] that for any uniformly C' bounded domain Dy, the function 1p,
belongs to M(B;J) whenever —1 + 1/p < s < 1/p. Therefore, one may deduce from

Theorem 1.1 that if pg is given by (0.2), if ug is in Bfﬁ/p)_l for some N -1 <p < 2N
and if

||uo||B(N1/p>_1 +|n2 —m1| is small enough
P,

then the system (INS) admits a unique global solution (p,u, VP) with (u, VP) in E,
and p given by (0.3) with D; in C! for all time ¢ > 0.

The (parabolic type) gain of regularity for u pointed out in Theorem 1.1 is opti-
mal, as well as the embedding of Bﬁ’[ {p in the set of continuous bounded functions.
Therefore, one cannot expect the flow of u given by Theorem 1.1 to be in any Holder
space C1'* for some a > 0, which prevents our propagating more than C! regularity.
Following [22, 21], it is natural to make an additional tangential regularity assump-
tion on wug. This motivates the following general result of persistence of geometric
structures for (INS).

Tueorem 1.2. — Let e be in ]0,1[ and p satisfy
(1.7) N/2 <p<min{N/(1-¢),2N}-

Let ug be a divergence-free vector field with coefficients in Bfﬁ/m_l. Assume that the
initial density po is bounded and belongs to the multiplier space

MBI 0
There exists a constant ¢ depending only on p and N such that if
(1.8) lpo — 1”M(B;{VI/P)*l)mM(B;fVl/"”f*z)an + ||uo||3;{v1/p>—1 <g,
then the system (INS) in RN has a unique global solution (p,u,VP) with
pe L™ <R+; L MBYP ) n M(B;,{Y/P”E‘Q)) and (u,VP) € B,

Moreover, for any vector field Xo with C%¢ regularity (assuming in addition that
e>2— N/pifdivXy #0), if the following conditions are fulfilled

dx,P0 € M(B,(,{\{/p)_l — B;{\lr/p)ﬁ_?) and  Ox,up € Béf\lf/p)+e—2’

then the system (0.8) in RY has a unique global solution X € C,,(Ry;C%%), and we
have

oxp e L= (R M(BIYP ™ — BIYP'2)) and (9xu,0xVP) € B
Some comments are in order:
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788 R. Danciin & X. Znane

— The divergence-free property on X is conserved during the evolution because if
one takes the divergence of (0.8), then we get, remembering that divu = 0,

OpdivX +u-VdivX =0,
(1.9)
diVX|t:0 = diVXO.

— In the case div Xy # 0, the additional constraint on (e,p) is due to the fact
that the product of a general C%¢ function with a B(N/p) ? distribution need not be
defined if the sum of regularity coefficients, namely & —|— (N/p) — 2, is negative.

— The vector field X given by (0.8) has the Finite Propagation Speed Property.
Indeed, from the definitions of the flow and of the space Ep, and from the embedding
of B;\)’{p(RN) in Cy(RY), we readily get® for all t > 0 and = € RV,

[t x) — 2| S \/i||u||L?(B%p) < C‘/iHUO”B;{Vl/P)—L

Therefore, if the initial vector field X is supported in the set Ky then X (t) is sup-
ported in some set K; such that
diam(K;) < diam(Ky) + CVt ol ov/m-1.
p,

— One can prove a similar result (only local in time) for large uy in Bfﬁ/ p)—1
Moreover, we expect our method to be appropriate for handling Holder regularity C*¢
if making suitable assumptions on 8&0 po and QJXOuo for j = 0,...,k. We refrained
from writing out here this generalization to keep the presentation as short as possible.

In the density patch situation (that is if pg is given by (0.2)) the condition on dx, po
is trivially satisfied as the derivative of the density along any continuous vector field
that is tangent to 0Dy, vanishes. This implies the following statement of propagation
of Holder regularity of density patches for (INS) in the plane:

Tuaeorewm 1.3. Let Dy be a simply connected bounded domain of R? satisfying (0.5)
for some function fo € CY¢(R?;R) with ¢ in ]0,1[. There exists a constant 1y depend-
ing only on Dy and such that if

(1.10) po = (1+n)lp, +1p; with n€]—mno,mol

and if the divergence free vector-field ug € S;(R?) has vorticity wy = dug — dau
given by

(1.11) wy =wo +wo Lp, with div(@oV*tfo) =0 and / wodr =0
RZ

for some small enough compactly supported functions (@o, &) in LP(R2) x C°' (R?)
with 0 < e’ <e and 1 <p < 2/(2—¢), then the system (INS) has a unique solution

(4)All over the paper, we agree that A < B means A < CB for some harmless “constant” C, the
meaning of which may be guessed from the context.

JEP M., 2017, lome /4



DENSITY PATCHES IN THE INHOMOGENEOUS NAVIER-STOKES EQUATIONS 78()

(p, u, VP) with the properties listed in Theorem 1.1. Moreover, if we denote by (¢, -)
the flow of u then for allt > 0, we have

(1.12) p(t,) =1 +n)lp, + lIpe with Dy := Y(t,Dy),

and D; remains a simply connected bounded domain of class C1¢.

REmagrk 1.4. Of course, one can take g = 0 or wg = 0 in the above statement.
The zero average condition guarantees that ug belongs to some homogeneous Besov
space Bl(fl/ p)-1 (so as to apply Theorem 1.2). It is not needed if we have constant

vortex pattern in R? (see Theorem 2.3) or if the dimension N = 3 (see Theorem 2.4).

Remark 1.5. — We imposed the particular structure of the vorticity in Theorem 1.3
just to give an explicit example for which (0.3) with regularity C*¢ holds true. It goes
without saying that one can consider a much more general class of initial velocities:
according to Theorem 1.2, it suffices that ug satisfies the smallness condition of Theo-
rem 1.1 and that div(V=+fy ®ug) is in Bg{p)%_Q for some 1 < p < min{4,2/(1—¢)}.
In other words, we just need “ug to have € more regularity in the direction that is
tangential to the patch of density.” This is of course satisfied if uy vanishes in a neigh-
borhood of Dy. However, one may consider much more singular examples like the case
where ug is compactly supported and behaves locally near some zy ¢ 9Dy, like the
function |z — x|~ (—log |z — 20]) =% with § > 0.

Remark 1.6. Similar results, only local in time, hold true for large uy with critical
regularity.

We end this section with a short presentation of the main ideas of the proof of
Theorem 1.2. From Theorem 1.1, we have a global solution (p,u,VP) such that
pEL® (R_F;M(Bz()f\l,/p)_l)) and (u,VP) € Ep. As already explained, our main task
is to prove that X (t,-) remains in C%¢ for all time. Now, in light of (0.8), we have

X(t,x) = Xo(¢; ' (2)) +/0 Oxu(t', vy (vy ' (x)))dt'.

Therefore, because 1; is a C! diffeomorphism of R¥ | it suffices to show that dxu is
in L _(R4;C%%). To this end, it is natural to look for a suitable evolution equation
for Oxu. Since (0.8) means that [D;, dx| = 0, where D; := 0; + u - V stands for the
material derivative associated to u, differentiating the momentum equation of (INS)

along X yields
(1.13) pDOxu+ OxpDyu — Ox Au+ 0x VP = 0.

Even though (1.13) has some similarities with the Stokes system, it is not clear that it
does have the same smoothing properties, as its coefficients have very low regularity.
One of the difficulties lies in the product of the discontinuous function p with D;0xu,
as having only Oxu in C%¢ suggests that D,0xu has negative regularity. At the same
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790 R. Dancmin & X. Znane

time, the term with dxp is harmless as, owing to [Dy,dx] = 0 and to the mass
equation, we have

(1.14) D;dxp = 0.

Hence any (reasonable) regularity assumption for dx,po persists through the evolu-
tion.

Our strategy is to assume that p belongs to the multiplier space corresponding
to the space to which D;Oxu is expected to belong. As the flow is C!, propagating
multiplier information is straightforward (see Lemma A.3). This new viewpoint spares
us the tricky energy estimates and iterated differentiation along vector fields (requiring
higher regularity of the patch) that were the cornerstone of the work by X.Liao and
P.Zhang. In fact, under the smallness assumption (1.8) which, unfortunately, forces
the fluid to have small density variations, we succeed in closing the estimates using
only one differentiation along X . This makes the proof rather elementary and allows
us to propagate low Holder regularity.

Whether one can differentiate terms like Au or VP along X within our critical
regularity framework is not totally clear, though. Therefore, as in our recent work [15]
dedicated to the incompressible Boussinesq system, we shall replace differentiation
along vector-fields by para-differentiation.

Let us briefly recall how it works. Fix some suitably large integer Ny and introduce
the following paraproduct and remainder operators (after J.-M. Bony in [5]):

Ty := Z Si_noulju and  R(u,v) = Z Ajuljo = Z Ajulpv.
JEL JEL JEL
|7—k|<No
Then any product may be formally decomposed as follows:
(1.15) wv = Ty + Tyu + R(u,v).

To overcome the problem with the definition of dx Au and dx V P, we shall change the
vector field X to the para-vector field operator Tx - := T'x» 05+ which, in our regularity
framework, will turn out to be the principal part of operator dx. Indeed, for any pair
(X, f), the decomposition (1.15) ensures that

(Tx — 0x)f = T, s X" + 0 R(f, X*) — R(f,div X).

Therefore, taking advantage of classical continuity results for operators T and R
(see [4]), we discover that

(1.16) I(Tx — 0x)fll goymree—z S Il goum— 1 Xl

whenever (g,p) € ]0,1[ x [1, +oo] fulfills:

(1.17) N/pe]l—g, 2] if divX =0, and N/p€]2—¢,2[ otherwise.

In our situation, we will apply (1.16) with f = VP or Awu, which are in
LY (Ry; BTV RY)).
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Now, incising the term dxu by the scalpel Tx in (1.13) and applying Tx to the
third equation of (INS) yield

oDy Txu — ATxu+ V7ixP =g,
(1.18) div Txu = div(Taquk — TdivXU),
TXU|t:O = TXOUO

with

(1.19) g := —p[Tx, DiJu+ [Tx, Alu — [Tx, VP + (0x — Tx)(Au — VP)

This surgery leading to (1.18) is effective for three reasons. First, all the commutator
terms in (1.19) are under control (see the Appendix). Second, D;dxu and D;Txu
are in the same Besov space, and the multiplier type regularity on the density that
was pointed out before is thus appropriate. Last, the condition (1.8) ensures that
(TX — Ox)u is a remainder term. Of course, the divergence free condition need not
be satisfied by Txu, but one can further modify (1.18) so as to enter in the standard
maximal regularity theory. Then, under the smallness condition (1.8), one can close
the estimates involving dxu or dxp, globally in time.

The rest of the paper unfolds as follows. In the next section, we show that Theo-
rem 1.2 entails a general (but not so explicit) result of persistence of Holder regularity
for patches of density in any dimension. We shall then obtain Theorem 1.3, and an
analogous result in dimension N = 3. Section 3 is devoted to the proof of our gen-
eral result of all-time persistence of striated regularity (Theorem 1.2). Some technical
results pertaining to commutators and multiplier spaces are postponed in appendix.

2. THE DENSITY PATCH PROBLEM

This section is devoted to the proof of results of persistence of regularity for patches
of constant densities, taking Theorem 1.2 for granted. Throughout this section we shall
use repeatedly the fact (proved in e.g. [11, Lem. A.7]) that for any (not necessarily
bounded) domain D of R with uniform C' boundary, we have

1p € M(B;TT(RN)) whenever (s,p,r) € ](1/p) — 1,1/p[ x ]1,00[ X [1, 00].

From that property, we deduce that if (¢, p) € ]0,1[x]N —1, £=2, then the density po

given by (1.10) belongs to M(B,()f\r[/p)fl(RN)) n M(B,(){X/pHE*Q(RN)).
As a start, let us give a result of persistence of regularity, under rather general
hypotheses.

Prorosition 2.1. Assume that po is given by (1.10) with small enough 1 and
some CY¢ domain Dy of RN satisfying (0.5). Let ug be a small enough divergence

free vector field with coefficients in Bz(ﬁ/p)_l for some
(2.1) N—l<p<min{(N—1)/(1—a),2N}-
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Consider a family (Xx0)rea of C*¢ divergence free vector fields tangent to Dy and
such that Ox, ,uo € B(N/p T2 for all X € A.

Then the unique solutzon (p,u, VP) of (INS) given by Theorem 1.1 satisfies the
following additional properties:

— p(t,-) is given by (1.12),

— all the time-dependent vector fields Xy solutions to (0.8) with initial data Xy ¢
are in L3S (Ry;C%¢) and remain tangent to the patch for all time.

Proof. — Assumptions (1.10) and (2.1) guarantee that pg is in

S5(N/p)—1 S5(N/p)—2
M(BYP™H 0 MBI,

and that (1.8) is fulfilled if 7 and ug are small enough. Of course, dx, ,p0 = 0 for all
A € A because the vector fields X o are tangent to the boundary. Therefore, applying
Theorem 1.2 ensures that all the vector fields Xy are in LS (Ry;C%¢). Now, if we
consider a level set function fy in C1¢ associated to Dy as in (0.5), then f; := fy o1y
is associated to the transported domain D; = ¢:(Dy), and we have

(2.2) D\Vf=-Vu-Vf with (Vu); = du’.
Therefore, as X satisfies (0.8), we have
Di(Xx-Vf) = (DeXn) -V + X5 - (DVS) =0,

which ensures that X, remains tangent to the patch for all time. O

Ezample. As a consequence of Bony decomposition and of div X o = 0, we have

8Xmu0 = TX)\,OU/O + TakuoX/]{.,O + div R(UO, X,\’o).

(N/p) 'n B(N/p)JrE ' with p satisfying (2.1), then the conditions

B(N/PH‘E 1

Hence, if ug € B
of Proposition 2.1 are fulfilled. In fact, the additional regularity of g
implies that the flow 9; is in C!*, because the solution (u, VP) lies in EZ for some

> (N —1)/(1—¢). This is a consequence of the following result that may be obtained

along the lines of the proof of Theorem 1.2.

Prorosirion 2.2, — If the initial data (po, uo) are as in Theorem 1.1 and if in addition
.o S(N/g)te—1

ug is in B, and

-1

llpo — 1||M(B(N/q)+5—1) < ¢ for small constant ¢, 0 <e <1 and < g < o0,
q,1

then, beside the properties listed in Theorem 1.1, the unique global solution (p,u, V P)
of the system (INS) satisfies

pe L™ (R+;M(Béf\1[/q)+a_1)) and (u,VP) € E;
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2.1. THE TWO-DIMENSIONAL CASE. Here we prove Theorem 1.3. As a start, we have
to show that if the vorticity wg is given by (1.11) then wug is in Bz(fl/p)*l(RQ). This

will be achieved by using the fact that ug can be computed from wy by means of the
following Biot-Savart law:

) 1 —T
(2.3) ug = Ko xwp, with Ksy(z):= Sl < o ) .
Recall that wp is in LP(R?) and is supported in some ball B(0, R). Now, on the one
hand, one may write for all z in B(0,2R),

1 dy
o ()] < f/ wole — )| 2,
27 JB(0,3R) |y

which, by convolution inequalities and our choice of p, implies that [uo|1 (o 2r) is in
L™ (R?) for any r satisfying

(2.4) re(1,2p/2-p)[C[1,2/(1-9)[

On the other hand, for |z| > 2R, owing to the zero average condition for wq, we

have
1

=0 (Kao(z —y) — Ka(z))wo(y) dy.
T Jlyl<R

Therefore, by computing Ko(z — y) — Ka(x), it is not difficult to see that we have for
some constant C'r depending only on R,

uo ()

|uo(z)| < gfz lwollr  for all = such that |z| > 2R.

Then putting the two information together, we get ug in L for all r given by (2.4).
Next, let us write that
Ug = SoUo + (Id — SQ)UO.
To handle the first term, we infer from the embedding of L™ in Bﬁ,/o’g‘” " for all
l<r<p<?2,

1Souoll gezrm—1 < 1Souoll g2rn—2/r S [1Souollr < Nuollze < llwoll o
R ,00
As regards the high frequency part of ug, the Fourier multiplier (Id — S)V+(—A)~!

is homogeneous of degree —1 away from a neighborhood of 0, which yields
[[(Id — SO)UOHBffl/mfl = ||(Id - SO)VL(—A)_1w0||Bgl/p>71
29 < [ldd - So)onBg{m—z S llwoll e

Next, consider the divergence free vector field Xy, = V*fy, where fy is given
by (0.5) and is (with no loss of generality) compactly supported. If it is true that

(2.6) axo’u,o S BI(J,QI/;D)72+£’

then one can apply Proposition 2.1 which ensures that the transported vector field X
remains in C%¢ for all + > 0. Now, it is classical that we have X; = (Vf;)* with
ft = foo ;. Hence Dy has a C1¢ boundary.
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Let us establish (2.6). First note that
(2.7) Xo €6 — b,  Nby, provided 1<r<ooand —2/p' <a<e
due to Proposition A.2 and Proposition A.1. Now, (1.16) ensures that
(2:8) || Txyu0 = Oxouoll geymre—z < lluoll gzm—1l1Xoflge  forany 1<p<2/(1—e)-
Then thanks to (2.3), we obtain
Taoto = Tao (—A) 7'V Ewo = (=A) 7'V Txwo + [Ty, (—A) 7 Vg,
whence using Lemma B.1 and (2.5),
(2.9) ||Txouo - (—A)fle‘TXUUJo||Bg(fl/p)+s-z S [ Xo|loge lwol| e
Next, we notice that
Txowo — div(Xowo) = — div(Th, Xo + R(wo, Xo))-
Therefore, taking advantage of standard continuity results for 7' and R, we have
(2.10) || Tx,wo — div(XOwO)”Bff{”)*E*?’ Slwollze | Xollge, as 1<p<2/(2—e¢)

Since div(Xowp) = 0 by assumption, it is sufficient to study div(Xo @ 1p,). Recall
that Ty € €° for some 0 < &’ < ¢, and that div Xy = 0. As we have dx,1p, = 0,
Corollary B.5 implies that

div(Xo @ Lp,) € BEP T2

Putting (2.8), (2.9) and (2.10) together, we conclude that (2.6) is fulfilled, which
completes the proof of Theorem 1.3. g

If dropping off the zero average condition for the function wg in Theorem 1.3, then
the corresponding initial velocity field uy cannot be in L"(R?) for any r € |1,2]. Still,
one can get a similar statement in the particular case where (g, &) = (0,7') for
some small enough 7. Indeed, from (2.3) and Hardy-Littlewood-Sobolev inequality,
we deduce that ug belongs to all spaces L"(R?) with r € ]2, 0o[. Repeating the first

part of the proof of Theorem 1.3 thus yields ug € 3(21/17)71(]1%2) for any 2 < p < oo.

P,
Now, as wy is bounded and compactly supported, it is in B(521/ q)+€72(R2) for any
5(2/q)+e—1

0 <e<land 1l < g < oo, which implies that ug € B, . Hence, applying
Proposition 2.2, and using the fact that the flow of the solution constructed therein
is in C1¢, we conclude to the following generalization of of [22, Rem. 1.1].

Tueorem 2.3. — Let Dy satisfy (0.5) for some € in ]0,1[. There exists a constant ng
depending only on Dy so that for all n,n’ €] —no,no[ if

po = (1+n)lp, + 1pg,
and if the divergence free vector-field ug in WP (R?) for some p > 2 is given by
up = (=A) "'V (' Lp,),
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then the system (INS) has a unique solution (p,u, VP) with the properties listed in
Proposition 2.2 for some suitable In addition, (0.3) is fulfilled for all t > 0, and D
remains a simply connected bounded domain of class C1<.

2.2. THE THREE-DIMENSIONAL CASE. As another application of Proposition 2.1, one
can generalize Theorem 1.3 to the three-dimensional case. Our result reads as follows.

Trrorem 2.4. Let Dy be a CY¢ simply connected bounded domain of R with ¢ €
10,1[. Let po be given by (1.10) with small enough 1. Assume that the initial velocity
ug has coefficients in Sj,(R?) and vorticity'®

QO =VA ug = ﬁo]lpo,
for some small enough Qq in COO(R%R3) (5 € 10,e[) with divQy = 0 and
Qo - 7ip, lop, =0 (here 7iy, = denotes the outwards unit normal of the domain Dy ).

There exists a unique solution (p,u, VP) to the system (INS) with the properties
listed in Theorem 1.1 for some suitable p satisfying

(2.11) 2<p<min{2/(lfs),6}~

Furthermore, for allt > 0, we have (1.12) and D; remains a simply connected bounded
domain of class C1<.

Proof. — With no loss of generality, one may assume that ﬁo is compactly supported.
Like in the 2D case, we first have to check that ug fulfills the assumptions of Propo-
sition 2.1. As it is divergence free and decays at infinity (recall that ug € Sy,), it is
given by the Biot-Savart law:

(212) Ug = (—A)_lv AQq, with Qg = Qo 1p,.

We claim that ug belongs to Bz(,gl/ P)=L for some p satisfying (2.11). Indeed, the char-
acteristic function of any bounded domain with C' regularity belongs to all Besov
spaces B;,/o% with 1 < ¢ < oo (see e.g. [26]). Hence combining Proposition A.1 and
the embedding (A.1) gives

(2.13) 1p, € &'N B;/o% — Bé‘?’l/q)_Q for any ¢ € ]1,00].

Now, using Bony’s decomposition and standard continuity results for operators R
and T, we discover that

Qo € 60— M(BP7?) forany ¢ €]3/2,3/(2—9)].
Hence the definition of Multiplier space and (2.13) yield
(2.14) Qo =Qlp, € BY"7% forany q€]3/2,3/(2-3).

(®)For any point Y € R3, we set X AY := (X2Y3 — X3v2, Xx3y! — x1y3 X1y2 — X2y1l),
where X stands for an element of R or for the V operator.
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As ug isin &) and (—A71)7!VA in (2.12) is a homogeneous multiplier of degree —1,
one can conclude that

ug € B(f’l/q)_l — B](jl/p)_l, for any p > q.

Note that for any § in ]0, 1], one can find some p satisfying the above conditions and
(2.11) altogether.

Next, consider some (compactly supported) level set function fy associated to 9Dy,
and the three C%¢ vector-fields Xy, o := ex A V fo with (e1, e, e3) being the canonical
basis of R3. It is clear that those vector-fields are divergence free and tangent to D.
Let us check that we have dx, juo € Bg’l/p)_erE
two-dimensional case, this will follow from Biot-Savart law and the special structure

of Q. Indeed, from (1.16) and div Xj ¢ = 0, we have

for some p satisfying (2.11). As in the

17,010 — aXk,ouo||BI<731/@>+6—2 S HUOHBS’{”)‘I [ Xollg-, Vpel3/2,3/(1-e)
Then (2.12) yields
Txpotio = Txpo(—A) TV AQy = (=A) "IV A Tx, o Qo + [Ty 00 (—A) TP VA] Q.

Thanks to Lemma B.1 and homogeneity of (—A™1)7!VA, it is thus sufficient to

5(3/p)+e—3
Bg(;,l/p) €

verify that TXMQO belongs to for some p satisfying (2.11). In fact, from

the decomposition
TX}c,oQO — diV(Xk7OQO) = — diV(TQUXho + R(Qo, Xk70)),
and continuity results for Rand T, we get

170,000 — div(Xi0920) || gisjare—s S Q0| poyo—2 [ Xuollge, Va€]3/2,3/(2—¢)].

Thus, remembering (2.14) and 0 < § < &, we have to choose some p satisfying (2.11),
such that the following standard embedding holds

(2.15)  BY/PT0 s BOPTS for some g €]3/2,3/(2 — 8)[ with ¢ < p.
Now, because dx, ,1p, = 0 and (NZO is in C°, Corollary B.5 yields for all 0 < §, < 4,
B, o0 = div(Xy0 ® Qo) = div(Xp0 ® Qo Ip,) € Byt forall g>1.

One can thus conclude that Ox, ,uo € BB/PI—2+e

Pt for any index p satisfying p > ¢
with ¢ satisfying the condition (2.15) and (3/q) + ¢ — 2 = ¢* €]0,0].

As one can require in addition p to fulfill (2.11), Proposition 2.1 applies with the
family (Xx,0)1<k<s. Denoting by (Xi)i<k<s the corresponding family of divergence
free vector fields in C%¢ given by (0.8) with initial data Xg x, and introducing Y; :=

X3 A X1, Yy := X3A X and Yz = X1 A Xs, we discover that for « = 1,2, 3,
0iYy +u-VY, =—-Vu-Y,,

(2.16)
(Ya)|t=0 = 0afo V fo-
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From (2.2), it is clear that the time-dependent vector field (9ufo(¥; ")) Vf; also
satisfies (2.16), hence we have, by uniqueness, Yy (t,-) = ((9afo)(¥; ')V f:. So finally,

3
Voo PV f =S Yalt,) dufo oy
a=1

As ;7 is C* and as both Y, and Vfy are in C%¢, one can conclude that Vf; is C**
in some neighborhood of dDy. Therefore D; remains of class C!+ for all time. ]

Remark 2.5. — In contrast with the 2D case, one cannot consider constant vortex
patterns for the condition S~20 ~ﬁD0 |op, = 0 is not fulfilled. One can define directly ug
through uy = (—A)71V A e, where e is a constant vector of R (as we did for the
Boussinesq system in [15]), but then, V A uy does not coincides with e.

3. THE PROOF OF PERSISTENCE OF STRIATED REGULARITY

That section is devoted to the proof of Theorem 1.2. The first step is to ap-
ply Theorem 1.1. From it, we get a unique global solution (p,u,VP) with p €
Cb(R+;M(BI()f\1]/p)_1)) and (u,VP) € E,, satisfying (1.6). Because the product of
functions maps B;ﬁ/p)*l X Bgl/p to Bzgﬁ/p)fl, we deduce that Dyu = dyu + u - Vu is

also bounded by the right-hand side of (1.6). So finally,
(31) 1w TP) s, + 1Dl g1y < Ol -

In order to complete the proof of the theorem, it is only a matter of showing
that the additional multiplier and striated regularity properties are conserved for all
positive times. We shall mainly concentrate on the proof of a priori estimates for the
corresponding norms, just explaining at the end how a suitable regularization process
allows to make it rigorous.

3.1. BounDs INVOLVING MULTIPLIER NORMS. — As already pointed out in the introduc-
tion, because Vu is in L'(Ry; Bgl/p) and Bg{p is embedded in Cy, the flow ¥ of u

is C* and we have for all ¢ > 0, owing to (1.6),

t
(3.2) 196 e < exp( [ 1vula- dT) <C
0

for a suitably large universal constant C.
Now, from the mass conservation equation and (1.14), we gather that

p(t,) =pootyy ' and (Ixp)(t,-) = (Ix,p0) 0 Wi -

Hence ||p(t, )|/ e is time independent, and Lemma A.3 (keeping in mind the condition
(1.7)) guarantees that for all t € Ry,

) [p(t) — 1||M(Bz<){vl/p>—1) < Cllpo — 1||M(B;{Vl/p>,1),
A4) llp(t) — 1||M(B;{V1/p)+e—z) < Cllpo — 1||M(B,(Jf\§/”’+5‘2)7
5)

H(axp)(t)||M(Béﬁ/p>—1ﬁgg/p)+s—z) < CHaXopO||M(BL{\§/P)71HBLZ’\;/1>)+572)-
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3.2. EESTIMATES FOR THE STRIATED REGULARITY. Recall that Txu satisfies the Stokes-
like system (1.18). As Txu need not be divergence free, to enter into the standard
theory, we set

V= 7"Xu —w with w:= Takxuk — Tdivxu.

Denoting § := g — pu - VTixu — (pOyw — Aw) with g defined in (1.19), we see that v
satisfies:

pdv — Av+VTxP =7,
(S) dive =0,

’U|t:0 = 0.

We shall decompose the proof of a priori estimates for striated regularity into three

steps. The first one is dedicated to bounding g (which mainly requires the commutator
estimates of the appendix). In the second step, we take advantage of the smoothing

effect of the heat flow so as to estimate v. In the third step, we revert to Txu and
eventually bound X.

First step: bounds of g. Recall that § := g — pu - VTxu — (pdyw — Aw) with
g = —p[Tx, Dt]u + [Tx, A]u — [Tx, V]P + (8)( - Tx)(Au — VP)

The first term of g may be bounded according to Proposition B.3 and to the
definition of multiplier spaces. We get, under assumption (1.17),

(3.6) HP[TX,Dt]u||B;{V1/p>+Ef2 < HP||M(BI<)I’V1/P)+572)(HU <g'71||TXUHB;J)\1/p)+s

o Nl oy [Tl gems + el oy Nl govm—s 1 X g )-
Next, thanks to the commutator estimates in Lemma B.1, we have
3.7) 175, Alull gismrse— S VX e [Vl o
P D,

(3.8) ||[TX7V]P||B<N1/M€72 <|vX

Ge—1 ||VP||B;J’\1/P)*1 .
Bounding the fourth term of g stems from (1.16): we have
(3.9) 1(Tx = 0x)(Au = VP)|| govsmse—2 S (A, VP o[ X |-
P, P,
Then the definition of multiplier spaces yields
(3.10) ||8XthU||BI(){\i/p)+s—2 < ”aXP”M(B;fV/P)—1_>B]§f\{/m+f—2)HDtu”Bg/m—l'
Finally, using again (1.16) and the definition of multiplier spaces, we may write

(311 o(Tx = 0x)Duull goymse—s S 12l aygonms=— | X e | Dol g
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Putting together (3.6) — (3.11) and integrating with respect to time, we end up with
(312) HgHLtl(B;{\i/p)+572)
¢
5/ ||p||M(B(N/p>+572)(||UH<,;71HTqu|B<N/p>+E+||Vu|\BN/p||TXuH%,2) dt’
0 p,1 p,1 Pl

t
+/0 1 X Nl ((||VU||Bg{p||u||31<0{v1/p>71 + HDtUHB;{V/WI)||p||M(B£’N1/p)+efz)

+ (720, VP govsm- ) ¥
p,1

t
/
+/0 ”aXp”M(B'T(){\i/p)—lﬁBz()I)\i/pHs—z)“Dtu||Bz()€\;/p)_1 dt’.

Bounding the second term of g is obvious: taking advantage of Bony’s decomposi-
tion (1.15) and remembering that (N/p) + e > 1 and that divu = 0, we get

(3.13) |pu- VTXu||L%(B£{vl/p)+efz)

t
S /0 ol pqiryrmee—2 (lullg-s ||7.’Xu||gzg{v1/m+s +llull govm [ Txullge—s) dt’.
To bound the last term of g, we use the decomposition
Wy = T, x OuF — Tasy xOsu,
pdyw — Aw = p(Wy + Wa) + Wa,  with  § Wa := Ty, 9, xu* — Tuiv o, x,
Ws = A(Tdivxu — Takxuk).
5(N/p)+e—2

Continuity results for the paraproduct and the definition of ./\/l(BI(),1
that

) ensure

t
(3.14) ||PW1||L%(B;q/p>+efz)§/0 Pl pgprme=2) IV X llgems10pull govm— dt’,

t
B15) IoWallysgymiesy S [ ol augaoymre s 00X Lgecallul ysmn

t
B16)  IWallyagymiesy S [ 19X Nl o

To estimate 9; X in (3.15), we use the fact that
WX =—u-VX +9xu=—diviu® X) + dxu.

Hence using (1.15), and continuity results for the remainder and paraproduct opera-
tors, we get under the condition (1.17),

10X llge-2 S Mlull govrm—1[1 X llge + 10xullge-2-
Therefore, taking advantage of (1.16) yields

(317) HPWQHL%(BE)JX/P)-%-E—Z)

t
5/ ||pHM(BI<JNI/p>+ef2)(HX||<gs||u||B[gN1/mfl +||Txullgs—z)||vu||35{p dt'.
0 ) 3 )
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Combining (3.14), (3.15) and (3.17), we eventually obtain
(3.18) ||pOrw — Aw||L}(B~<N1/p>+e—2)
B,
T ’
S [ el gl g Nl s

t
+ [ 0 (ol pagymres lullsgym-s + DIV ulzyg
el gy se— | Beal vym-+ ) it

whence, putting together estimate (3.12), (3.13) and (3.18),

(319) HgHL%(B;JX/PH—s—Z)

t
< . _
S [ Woluagymes (1

t
+/0 \|X||<g's(HVUHBg{p||UHB;{V1/v>fI + ||(3tuaDtu)HB;{vl/mfl)||P||M(B;{v1/p>+572)dt’

F-1 |\7'Xu||31<7{v1/p>+5 + ”v“HBﬁ{p | Txu ge—z) dt’

¢
[ IX g 720, TP
0 P,
¢
!
+/0 ||3XP||M(Bé{vl/p)—l_,gﬂ/pws—z)\\Dtu||3;€vl/p>—1 dt’.

Second step: bounds of v. — We now want to bound v in
Foo((N/p)+e—2 5(N/p)+
LE (BT ) N LB )

)

knowing (3.19). This will follow from the smoothing properties of the heat flow. More
precisely, introduce the projector P over divergence-free vector fields, and apply PA;
(with j € Z) to the equation (S). We get

D Ajv — AAju =PA;(G+ (1 — p)dw)
Ajv|t=0 = Ajvo.
Lemma 2.1 in [8] implies that if p € [1, 00],
|mw@mm<eMﬂmwﬂm+cA¥C“fWW&@+u—m&mwmmﬁﬂ
Therefore, taking the supremum over j € Z, using the fact that
o =A2v+P(g+ (1 - p)ow)
and that P : Bz(ﬁ/p)ﬁﬁ — B;J,\l’/p)ﬁd, we find that

(3.20) HUHZ;?C(B;{\;/pHe’z) + HUHL%(BZ(,Z’\;/I)HE) + ||8tU||L%(B;()1’\;/p)+z—2)

S ||”0|\B;{vl/p>+s—z + ||§||L§(B;fvl/1”>+5*2) + (1 - p)at“||Lg(B;fV/P”6*2)'
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The smallness condition (1.8) combined with Inequality (3.4) ensure that the last
term of (3.20) may be absorbed by the left-hand side, and we thus end up with

||”||Z;°(B;fvl/”>+5‘2)m:§(Bﬂ/m“) + \|8tv\|L%(Bé{\§/p)+s—2)
S ||UO||Bé{v1/p>+s—z + ||§||L%(B;z,\;/p>+sfz)-
Next, we use the fact that by definition of vy,
Vo = TXO Uo — Takxo u}é + Tdiv X, U0
= Ox, o — Topue X& — O R(XE, u0) + R(div Xo, uo) — Th, xoub 4+ Taiv x4Uo-
Hence continuity results for the paraproduct yield, under the condition (1.17),
[voll goymse=z S l10xuoll goyimse—2 + 1 Xollge lluoll gorsm -

Thus

(3.21) HU||EEO(B;{\;/P)‘FE—Q)OL%(BZ(D{\J;/P)+E) + ||8tv||L%(B;{v1/p>+s—2)

S 10x0uoll govrme—s + [ Xollge luoll gorm— + gl Ly govmee—2).

Third step: bounds for striated regularity. — Remembering that
Txu =v+w with w= T@kxuk — Tdivxm
it is now easy to bound the following quantity:
H(t) == ||TXU||Z?O(B;{\§/p)+572) + HTXUHL%(BI(?{V;/PH*E) + ||VTXP||L%(B;{\§/I>)+572)~
Indeed, we have
(3.22) VTxP = (Id — P)(§ — pdyv),

) may be bounded by the right-hand side of (3.21).
Note also that continuity results for paraproduct operators guarantee that

and thus ||V7.'XPHL%(B]<)J)\1/p)+s—2

[0ll oo soymre=2y S Mull oo sovm—1) 1K N e ey

t
ol sgmiey 5 [ Tl gymen 9K hgecs
Hence we have
(3.23) () S l10xouoll gomree=s + [ Xollge luoll govm—r + 151l y eoymee—s
+ ||“|‘Zgo(3;ﬁ/”>’1)ng(B;f\{/”)“)||X||L?°(<55)'

Because X satisfies (0.8), standard Holder estimates for transport equations imply
that

t t
Xl < WXl + [ IVulioe X dt' + [ oxuly. it
Now, recall that
Oxu — Txu = TakuXk + R(aku, Xk).
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Hence, using standard continuity results for operators T and R, and embedding,
(3.24) | Tocu — Oxullge S [ Txcu — 5X“H3ﬂ/m+a N ||VU||BIZX{?||X||<g‘s-
Therefore we have |

t
625 1X e < IXollge + [ IVl g1 X e @+ [Tl g g
Then, using (3.1) and plugging the above inequality in (3.23), we get
H (1) S 10xuoll govmee—2 + [ Xo

(éEHUOHB;{Vl/P)*l + ||§||L§(B£fvl/P)+E*2)

t
ol (1750l agmey + [ IVl 1X e )

Choosing ¢ small enough in (1.8), we see that the first term of the second line may
be absorbed by the left-hand side. Therefore, setting
H () = H(t) + || X | Lo ()

and using again (3.25) and the smallness of uyg,

t
H(t) < ||5X0U0||B;z1vl/p>+572 + [ Xollge + HﬁHL%(B;{vl/pHs—z) +/O ||VU||Bg{p||X||<gs dt'.

In order to close the estimates, it suffices to bound § by means of (3.19). Then
the above inequality becomes, after using (3.4) and (3.5) (and the fact that
llpo — 1||M(B,;z,v1/p>+572) is small implies that ||p0||M(B,(,fV1/P)+E*2) is of order one),

H(t) < ||8X0U0||B(1\;/p>+5—2 + \|X0H<g'5
P,
t
b [ gl o+ 19l g | Tl oma) de
0 P, P

t
[ IX - 9l g Nl s + 1, De T2, TP )
0 P, D, P,

t
JrHaXopo||M(B;{V1/P)—1_>B;{V1/P>+f—2)/0 HDtUHBg/mA dt'.

The smallness of ug and (1.6) imply that all the terms of the right-hand side (except
for the ones pertaining to the data), may be absorbed by the left-hand side. Therefore
using the bounds for D,u in (3.1), we eventually get

(3.26) (1) S 19xuoll povrm+e—2 + (| Xoll-
P,
+ ||6X0p0||M(Bé{\§/p)714)32(01§/p)+572)||u0||Bé{\§/p>7l'

From (3.24), we gather that dxu is bounded by the right-hand side of (3.26).
Next, in order to control the whole nonhomogeneous Hoélder norm of X, it suffices to
remember that

[Xllcoe = I X [z + 1 Xl e
and that Relation (0.7) together with (3.2) directly yield

[ Xillzoe < [[0x,¢]lLe < Cl[Xol[L~-
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Finally, to estimate dx VP, we use Inequality (1.16) and get
[0x VP = VTx Pl y govsmre=2y S 1 Xl poo ey IV Pl g oym-1y-
Therefore ||6XVP||L1(B(N/;7)+5—2) may be bounded like JZ (t).
Dy o

3.3. THE REGULARIZATION PROCESS. In all the above computations, we implicitly as-
sumed that X and dxu were in LS (R1;C%¢) and L} _(Ry;C%¢), respectively. How-
ever, Theorem 1.1 just ensures continuity of those vector-fields, not Holder regularity.

To overcome that difficulty, one may smooth out the initial velocity (not the density,
not to destroy the multiplier hypotheses) by setting for example uf := S, uo. Then
the condition (1.8) is satisfied by (po, u{}) and, as in addition u{ belongs to all Besov
spaces Bg\;/p)_l with p > p and r > 1, one can apply(® [14, Th. 1.1] for solving (INS)
with initial data (po,ug). This provides us with a unique global solution (p", ™, VP™)
which, among others, satisfies

Nr
r—1
By taking r sufficiently close to 1 and using embedding, we see that this implies that
Vu™ is in Ll (Ry;€%%) for all 0 < § < 1 and thus the corresponding flow " is
(in particular) in C'¢. This ensures, thanks to (0.7), that X" is in L{ (R;C%¢) and
thus that dxnu™ is in L (R;;C%¢).

From the previous steps and the fact that the data (po, uf) satisfy (1.8) uniformly,
we get uniform bounds for p™, u”, VP™ and X", and standard arguments thus allow
to show that u™ tends to u in L (Ry; L>) and thus (™ — ) — 0 in L (Ry; L™).
Interpolating with the uniform bounds and using standard functional analysis argu-
ments, one can conclude that X — X in L2 (Ry;C%") for all ¢’ < ¢ (and similar

results for (u™),cn) and that all the estimates of the previous steps are satisfied. The
details are left to the reader. |

: N
Vu™ € LT(R+;BéV7{p) for all 7 €]1,00[ and max( ,37T2) <p<
: -

AprPENDIX A. MULTIPLIER SPACES

The following relationship between the nonhomogeneous Besov spaces B;,(RN )

and the homogeneous Besov spaces B;)T(RN ) for compactly supported functions or
distributions has been established in [13, §2.1].

Provosition A.l. — Let (p,r) € [1,00]> and s > —N/p' := —N(1 — 1/p) (or just
s> —N/p' ifr = o). For anyu in the set &' (RN ) of compactly supported distributions
on RY, we have

ue B (RY) <= ue B (RY).
Moreover, there exists a constant C = C(s,p,r, N,Suppu) such that

C M ullg, < lullgy, < Clullg, -

(6)That paper concerns the half-space; having the same result in the whole space setting is much

easier.
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804 R. Dancrin & X. Znane

A simple consequence of Proposition A.1 and of standard embeddings for nonho-
mogeneous Besov spaces is that for any (s,p,r) as above, we have

N 55+0 N N S N
(A1) E'RY)NBP(RY) — E'(RY)N B, .(RY)  for any 4§ > 0.
We also used the following statement:

Prorosition A.2. — Let (s,p,r) be arbitrary in R x [1,00]2. Then for all u €
B, (RN)NE'(RYN), we have u € By ,.(RN) and there exists C = C(s,p,Suppu) such
that

lullsy, < Cllullsy, .-
Proof. — Let u be in BS, (RY) with compact support. Fix some smooth cut-off
function ¢ so that ¢ = 1 on Supp u. Being compactly supported and smooth, ¢ belongs
to any nonhomogeneous Besov space. Then, using (the nonhomogeneous version of)

the decomposition (1.15) and that u = ¢u, we get
u=Tyu + Ty¢ + R(u, ¢).

Because ¢ is in LP and u in B?

oo,

ensure that Tyu is in B .. For the second term, we just use that u is in €111 and ¢

standard continuity results for the paraproduct

in BE‘THH hence T, ¢ is in B, ,.. For the remainder term, we use for instance the fact
that ¢ is in €/*I*1. Putting all those information together completes the proof. O

The following result was the key to bounding the density terms in our study of
(INS).

Lemvia A3, — Let (s, sk, p, 0k, 7, 71) € | =1, 12 x[1,00]* with k=1,2, and Z:RN RN
be a C' measure preserving diffeomorphism such that DZ and DZ~' are bounded.
When we consider the homogeneous Besov space B;,r (RN) or B;);,m (RN), we assume
in addition that s € | — N/p', N/p| and s € | — N/p, N/pg| for k = 1,2. Then we
have:

(i) If b .(RN) stands for B .(RN) or B;yT(RN), then the mapping u — uo Z is
continuous on bfm(RN): there is a positive constant Cz s p . such that

(A2) luo Zlpy . < Czsprlulls -
(i) If byt .. with k =1,2, denote the same type of Besov spaces, then the mapping
@ po Z is continuous on M(b5} . (RN) — 52 (RN)), that is

o Z\\M(bgyrlab;g”) S Cz-15 1,11 CZs0,p,m2 |0 p o —b52 )

P1,71

(ili) We have the following equivalence for any ¢ € &' (RN),
pe M(BS . (RY) — B2, (RV)) <= p e M(b3 , (RY) — 52 (RY)).

p1,71 p2,7T2 P1,71 p2,7T2

Here byl . and by? . can be different type of Besov spaces but obey our convention

on the index sy for homogeneous Besov space.
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Proof. — Ttem (i) in the case b = B has been proved in [13, Lem.2.1.1]. One may
easily modify the proof to handle nonhomogeneous Besov spaces: use the finite dif-
ference characterization of [26, p.98] if s > 0, argue by duality if s < 0 and in-
terpolate for the case s = 0. We get Cyapr ~ 1+ |[DZ|SN if s > 0, and
Cropr~1+|DZ- 1||LS+N/T if s < 0.

Part (ii) is immediate according to (1.5) and (A.2). Indeed we may write:

100 2l iz, ) = S0 e Dullgg,
i b5ra) e < 22
P1,71
= swp (e z )0 Z|,m

P2.72
llull,s: <1
P1.T1

< CZa827p27T2 sup H‘p (u 0z~ )

USl <
bpl

PZ T2

sup  |luoz?

lullgy <1

<Cz 827102,7“2”90”/\/1 byl g —bp2 ry) bp} v

<Oz Sl,m,ﬁOZ $2,p2,T2 H‘:OHM(b —bp2

P11 P2, 72)

To prove the last item, it suffices to check that if ¢ belongs to E'NM(Bs! . — B32 ),

pP1,71 p2,72
then ¢ is also in the multiplier space between the general type Besov spaces. Take
u € byt ., with compact support, and some smooth and compactly supported nonneg-

ative cut-off function v satisfying 1 = 1 on Supp . Then from Proposition A.1 and
(1.5), we have

loull ., = levulis . < levullps . S Il oz, lbulls

P1,7T1
S H‘PHM(B,,l B2 ry) ylldull, bt
S HSOHM(Bpl B2 ) ||¢||M(bp1 ) yllully bl oy
For the last inequality, we used C2° — M(bs! . ) (see [13, Cor.2.1.1]). O

AppenDIx B. CommuraTor EsTtiMaTES

We here recall and prove some commutator estimates that were crucial in this pa-
per. All of them strongly rely on continuity results in Besov spaces for the paraproduct
and remainder operators, and on the following classical result (see e.g. [4, §2.10]).

Lemma B, — Let A: RV~ {0} — R be a smooth functz’on homogeneous of degree m.
Let (g,s,p,7,71,72,p1,p2) € ]0,1[ x R X [1, 00]® with % == + - L= % + % and

pz’ r

s—m+e<N/p or {s—m+g<N/p and =1}
There exists a constant C depending only on s,e, N and A such that,

1Ty, AD)ull gy-mve < ClIVall e, lull 5,

P1,71 )

If the integer Ny in the definition of Bony’s paraproduct and remainder is large
enough (for instance Ny = 4 does), then the following fundamental lemma holds.
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Lemma B.2 (Chemin-Leibniz Formula). Let (g, 81,0, Pk, 3,757k ) €]0, 1[x R x [1, 003
for k = 1,2 satisfying
1 1 1 1 1 1 1
- =—+—+— and -=—+—:
p p1 P2 P3 roor T2
(i) If s <0 and s1+s2+e—1< N/p or{s1+s2+e—1=N/p and r =1}, then
we have

[TxTyf ~ Ty T f — Tyl gaes < CIX Il ol

B2

351 .
P2,0 BPLT

The above inequality still holds for sy = 0, if one replaces ||g|l g0 by ||g|lLe2-
pg,00
(ii) If si+s2+e—1€]0,N/pl or {s1+s2+ec—1= N/p and r =1}, then we have

ITxR(F.9) = R(Tx f,9) = RO Tcq)l s s < CUX g g, ol

pP1,71 p2,72

The above inequality still holds for s; +sa+e—1=0, r =00 and % + % =1.

Proof. — This is a mere adaptation of [15] to the homogeneous framework. The proof
is based on a generalized Leibniz formula for para-vector field operators which was
derived by J.-Y. Chemin in [6]. More precisely, define the following Fourier multipliers

Ay = @p(279D)  with @p(€) == i&p(€) for k€ {1,...,N} and j € Z.
Then we have

TxTof = (Si-nogTx A f + A fTx S nog) + Y _(T1; + Thj)

JEL JEZ
:Tglj-Xf“i’T'j’ng+ Z Toz,ja
JEL
a=1,...,.4
where
Ty, = > 2 Ay XF (A j (A £S5 nog) — A jr A £ S No9),
J<G'<G+1
J—No—1<5"<j’'—No—1
Ty ;= Z 27 A XF(A; ) Ak 1 Si—No G
J'<i—2

J'=No<j"<j—No—2
T3’j = ijog[TXk 5 Aj]akf,
Tyj = A f[Txr, Sj—no)Okg.
Bounding Tl,j and T 5,; stems from the definition of Besov norms, and Lemmas 2.99,

2.100 of [4] allow to bound T3 ; and T ; provided ¢ < 1.
In order to prove the second item, let us set

Ajj={j—No—1,...,5' = Nog—1} U{j’ = No,...,j — No — 2}
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We have
TxR(f,9) = D> (Aj9Tx A f + A fTxAjg) + Y (Bij + Rayj)
JEL JEZ
:R(TXf,g)+R(f,TXQ)+ Z Roz,ja

JEZL

a=1 4

ERRRE)

where, denoting Aj = Aijo 4+ -+ Aj+NO,

Ryjo= Y sen( — i+ 127 A XF (A (A fAs9) — AjfAL 1 Ajg)
|5 =51 <No+1 . R
i€A; + > Y ANXMAL A A,
J-1<4'<3
7/~ No<j" <j—No
RQ,j = Z 2j,AjHXkAk)j/(Aijjg),
J'<j—No—2

J'—No<j"<j—No—2
Ry j = Ajg[Txr, Aj)0y f,
R47j = Ajf[TXk,Aj]akg.

Here again, bounding Rl,j and R27 ; follows from the definition of Besov norms, while

Lemma 2.100 of [4] allows to bound Rs ; and Ry ;. O
Prorosition B.3. — Let (g,p) be in ]0,1] x [1,00]. Consider a pair of vector fields
(X,v) in

00 Sen\ IV 50 ~(N/p)—1 C(N/p)+1\ N
(LIOC(R+; z )) x (LIOC(R'H Bl(),l/p) ) N Llloc(R-i-; B;g,l/p) )) )
satisfying divv = 0 and the transport equation

(0 +v-V)X = dxv,

(B.1)
X|t=0 = Xo.
If in addition
(B.2) N/p>2—¢, or N/p>1—¢ and divX =0,

then there exists a constant C such that:
B3) |[Tx,0: +v- Vvl govmee—z < CIX llge [0ll goyms ol govm -
+ ||U||<g>1 ||7.—Xv||f3;],v1/p)+s + ||U\|B;){\§/p)+1||7"X11H<g572)-

Proof. — This is essentially the proof of [15, Prop. A.5]. For the reader convenience,
we here give a sketch of it. Because divv = 0, we may write
[Tx, O + ’Uzag]’u = —UeagTXk oLV — Tatxk OLv + TXk Ok (Ueag’l))
= —Tp, x Ok + 0 Tx (v'0) — To,x (v'v) — v 0, Tx .
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Hence, decomposing v‘v according to Bony’s decomposition, we discover that

a=>5
[Tx, O + veﬁg]v = Z Ra

a=1

with Ry = —Tatxkakv, Ry = 8g(7"Xva + 7'}(Tvv£)7 R3 = 6&7'3(]'%(1)@,1;)7
Ry = —To,x (v'v), Rs:= —0v'0,Txv.
It suffices to check that all the terms Rq may be bounded by the right-hand side
of (B.3).
Bound of R;. From the equation (B.1), we have
R1 = Tv,vxlcak’l) — Takaakv.
Hence using standard continuity results for the paraproduct, we deduce that

||Rll|3g/p>+s—2 S ||VU||B${{F(HU VX geon + [[0x]lge2)-

Keeping in mind (B.2), the last term may be bounded according to (1.16), after using
the embedding Bg\l’/p)ﬁ_Q(RN) — €°2(RN). We get

10xv — Txvllge—z S HVUHB;WP)72||XH%;5.
As for the first term, we use the fact dive = 0 and the following decomposition
v-VX =T, X +Th,xv" + R, X),
which allow to get, as long as (B.2) holds

||Rl||3;{vl/p>+s—2 S ||VU||Bg{p(\\U||B;{V1/p>71HX||<g's + ([ Tx 0| o)

Bound qf’Rg. Due to Lemma B.2 (i) and continuity of paraproduct operator, we
have

||Rzl|B;{V1/p>+s—2 S ||X||<ge||v||3;{v1/p>+1HUHgﬁfl

+ Hv||<g71||7-dxv|\,-3ﬂ/m+s + HUHB;{\;/p)Jrl||7LX'U||<@0'572-

Bound of Rs. — Applying Lemma B.2 (ii) and continuity of remainder operator under
the condition (N/p) + ¢ —1 > 0 yields

||RS||B;{v1/m+efz N ||X||<ge||UHB;{vl/p>+1||U||<g'—1 + ||v|\,;;{v1/p>+1||7'XU||<ge—z-

Bound of Ry. From Bony decomposition (1.15), it is easy to get

o' ll gvso < llv

D,

@1 ||v||B,‘,fV1/P)“'

Hence

1l oymrses S 19X gemsl ol ol gommen:
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Bound of Rs. Applying Bony decomposition and using that dive=0 and % +e>1
give

1Bs | gevsmve2 S vllg-a I Txvll goymse + vl govma [ Txvllge-s-
Combining the above estimates for all R,, with o = 1,...,5 yields (B.3). O

Another consequence of Lemma B.2 is the following estimate of div(X fg):

Prorosition B4, Let (s,p,7) be in |0, 1] x [1,00]? and 1 in ]0,1 — s[. Consider a
bounded vector field X and two bounded functions f,g satisfying

X e (B, (RN)ng* )", (f,9) € By, (RY) x B, "(RY) and dxg € B, (RV).
If in addition div X belongs to M(B;T(RN) — B;;l(RN)), and there exists some
q € [1,p[ such that

(B.4) div X € Bina(RY) with s,4:=s—1+ N(1/q—1/p) >0,
then we have div(X fg) € B;’;l(RN), and the following estimate holds true:

| div(X fg)| s < X

B;J‘mcgﬁn”fHLoomB;mHg”LoomB;? + ||fHL°°Han”B;,_rl
+ | diVX”B;f’,z’lmM(B;m%BZ;-l) 9]l o ||f||B;’TmL°°‘

Proof. In light of Bony’s decomposition (1.15), and denoting Téf =T,f+R(f,9),
we can decompose div(X fg) into
Fl = le(T]/ch), F3 :7—}(/1—79/']67

4
div(X fg) = div (T}, X +Tx (fg)) = > Fy, where { .\ . =TT
(s ) (; Fy:=Taiwx(fg), Fa:=TxTyg.

Bound of Fy. — As s > 0, standard continuity results for 7" and R yield

VEllgyr S 15X 0, S 1l lgll=1X 5, -

Bound of F,. — Thanks to continuity results for 7", we have for s < 1,
(B3]

gt S div x|

gl e gl zee-

Bound of Fs. Because X and g are bounded and s > 0, we readily have
VBl < I e T Fl 5y 0 e gl s
Bound QfF4. — Because 0 < s < s+ 1 < 1, Lemma B.2 and continuity results for
the paraproduct T imply that
1T gl s s S UK igesn £l gl g + 1T Tl g + 1T ol g
< X Flzellgllp=n + 1 F e 1 Tx gl gs-r + Ngllooe 1 Tx fll g
To bound the last term, one may use the decomposition

Txf =div(Tx f) — fdiv X + T div X + R(f,div X).

Es+n

Es+n
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Hence using continuity results for R and T and the fact that (s, 4, ¢) satisfies (B.4),
1T Fllggs S 1805, (1Xllooe + 11iv X Laaqs, ppny) + 1 Fllooe v X g
Finally, to bound the term with 7Tx g, we use the fact that
Oxg — Txg =Ty, - X +divR(X,g) — R(div X, g),

whence
(B.5) 10x9 = Txgll s S Mgl (IXN g+ [[div X[ ger).-
This completes the proof of the proposition. O

Proposition B.4 above reveals that the bounded function g may behave like some
element in M(B;;é) under a suitable additional structure assumption. If in addition g
has compact support, then one can relax a bit the regularity of X and f to study
Ox(fg), and get the following generalization of [9, Lem. A.6].

Cororrary B.5. Consider a divergence-free vector field X with coefficients in €°,
and some function f in € with 0 < e,&' < 1. Let g € L™ be compactly supported
and satisfy Oxg € Bg‘;l for some (p,7) € [1,00]* and a € ]0,min{e,e’'}[. Then
div(X fg) = 0x(fg) € By "

Proof. Let ¢ € C° be a cut-off function such that ¢» = 1 near Suppg. Denote
(X, f) = (X, ¥ f). From Proposition A.1 and the proof of Proposition A.2, we know
that

(X, f,9) € (Bi )N x BS o x Bl — (B2, N L=)N*1 x B 1,
for any ¢ € [1,00] and some 7 € |0, min{N/¢’,e — a}[. It is also clear that dx(fg) =
div()?fg) and dgg = Oxg. Hence applying Proposition B.4 gives the result. O
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