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TWISTED LIMIT FORMULA FOR TORSION AND
CYCLIC BASE CHANGE

BY Nicoras BERGERON & MicHAEL LLipNowskl

Asstract. — Let G be the group of complex points of a real semi-simple Lie group whose
fundamental rank is equal to 1, e.g. G = SL2(C) X SL2(C) or SL3(C). Then the fundamental
rank of G is 2, and according to the conjecture made in [3], lattices in G should have ‘little’
— in the very weak sense of ‘subexponential in the co-volume’ — torsion homology. Using
base change, we exhibit sequences of lattices where the torsion homology grows exponentially
with the square root of the volume. This is deduced from a general theorem that compares
twisted and untwisted L2-torsions in the general base-change situation. This also makes uses
of a precise equivariant ‘Cheeger-Miiller Theorem’ proved by the second author [23].

Réésumi (Formule de multiplicité limite tordue pour la torsion et changement de base cyclique)

Soit G le groupe des points complexes d’un groupe de Lie semi-simple réel dont le rang fon-
damental est égal & 1, par exemple G = SL2(C) x SL2(C) ou SL3(C). Alors le rang fondamental
de G est égal a 2 et, selon la conjecture faite dans [3], les réseaux dans G devraient avoir « peu »
— dans le sens trés faible de « sous-exponentiel en le co-volume » — de torsion homologique.
En utilisant le changement de base, nous exhibons des suites de réseaux le long desquelles la
torsion homologique croit exponentiellement avec la racine carrée du volume. Ce comportement
est déduit d’un théoréme général qui compare les torsions L2 tordues et non tordues dans la
situation générale d’un changement de base. Nous utilisons également une version équivariante
précise du « Théoréme de Cheeger-Miiller » démontrée par le second auteur [23].
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1. INnTRODUCTION

1.1. Asymproric GRowTH OF conomoLoGy. — Let I' be a torsion-free uniform lattice
in a semisimple Lie group G with maximal compact subgroup K. Let I';, C " be a
decreasing sequence of normal subgroups with trivial intersection. It is known that
. dim H/(T,,,C)
lim ———————=
n—oo [F : F”]

converges to bSQ)(F), the jth L?-Betti number of I'. If b§2) # 0 for some j, it follows

that cohomology is abundant. However, it is often true that b§-2) (T') = 0 for all j;
this is the case whenever §(G) := rankc G — rankec K # 0. What is the true rate of
growth of b;(T,,) = dim H?(I',, C) when 6(G) # 0?7 In particular, is b;(I',) non-zero
for sufficiently large n?

We address this question for ‘cyclic base-change.” Before stating a general result,
let’s give two typical examples of this situation.

ExampLES

(1) The real semisimple Lie group G = SL(C) satisfies § = 1. Let 0 : G — G be
the real involution given by complex conjugation.

(2) The real semisimple Lie group G = SL3(C) x - -+ x SLy(C) (n times) satisfies
0 =n. Let 0 : G — G be the order 2n automorphism of G given by o(g1,...,9n) =
(G915 Gn—1)

Now let I';, C I' be a sequence of finite index, o-stable subgroups of G. It follows
from the general Proposition 1.2 below that

> () > vol(I'5\SLy(R)).

Note that when the I'),’s are congruence subgroups of an arithmetic lattice I', then
vol(T7\SLy(R)) grows like vol(T',,\G)'/order(o),

In this paper, we shall more generally consider the case where G is obtained from
a real algebraic group by ‘base change. Let G be a connected semisimple quasi-split
algebraic group defined over R. Let E be an étale R-algebra such that E/R is a cyclic
Galois extension with Galois group generated by o € Aut(E/R). Concretely, E is
either R® or C?. In the first case o is of order s and acts on R? by cyclic permutation. In
the second case o is of order 2s and acts on C® by (21, ...,25) — (Zs, 21,- .., 2s—1). The
automorphism ¢ induces a corresponding automorphism of the group G of real points
of Resg/r G.(M We will furthermore assume that H' (o, G) = {1}; see Section 2.4 for
comments on this condition. The following proposition is ‘folklore’ (see e.g. Borel-
Labesse-Schwermer [6], Rohlfs-Speh [30] and Delorme [14]).

(The assumption that G/R is quasi-split is used in the case where E = C, where we quote

P q p q
results of Delorme [14] concerning base change from G(R) to G(C). We emphasize that assuming
G/R is quasi-split is unnecessary in the case where E = R® and o acts by cyclic permutation. See
Section 5.

JEP M., 2017, lome /4
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1.2. Prorosirion. Let Ty, C T be a sequence of finite index, o-stable subgroups

of G. Suppose that 6(G?) = 0. Then we have:
> " dimb;(I'y) > vol(I\G).
J

We prove Proposition 1.2 for certain families {I',} in Section 4.6 but our real
interest here is rather how the torsion cohomology grows.

1.3. ASYMPTOTIC GROWTH OF TORSION coHoMOLOGY. — Let (p, F') be a finite dimen-
sional representation of G defined over R and suppose that the I'),’s stabilize some
fixed lattice & C F'. The first named author and Venkatesh [3] prove that for ‘strongly
acyclic’ [3, §4] representations p, there is a lower bound

Zlog |HJ(FTL5 ﬁ)tors| > C(G,p) : [F : Fn]
J

for some constant ¢(G, p). In fact, they prove a limiting identity

Zj(_l)j log |Hj (Fru ﬁ)tors‘
[:T,]

and prove that ¢(G, p) is non-zero exactly when §(G) = 1. The numerator of the left

side of (1.3.1) should be thought of as a ‘torsion Euler characteristic” The purpose of
this article is to prove an analogous theorem about ‘torsion Lefschetz numbers.

(1.3.1) — ¢(G, p)

To state one instance of our main result, we keep assuming that H'(o,G) = {1}
and furthermore assume that:

(1) o has prime order p and O, is trivial.

(2) the I';’s are o-stable finite index subgroups of I' such that (), ',y = {1} (or,
more generally, that satisfy the hypothesis of Section 4.3), and

(3) the representation p is strongly acyclic and can be extended to a finite dimen-
sional (twisted) representation p of the twisted space G = G x o that is strongly
acyclic (see Section 2.6).

Under these hypotheses we shall prove the following:

1.4. TaeorEM. — We have:
> ;log|H/ (T, O))|

1.4.1 li >0

(14.1) TP TG\ G)

whenever §(G7) = 1.

Exampre. — Let E/Q be an imaginary quadratic extension. Let B be a division

algebra of dimension 9 over QQ such that B is split at infinity and B := B ®q E is
a division algebra. Let o be a maximal order in B and let og be its tensor product
over Z with the ring of integers of E. Then o embeds into PGL3(C). Let & be
the set of elements in o of trace 0, considered as an oj-module by conjugation.
Let T' be a torsion free congruence subgroup of oy, such that I' is contained in the
kernel of p mod 2. Then the local system O, is trivial. Given a prime ¢, we denote

JE.P.— M., 2017, tome 4
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by T, the kernel of the reduction map I' — (05/qog)”. Theorem 1.4 applies to the
sequence {I'y} and we conclude that

1 ,
(1.4.2) limsup—821og|HJ(Fq,ﬁ)| > 0.
77

Here, ¢® is the growth rate of the log of torsion in H? of the corresponding ¢-
congruence subgroups of 0* embedded into PGL3(R). The cohomology classes that
contribute to (1.4.2) should conjecturally arise by base change transfer over Z. One
may regard (1.4.2) as a partial evidence for the existence of such a transfer.

Similarly, one can construct examples of lattices I' in SLo(C)P (p > 1 prime), in
SL3(C) or in SL4(C) such that the torsion homology of level ¢ congruence subgroups
of I' grows exponentially with respectively ¢°, ¢® or ¢*°.

1.5. — Analogously to (1.3.1), Equation (1.4.1) follows from a limiting identity for
torsion Lefschetz numbers. For example, when 02 = 1, conditional on an assumption
about the growth of the Betti numbers dimg, H’(I'7, OF,) we prove that

> (=1) (log |[H' (T, O)ors| — 10g |[H' (T, O)irsl)

tors

(1.5-1) [H1(0,T,)| vol(T5\G7)

— C(Gv P 0)7

where the superscript + denotes the +1 eigenspace.

Assume that the maximal compact subgroup K C G is o-stable and let X = G/K
and X7 = G?/K?. The proof of (1.5.1) crucially uses the equivariant Cheeger-Miiller
theorem, proven by Bismut-Zhang [5]. This enables us to compute the left side of
(1.5.1) (up to a controlled integer multiple of log 2) by studying the eigenspaces of the
Laplace operators of the metrized local system associated to p together with their o
action. More precisely, the left side of (1.5.1) nearly equals the equivariant analytic
torsion log T¢ | y(p); see (3.5.1) for a definition of the latter. Using the simple twisted
trace formula and results of Bouaziz [7], we prove a ‘limit multiplicity formula.

1.6. TheorEM. — Assume (1)—(3) above. Then we have:

log 7 \X(P) @)
. 2712 (p),
|H (o, T)] vol(T'Z\G7) — 52"t x (p)

where E = R® or C*, and r = 0 in the first case and r = rankg G(C) — rankg G(R)
in the second case.

(1.6.1)

Here, tg?l (p) is the (usual) L2-analytic torsion of the symmetric space X7 twisted
by the finite dimensional representation p. It is explicitly computed in [3]. Note that
it is non-zero if and only if §(G?) = 1.

The authors hope that the limit multiplicity formula (1.6.1) together with the
twisted endoscopic comparison implicit in Section 7 will be of interest independent
of torsion in cohomology. These computations complement work by Borel-Labesse-
Schwermer [6] and Rohlfs-Speh [30].

JEP M., 2017, lome /4
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2. TuE SIMPLE TWISTED TRACE FORMULA

Let G be a connected semisimple quasi-split algebraic group defined over R. Let E
be an étale R-algebra such that E/R is a cyclic Galois extension with Galois group
generated by o € Aut(E/R). The automorphism o induces a corresponding automor-
phism of the group G of real points of Resg/r G. We furthermore choose a Cartan
involution 6 of G that commutes with ¢ and denote by K the group of fixed points
of # in G. Here we follow Labesse-Waldspurger [20].

2.1. Twistep spaces. — We associate to these data the twisted space
G=GxocCGxAut(@).

The left action of G on G,
(g, X o) — gz X o,

turns G into a left principal homogeneous G-space equipped with a G-equivariant
map Ad : G — Aut(G) given by

Ad(z x 0)(g) = Ad(z)(a(9))-
We also have a right action of G on G by
59 =Ad(6)(9)0 (beG, geq).

This enables us to define an action by conjugation of G on G and yields a notion of
G-conjugacy class in G. The left and right actions of G on the twisted space G x o
are induced by the left and right multiplications in the semi-direct product G x (o).
In particular, taking 6 = 1 x ¢ we have:

(Ixo)g=0dg=0(9)d=0(g) xo.
We similarly define the twisted space K=K xo.

2.2. TWISTED REPRESENTATIONS. — A representation of (77, in a vector space V, is the
data for every § € G of a invertible linear map

7(d) € GL(V)
and of a representation of G in V:
m: G — GL(V)
such that for z,5 € G and 6 € G,
7 (xdy) = m(z)T(6)m(y)-

In particular

#(6x) = w(Ad(5)(2))F(5).

JE.P.— M., 2017, tome 4
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Therefore 7(9) intertwines 7 and 7 o Ad(d). Note that 7 is the restriction to G x o
of a genuine representation of G x (o). As such it determines 7; we will say that 7 is
the restriction of 7 to G.

Conversely 7 is determined by the data of m and of an operator A which inter-
twines m and 7o o:

Arn(z) = (moo)(x)A

and whose p-th power is the identity, where p is the order of o. We reconstruct 7 by
setting

m(xxo)=mn(x)A forzed.

Say that 7 is essential if 7 is irreducible. If 7 is unitary and essential, Schur’s
lemma implies that = determines A up to a p-th root of unity.

There is a natural notion of equivalence between representations of G —seee. g. [20,
§2.3]. This is the obvious one; beware however that, even if 7 is essential, the class
of m does not determine the class of 7 since the intertwiner A is only determined up
to a root of unity. We have a corresponding notion of a (g, K )-module.

If 7 is unitary and f € C°(G) we set

7(f) = /G F)F(y) dy = /G f( % 0)F(x % 0) da.

It follows from [20, Lem. 2.3.2] that 7(f) is of trace class. Moreover: trace7(f) = 0
unless 7 is essential. In the following, we denote by II(G) the set of irreducible unitary
representations m of G (considered up to equivalence) that can be extended to some

(twisted) representation 7 of G. Note that the extension is not unique.

2.3. TWISTED TRACE FORMULA (IN THE COCOMPACT CASE). Let I be a cocompact lattice
of G that is o-stable. Associated to I' is the (right) regular representation Rr of G
on L*(T'\G), where the restriction Rr of Ry is the usual regular representation in
L*(T'\G) and

(Br(0))(f)(Tz) = f(To(z)).
Note that

(Rr(0)Rr(9))(f)(T2) = f(To(z)g) = (Rr(o(9)) Br(0))(f)(Tz).

Given § € G we denote by G? its centralizer in G (for the (twisted) action by
conjugation of G on G). Corresponding to I' is a (non-empty) discrete twisted subspace
I' C G. Given § € I' we denote by {8} its I-conjugacy class (where here again I' acts
by (twisted) conjugation on I').

Let f € C2°(G). The twisted trace formula is obtained by computing the trace of
Rr(f) in two different ways. It takes the following form (the LHS is the spectral side
and the RHS is the geometric side):

(2.3.1) Z m(m, 7, ) trace 7 (f) = Zvol(F‘s\G‘s)/ f(z™tox) di.

- (o} GG

JEP M., 2017, lome /4
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Here, 7 is some extension of 7 to a twisted representation of G' and

m(r, 7)) = > A#, F)m(7)

T |G=n

= trace(o| Homg (7, L*(T'\G))),

where m(7) is the multiplicity of 7 in Rp and A(7,7) € C* is the scalar such that,
for all § € G, we have 7 (8) = A(F, 7)7(6).(2) Note that A(F',7) is in fact a p-th root
of unity.

The definition of trace 7(f) depends on a choice of a Haar measure dz on G. On
the geometric side the volumes vol(T°\G?) depend on choices of Haar measures on
the groups G°. We will make precise choices later on. For the moment we just note
that the measure di on the quotient G°\G is normalized by:

[ o@ar=[ [ ogn)dgas
G ana Jas

2.4. GaLois conomoLocy crours H(o,T). Let Z'(o,T) = {0 €T : 6 = 1}; it
is invariant by conjugation by I'. We denote by H!(o,T') the quotient of Z'(o,T') by
the equivalence relation defined by conjugation by elements of I'. We have similar
definitions when I' is replaced by G.

We will assume that

(2.4.1) H'(o,G) = {1}.

Note that the set H!(o, G) is the same as the nonabelian cohomology group H'((c),T)
or HY(E/R,T) if E/R is a cyclic Galois extension with Galois group generated by
o € Aut(E/R).

If E = RP, Condition (2.4.1) is always satisfied. Indeed: in that case G = G(R)?
and an element

(91,---,9p) xoeq
belongs to Z1(o,G) if and only if g1g2 - - - g, = e. But then there is an equality

0(91791927"%91 "'gp)_l(gl7gl.927"'7gl gp) = (917"’7917)'

Equivalently, (g1,...,9p) % o is conjugated to o in G by some element in G.

We furthermore note that H!'(C/R,SL,(C)) = H'(C/R,Sp,(C)) = {1}, see
e.g. [32, Chap. X]. Therefore, Condition (2.4.1) holds if G is a product of factors SL,,
or Sp,, or of factors whose group of real points is isomorphic to a complex Lie group
viewed as a real Lie group. Note however that H'(C/R, SO, ,(C)) is not trivial; it
is in bijective correspondence with the set of non degenerate real quadratic forms
that are equivalent to the standard quadratic form of signature (p,q) over C. We
emphasize that, in the introduction, we have assumed Condition (2.4.1) to hold.

(2)Note that m(m, 7, T") trace 7(f) does not depend on the chosen particular extension 7 but only

on 7.

JE.P.— M., 2017, tome 4
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2.5. Under assumption (2.4.1), the map
H'(0,T) — H'(0,G)

necessarily has trivial image. In other words: if § represents a class in H!(o,T') then §
is conjugate to o by some element of G. In particular, we have

vol(T°\G?) = vol(T?\G?) and fz~tox) di = / f(z" o) di.
G3\G Go\G

We may therefore write the geometric side of the twisted trace formula as:

(2.5.1) |H1(0,F)|vol(F”\G")/Ga\G f(z~tox)di
+ Y vol(M\GY) / flz~'6z) di.

T3] G\G
8¢ 7 (o,1)

2.6. FINITE DIMENSIONAL REPRESENTATIONS oF G. — Note that the complexification
of G may be identified with the complex points of Resg/r G, i.e., G(C)P. Every com-
plex finite dimensional o-stable irreducible representation (p, F') of G can therefore be
realized in a space F' = F0®p , where (po, Fp) is an irreducible complex linear represen-
tation of G(C). The action of G is defined by the tensor product action pg? if E = RP
and by ®ffl (po ® Py), where p, is obtained by composing the complex conjugation
in G(C) by po, if E = CP/2. In both cases, we choose the action of o on F = Fi*? to

be the cyclic permutation A: 21 ® - @z, = 2, ® 21 ® - - - ® £,—1. Note that
trace(o | F') = dim Fp.

Let g be the Lie algebra of G. Say that (p, F') is strongly twisted acyclic if there
exists a positive constant 1 depending only on F' such that: for every irreducible

unitary (g, K)-module V for which
trace(o | C7(g(C), K,V ® F)) #0
for some j < dim G(C), the inequality
Ap—Ay 21

is satisfied. Here, Ap, resp. Ay, is the scalar by which the Casimir acts on F, resp. V.
Write v for the highest weight of Fj. The following lemma can be proven analo-
gously to [3, Lem.4.1].

2.7. Lemma. — Suppose that v is not preserved by the Cartan involution 6. Then p
1s strongly twisted acyclic.

3. IAEFSCHETZ NUMBER AND TWISTED ANALYTIC TORSION

Let G, o and T be as in Section 2.3 and let (p, F') be a complex finite dimensional
o-stable irreducible representation of G. We denote by g the Lie algebra of G.

JEP M., 2017, lome /4
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3.1. Twistep (g(C), K)-coHOMOLOGY AND LLEFSCHETZ NUMBER. We can define an ac-
tion of o on each cohomology group H*(I'\ X, F') and thus define a Lefschetz number

Lef(o,T, F) = ZH)Z’ trace(o | HY(T\ X, F)).

If V is a (g, K)-module, we have a natural action of o on the space of (g, K)-
cochains C*(g(C), K, V) which induces an action on the quotient H*(g(C), K,V). We
denote by

trace(o | H*(g, K,V))
the trace of the corresponding operator. We then define the Lefschetz number of V' by
Lef(o,V) = (~1)" trace(o | H'(g, K, V).
If F is a finite dimensional representation of G then F ® V is still a (g, K )-module;
we denote by Lef(c, F, V) its Lefschetz number.

Labesse [19, §7] proves that there exists a compactly supported function L, €
C°(G) such that for every essential admissible representation (7, V') of G one has

Lef(o, F,V) = tracem(L,).

The function L, is called the Lefschetz function for o and (p, F').
We then have:
trace Rp(L,) = Y _(—1)"trace(o | H'(P\X, F))
(3.1.1) i
= Lef(0,T', F).

3.2. TWISTED HEAT KERNELS. Let
HY' € [C%(G) @ Bnd (A (/1) @ F)]

be the heat kernel for L?-forms of degree i with values in the bundle associated to
(p, F). Note that we have a natural action of o on A’(g/€)* ® F; we denote by A, the
corresponding linear operator and let

hfﬂ»" X O —> trace(Htp’i(x) © AU)'

Eventually we shall apply the twisted trace formula to h?""?. The heat kernel H"*
is not compactly supported. However, it follows from [2, Prop. 2.4] that it belongs to
all Harish-Chandra Schwartz spaces 47 ® End(A%(g/€)* ® F), ¢ > 0. This is enough
to ensure absolute convergence of both sides of the twisted trace formula.

3.3. Lemma. — Let T be an essential admissible representation of@ and let V' be its

associated (g, K)-module. We have:

trace T(hY"7) = e!AV=AF) trace(a|[A'(g/8)* ® F @ V]¥).

JE.P.— M., 2017, tome 4
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Proof. It follows from the K x K equivariance of Hf " and Kuga’s Lemma that,
relative to the splitting

N(g/t)* @ F RV = [N (g/t)* @ Fo VK @ (N (g/t) @ F o VIK)"

we have:
: HAv=ArTd 0
mrhy = (© .

We furthermore note that this decomposition is o-invariant since K is o-stable. We
conclude that we have:

‘ ) et(Av—Ar)
7 = [ (wlgyo o (@ o ang = (A DY,

Here, 7 is the restriction of T to G and A is the intertwining operator between m and
m o o that determines 7.

Now let {&,}nen and {e;}j—1,. . m be orthonormal bases of V and Al(g/k)* ® F,
respectively. Then we have:

trace 7 H”’ ZZ Hp’ )(&n @ ¢€j), (€n ® €5))

n=1j=1

= ZZ/ 9) 0 A&, &) ((HE (g) 0 Ag)ej, e5) dg

n=1j=1

_Z/ 9) 0 A)én, EVR (g % o) dg

= trace 7(h?"7).

The lemma follows. ]

Denoting by HY € [C*°(G) @ End(A%(g/t the heat kernel for L?-functions
on X, the following proposition follows from [27, Prop. 5.3] and the definition of strong

twisted acyclicity.

)*)]KXK

3.4. ProposiTioN. Assume that (p, F) is strongly twisted acyclic. Then there ex-
ist positive constants n and C such that for every x € G, t € (0,400) and i €
{0,...,dim X'}, one has:

|05 (2 % 0)| < Ce " HY ().
We define the kernel k27 by

k{7 (g) = > (—1)"ihy (g);

i

it defines a function in €'4(G), for all ¢ > 0.

JEP M., 2017, lome /4



TWISTED LIMIT FORMULA FOR TORSION AND CYCLIC BASE CHANGE /|/|5

3.5. TWISTED ANALYTIC TORSTON. The twisted analytic torsion T7, y (p) is then defi-
ned by

(35.1) logTg x(p)

_ %d% S_o<r(13) /OOO 51 {traee Rr(k07) — Z:(—l)ii trace(o | H/(T\X, F))]dt).

Note that if (p, F) is strongly twisted acyclic each trace(c | HY(I'\X, F)) is trivial.
From now on we will assume that (p, F') is strongly twisted acyclic. In particular, we

have:
1 > s—1 53 p,o
s_o(I‘(s) /o t°~ " trace Rp(k} )dt).

3.6. TwistED (g, K)-rorston. — If Visa (g, K)-module and F' is a finite dimensional

representation of G then F ® V is still a (g, K )-module; we define the twisted (g, K)-
torsion of F @ V by

_ld
T 2ds

log 7\ x (p)

Lef' (o, F,V) = Z(—l)iitrace(a | C (g, K, F@V))

= Z(—l)iitrace(a | [N (g/8)" ®@ F @ V).

Remark. We should explain the notation Lef’. Given a group G and a G-vector
space V, we denote by det[l — V] the virtual G-representation (that is to say,
element of Ky of the category of G-representations) defined by the alternating sum
>, (=1)[A*V] of exterior powers. This is multiplicative in an evident sense:

(3.6.1) det[l =V @ W] = det[l — V] ® det[1 — W].
Now given g € G, the derivative % ‘t:l det(t1—g) is equal to the character of g acting
on Y, (—1)% A" V. We therefore define det/[1 — V] =" ,(=1)% A* V.

Considering the virtual K-representation det’[1 — (g/€)*] we have:

(3.6.2) Lef' (0, F, V) = trace (a | [det'[1 — (g/8)*] © F @ V]K>.

This explains our notation Lef’ for the twisted (g, K)-torsion.
For future reference we note that we have:

(3.6.3)  det'[1 -V @ W] =det'[l — V] ®@det[l — W] @ det[l — V] ® det'[1 — W].

We also note that Labesse’s proof of the existence of L, can easily be modified to

get a function L), € C2°(G) such that for every essential admissible representation
(%, V) of G one has
Lef'(0, F, V) = trace w(L},).
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3.7. It follows from Lemma 3.3 that the spectral side of the twisted trace formula
evaluated in kf*7 is
(3.7.1) trace Rp (k") = Z m(m,7,T) Lef' (0, F, V) e A —=Ar)

rell(G)

where V; is the (g, K)-module associated to the extension 7.

/I. L2-14EFSCHETZ NUMBER, LZ-TORSTON AND LIMIT FORMULAS

Let G, o and T be as in Section 2.3 and let (p, F') be as in the preceding sections.
Suppose that (p, F') is strongly twisted acyclic. Let f € C°(G).

4.1. Given g € G we define r(g) = dist(gK, eK) with respect to the Riemannian
symmetric distance of X = G/K. We extend r to G x (o) by setting (g x o) = r(g).
Note that 7(gg’) < r(g) + r(g’).

Now, given z € G we set £(x) = inf{r(gzg™') : g € G}; it only depends on the
conjugacy class of = in G. Recall that the injectivity radius of T,

I
=g inf{l(y) : v €T —{e}},
is strictly positive. If § € T’ with & ¢ Z(0,T), then 6? € T — {1} and therefore
£(67) > 2rp. In particular, for any x € G we have:
(4.1.1) 2rp < L(6P) < r(zdPz™Y) = r((zdx™h) - (zdx™ 1)) < p-r(xdz™t).
4.2. Lemma. — There exist constants c1,co > 0, depending only on G, such that for
any x € G, we have:
N(z;R):=|{d € T:6¢2Z0,T) and r(zéz~ ') < R}| < crpirp e,
where d is the dimension of X.
Proof. — Tt follows from (4.1.1) that it suffices to prove the lemma for R > 2rr/p.
Set € := rp/p. By definition of r(xéx~!) we have B(y(o(z)),e) C B(x, R +¢), for all

§=yxo el withd ¢ Z'(o,T) and r(xzéz~') < R. Now, since € < rr, the balls
B(y(o(x)),e), v € T, are all disjoint of the same volume. We conclude that

N(z; R) - vol B(o(z),e) < vol B(x, R+ ¢) < vol B(z, 2R).
We conclude using standard estimates on volumes of balls (see e.g. [1, Lem. 7.21] for

more details). O

4.3. Now, let {I';;} be a normal chain with (1), I';, = {1} or more generally a family
of finite index normal subgroups such that for every 1 # ~ € I, the set {n: vy € T',}
is finite. We have:

4. Lemva. — Let § ¢ ZY(o,T). There ewists a constant ns such that for every
2 ns,
{y €T\l : v67~ " €T} = 0.

JEP M, 2017, lome /4



TWISTED LIMIT FORMULA FOR TORSION AND CYCLIC BASE CHANGE /|/|7

Proof. — Recall that for h € T', we define
Norm(h) := ha(h)---o?~1(h).

Writing § = h x o, the condition § ¢ Z!(o,T') is equivalent to Norm(h) # 1. Suppose
that vdy~! € T, for some v € I',,\I". Equivalently, ¢ := vho(y~!) € T',,. Therefore,

Norm(e) = yNorm(h)y~! € T,,.

Since T',, is normal in I', this implies that Norm(h) € I',,. Since Norm(h) # 1, it
follows that Norm(h) € T, for at most finitely many n. Therefore,

[{y €T\l : 0y €T, }| =0
for all but finitely many n. O

We will also need the following:

4.5. Lemva. — There is a uniform upper bound

[{y € T\ : vy € T,}|
[[o:Tg]-|[HY(o,Ty)]

Proof. — Write § = h x 0. Let vo € T',,\T satisfy yooy, ' € T,,. Equivalently, we have
Yoho(yy ') € Ty. Then we have
ha(5 )70 €75 ' Tuyo =T <= hlw =15 'o(70)Ts.

Suppose v € I',\I' is another element satisfying y0y~! € T,,. Then similarly hl';,, =

7~ Yo (7), from which it follows that o(yy, ") = 775 . Conversely, if ¥ = g7o for some

g € ([,\I')?, then vho(y~1) € T,. Therefore,
{y €Tu\L 190y~ € Tn} = [ (T \D)7 .
To estimate the size of (I';,\I')?, we use the long exact sequence of pointed sets

1 —T7 —T° — T\I) - HY(0,T,)) — H(o,T).

The fibers of the connecting map d are orbits of 'V acting on (I',\I')7 [32, I, §5.4,
Cor. 1]. Because I'y, is normal in I, the action of I'” on (I",,\I")? factors through I"7\I'?.
Therefore, all fibers of d have size at most #(I'7\I'?). Also,

#image(d) = # ker[H' (0,T,,) — H'(0,T)]
< #HY(0,T,).
It follows that

[(T,\D)7| o #image(d) - #largest fiber
Lo :Tg] - [HY(o,Dn)| ~ [0 :Tg] - [HY (o, 1))
_ #H'(0.T,) - #(IT\I)
= [fe: Ty [HY(0,Ty)]
<L O

We next give a typical example of a sequence of o-stable normal subgroups I';, < T’
satisfying the hypotheses of Section 4.3.
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ExampLE. Let G/Ors be a semisimple group, where Op g denotes the ring
of S-integers in a number field F. Let E/F be a cyclic Galois extension with
Gal(E/F) = (o). We fix an integral structure on G so we may speak of G(Op)
and G(Og).

Fix a finite index, o-stable subgroup I' C G(Og). Let n C OF be an ideal. Let

(4.5.1) I'y:={y€Tl:y=1mod nOg}.

Every I, C G = G(FER) is a Galois-stable lattice. If n varies through any sequence %#
of ideals satisfying Norm(n) — oo, then {I'y},c satisfies the hypothesis of Sec-
tion 4.3.

4.6. ProrosiTION. Let f € C(G) and let {T',} be a sequence of finite index
o-stable subgroups of ' that satisfies the hypothesis of Section 4.3. Then

traceﬁrn(f) B '
|H1(o,Ty)| vol(T2\G7) _>/GU\G f(z™tox)di.

Proof. — Tt follows from (2.5.1) that we have:

trace Rp, (f) = |H'(o,T,,)| vol(TZ\G7) / fla"ox) di
G°\G

+ ) volM\G?) / fla~6z) di
{8}, GS\G
8¢ 7' (o,T'y)

= |H'(0,T,,)| vol(T9\G) / fxz™ ox) di
Go\G

+ ) e, (8) vol(I\G?) / fla~'6z) da,
{8}r GO\G
8¢ 2 (o,1)

where
cr, (0) = ’{7 €T, \I': yvoy ' e l"n}’
Since f is compactly supported, the last sum above is finite: choosing R > 0 so that
the support of f is contained in
Br={gxoeq:r(g) <R}

we may restrict the sum on the right side of the above equation to the §’s that are
contained in Bg. It follows from Lemma 4.2 that the corresponding sum is finite. We
conclude the proof of Proposition 4.6 by applying Lemma 4.4 to the finitely many 4’s

appearing in this finite sum. O
Remark. — In the untwisted case, the condition
H{y €T\ : vy~ €T} 0
[:T,]

is equivalent to the BS-convergence of the compact quotients I',\ X towards the sym-
metric space X. See [1].
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4.7. L?-LEFSCHETZ NUMBER. Proposition 4.6 motivates the following definition of
the L2-Lefschetz number associated to the triple (G, o, p):

Lef® (0, X, F) = / L,(z " ox) di.
Go\G

4.8. Cororrary. — Let {T';,} be a normal chain of finite index o-stable subgroups of T
that satisfies the hypothesis of Section 4.3. Then we have:
Lef(o, Ty, F)
|H(o,Ty)| vol(T2\G7)

— Lef® (0, X, F).
Proof. Apply Proposition 4.6 to the Lefschetz function L,,. O

4.9. TwisteDp L2-TORSION
Analogously we define the twisted L*-torsion Tlgi)x( )ERT by

(4.9.1) log Ty (p) = [H' (0,T) | vol(T\G*)t S (p),

where tg?)g(p) — which depends only on the symmetric space X, the involution o,
and the finite dimensional representation p — is defined by

1d 1 *°
(/ / kf (x tox) da’ct51dt>.
s=0\I'(s) Jo \G

2ds
Note that k{7 is not compactly supported and that we have to prove that the
RHS of (4.9.2) is indeed well-defined. Recall however that k" belongs to €9(G).
Lemma 4.2 therefore implies that the series

ka’ z o)

sel’

(4.9.2) 7 (p) =

converges absolutely and locally uniformly. This implies that the integral of this series
along a (compact) fundamental domain D for the action of I' on G is absolutely
convergent. Restricting the sum to the d’s that belong to the (twisted) I'-conjugacy
class of o we conclude in particular that, for every positive ¢, the integral

kP (x tox) di = 7/ kPO (x 1 ox) da
/G”\G ! vol(I7\G7) Jp 52}
is absolutely convergent. We postpone the proof of the fact that (4.9.2) is indeed

well-defined until sections 6 and 7 where we will explicitly compute t( Jo “(p). In the
course of the computations we will also prove the following lemma.

4.10. Lemma. — There exist constants C,c > 0 such that

(4.10.1)

/ kP (x tox)di| < Ce™, t>1.
Go\G

Taking this lemma for granted, we conclude this section by the proof of the following
‘limit multiplicity theorem’.
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4.11. Tueorem. Assume that (p, F') is strongly twisted acyclic. Let {T',} be a se-
quence of finite index o-stable subgroups of T' that satisfies the hypothesis of Sec-
tion 4.3. Then
log ¢, ()
[H1(0, ) Vol (T5\G7)

— t27(p).

Proof. — Since k% € €1(G), for all ¢ > 0, we still have:

trace Ry, (k7)) = |H (o, Fn)|V01(FZ\GU)/ kP (x ox) di

Go\G
+ Z d) vol( I“S\G‘s)/ kPO (™ ox) di
ore feLiNe!
5¢ 7% (o,T)

Note that at this point it is not clear that the sum on the right (absolutely) converges.
This is however indeed the case: it first follows from (4.1.1) that if § ¢ Z'(o,T) and
r € G we have r(zdz~1) > 2rp/p. Now, recall from [3, Lem. 3.8] or [27, Prop. 3.1 and
(3.14)] that we have, for t € (0, 1],

§ —1\2 ,
cw) < Ce /texp (—"r(zdzt)?).
(Here, ¢’ depends on rr.) From this and Lemma 4.2, it follows that the geometric

(4.11.1) |k (2~ 102)] < Ct_dexp<—

side of the trace formula evaluated in k" indeed absolutely converges. Moreover, it
follows from (4.11.1) together with the uniform bound of Lemma 4.5 that we have:

trace Rp, (k*”)

1L2) G T Vol T2\ )

_ / k7 (2 oz) di+ O(e=< 1) (0<t< 1),

Go\G
where the implied constant in the O(e~¢/*) is uniform in n. We conclude that

1 D P,
_ trace Rr, (k%) _ .
t 1( nt - / kPO (x tox) di | dt
/o [H'(0,T)|vol(T\G?)  Jaora
is holomorphic is s in a half-plane containing 0, so that
1 /+°° 1 ( trace Rr, (k/*°) / _ )

— t z - kPO (x Yox) di ) dt

0T () s H o TG Joma' & 77

Foo trace Rp,, (k{*°) / dt
= - - kP (7 o) dz)
/0 (Hl(U,Fn)Ivol(F%\GU) G t
Now it follows from Proposition 3.4 that there exists some positive 1 such that

|k (2 % 0)| < e H?(x). In particular, |k (x x 0)| < e "™ H)(x) if t > 1 and
we have:

1d
2ds

| trace Epn (k)|

<e ™ / HY(z796z) di:
(o Dol G < 2 Jon ™

The sum on the right-hand-side splits into an infinite sum over the §’s not in Z!(o,T)
and the finite sum of the remaining terms. By (4.11.1) the infinite sum is absolutely
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convergent and independent of ¢ and n. We use Lemma 4.10 to bound the finite sum.
And we get:
| trace Ry, (k7))
|H(o,Ty)| vol(Te\G7)
where the implicit constant does not depend on n. Using Lemma 4.10, we conclude
that both

Foo trace Rp,, (k{*°) dt Foo dt
z — d kPO (a1 di—
/1 [H'(0,T,))|[volT\G7) £ " /1 / ot o) i
are absolutely convergent uniformly in n.

It follows from Equation (4.11.2) and the last paragraph (the former for 0 < ¢ < 1
and the latter for ¢t > 1) that

trace RFn (ktp’U) - / kpyo- (:ﬂflal') dx
Go\G !

< e M,

|H(0,T,,)| vol(TZ\G7)

is bounded by a function of ¢ which does not depend on n and is absolutely integrable
on (0,400). From this and Lebesgue’s dominated convergence theorem, we conclude
that Proposition 4.6 implies Theorem 4.11. O

5. COMPUTATIONS ON A PRODUCT

In this section we compute the L?-Lefschetz numbers and twisted L?-torsion and
in particular prove Lemma 4.10 in the case where E = R? (the product case).

Here, we suppose that E = RP. Then G is the p-fold product of G(R) and o cycli-
cally permutes the factors of G. We will abusively denote by G? the group G(R). Let
(po, Fo) be an irreducible complex linear representation of G(C). We denote by (p, F)
the corresponding complex finite dimensional o-stable irreducible representation of G.
Recall that F' = FO® P that G acts by the tensor product representation pg@ P and that o
acts by the cyclic permutation A: 2, ® -+ @ xp = 2, @1 ® - - - ® Tp—1. We finally
let X and X be the symmetric spaces corresponding to G and G respectively, so
X = (X9)P.

5.1. Heat kernELs OF A proDUCT. — The heat kernels H”? decompose as
(5.1.1) H (g, gp) = Y, H™(g) @@ H*" (g,).
a1t-+ap=j

Now the twisted orbital integral of Hf 7 associated to the class of the identity element

</ H{ (g7g) dg) 0 A,
Go\G

But because Hf’j (977 g) preserves all of the summands in the decomposition of (5.1.1)

is given by

and o maps the (aq, ..., ap)-summand to the (ap, a1, ..., ap—1)-summand, only those
summands for which j = pa and a; = --- = a, = a can contribute to the trace of the
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above twisted orbital integral. Furthermore, by a computation identical to that done
for scalar-valued functions in [21, §8], we see that

</ Hfo’a(g;1g1)®~ . ~®Hf°’a(g;_119p) dg) 0A, = (71)“2(p71)H{)°’a*~ sk HEP(e).
Go\G

This implies that
/ hEPY (2~ o) di = trace [(/ Hfo’a(gp_lg1> ®---® Hfo,a(g’;llgp) dg) ° AU}
oG Go\G
(_1)0,2@*1) trace (Htpo’a ESRIE S Hfova(e))
(=1)** @1 trace (Hp“(e))
2 a
(=1)* P~V RE e).

Here, H/}"* is an untwisted heat kernel on X?. Lemma 4.10 therefore follows from
standard estimates (see e.g. [3]). Moreover, computations of the L?-Lefschetz number
and of the twisted L2-torsion immediately follow from the above explicit computation.

5.2. Turorem (L%-Lefschetz number of a product). — We have:
— X9)
_pybamx (i ) X0 5y g,
Lef(2) (O', X, F) _ ( ) ( 0) VOl(X,g) f ( )
0 if not.

Here, X7 is the compact dual of X° whose metric is normalized such that multipli-
cation by i becomes an isometry Tege (X7) 2 p — ip 2 Tk (X7).

Proof. — First note® that

Lef® (0, X, F) = Jim K (x  ox) di
——+o0 Go\G

= lim (—l)pa/ PP (x o) di
Go\G

t——+oo

=l D71)RE @)

The computation then reduces to the untwisted case for which we refer to [28]. O

The computation of the twisted L2-torsion similarly reduces to the untwisted case:

5.3. Turorem (Twisted L2-torsion of a product). — We have:
2)o 2
17 () =p- 152 (0).

(3)Beware that p is not assumed to be strongly acyclic here!
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6. CoMPUTATIONS IN THE CASE E = C

In this section we compute the L2-Lefschetz numbers and twisted L2-torsion and
in particular prove Lemma 4.10 in the case where E = C. The general case easily
reduces to this case and the one of the preceding section.

Throughout this section, E = C. Then G = G(C) is the group of complex points,
o : G — G is the real involution given by the complex conjugation and G° = G(R).
Recall that we fix a choice of Cartan involution 6 of G that commutes with o.

6.1. IRREDUCIBLE 0-STABLE TEMPERED REPRESENTATIONS OF G. — Choose 6-stable rep-
resentatives hY, ..., h? of the G(R)-conjugacy classes of Cartan subalgebras in the Lie
algebra g° of G(R). For each j € {1,...,s} we write f)? = t; @ a; for the decomposi-
tion of b? w.r.t. 0, i.e., a; is the split part of h? and t; is the compact part of h?. We
denote by b; the complexification of h?; note that a; @ it; and t; @ ia; are resp. the
split and compact part of b;.

We now fix some j. To ease notation we will omit the j index. Choose a Borel
subgroup B of G = G(C) containing the torus H which corresponds to h;. Let A
and T be resp. the split and compact tori corresponding to a @ it and t @ ia. Write p
for the differential of a character of T" and A for the differential of a character of A.
Note that u is o-stable if and only if u is zero on ia.

Associated to (u, A) is a representation

T = indG(n@A®1).

6.2. Prorosition (Delorme [14]). Every irreducible o-stable tempered representa-
tion of G is equivalent to some m, x as above (for some j) where p is zero on ia;
and X is zero on t; and has pure imaginary image.

Note that if A\ is zero on t; we may think of A as a real linear form a — C.
We denote by I, » the underlying (g, K')-module. It is o-stable and Delorme [14, §5.3]

defines a particular extension to a (g, K)-module, but we won’t follow his convention
here (see Convention I below).

6.3. COMPUTATIONS OF THE |LEFSCHETZ NUMBERS. If G(R) has no discrete series

Delorme [14, Prop. 7] proves that for any admissible (g, K)-module and any finite
dimensional representation (p, F') of G, we have:

Lef(o, F,V) = 0.

Even if G(R) has discrete series, Delorme’s proof — see also [30, Lem. 4.2.3] — shows

that
Lef(o, F,1,,) =0

unless h” =t is a compact Cartan subalgebra (so that it is the split part of b). In
the latter case A = 0 (recall that I, ) is assumed to be o-stable); we will simply
denote by I, the (g,f( )-module I, 9. The following proposition — due to Delorme
[14, Th. 2] — computes the Lefschetz numbers in the remaining cases. Denote by p

(4)Note that Delorme considers o-invariants rather than traces, this introduces a factor 1/2.
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the half-sum of the roots of h(C) in B.®®) And recall that v is a highest weight of F
that is dominant with respect to the positive weights defined by B.

6.4. Prorosirion. — We have:
+2dmt yfwp =24+ p) (weWw),

0 otherwise.

Lef(o, F,1,) = {

Here, W is the Weyl group of (g,h) and the sign depends on the chosen extension
of I, to a (g, K)-module.

Convention I. — In the following we will always assume that the extension of a

o-discrete I, to a (g, K)-module is such that that the sign in Proposition 6.4 is
positive. (See [30, §4.2.5] for more details.)

6.5. Compurations ofF THE TWISTED (g, K)-Torsion. — Consider an arbitrary irre-
ducible o-stable tempered representation of G associated to some j and some (i, \)
as in Proposition 6.2. Let P be the parabolic subgroup of G whose Levi subgroup
M = “MAp is the centralizer in G of a. We have B C P(C) and we may write ,,
as the induced representation

. 1G(C), "M(C
T = mdP(((c)) (71'#70( ) ® A),

where

0O = ind PS5 ) (g © 0)

is a tempered (o-discrete) representation of “M(C) and we think of A — seen as real
linear form a — C — as (the differential of) a character of Ap(C).

™

Convention /. — In the following we fix the extension of I, x to a (g, K)-module to
be the one associated to the interwining operator Ag = indg'((g)) (Ap ®1), where Ay

is chosen according to Convention I.

Let Ky = K N°M(C). Since o stabilizes °M(C), y, etc. it follows from Frobenius
reciprocity and (3.6.2) that we have:

K
(6.5.1) Lef’ (o, F, I, ) = trace(a \ [det’[l —(g/t)" | ® F ® W;l)\é[((c)} M).
Write
g/t ="m/ty Gadn.

It follows from (3.6.3) that — as a Kj;-module — we have:

det/[1 — (g/€)*] = det[1 — (“m/€xr)*] @ det’[1 — a* @ n*]
@ det'[1 — (“m/Er)*] @ det[1 — a* @ n*],

with
(6.5.2) det[l — a* ®n*] = det[l — a*] ® det[l — n*]

(5)Beware not to confuse the half-sum with the finite dimensional representation...
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and
det’[1 — a* @ n*] = det[l — n*] ® det’[1 — a*] & det'[1 — n*] @ det[1 — a*].
Now two simple lemmas:

6.6. LEmMA

(1) We have det[l — a*] = 0 as a virtual Ky;-module unless a® = 0.
(2) We have det'[1 — a*] = 0 as a virtual Kpr-module unless dima” < 1.

Proof. — For any 6 € Ky,
d
trace(d] det[1 — a*]) = det(1 — §|a*), trace(d| det’[1 — a*]) = il det(t -1 — dla”),
t=

cf. Section 3.1. Write § = ok, with k € K.
For any X € a*,

0X =ckX =0X
since K s centralizes a*. Thus,
dim{+1-eigenspace of §} > dim(a*)“.
In particular,
(1) if dima® > 0, then
det(1 — d6|a*) = 0.
(2) if dima? > 1, then det(¢-1— §|a*) vanishes to order at least 2 at ¢t = 1, whence

d
— det(t-1—dla*™) =0. O
dt =1 < ( %) =0

6.7. Lemma. Let 'V be a finite dimensional Ky-module and T any admissible

I?M—module, i.e., a I?M—module all of whose K py-isotypic subspaces are finite dimen-
sional. Suppose V is virtually trivial. Then [V @ 7)™ is finite dimensional and

trace(o|[V @ 7]%) = 0.

Proof. — Finite dimensionality is immediate since 7 is admissible. Let ¢ be a finite
dimensional subrepresentation of 7 such that [V @ 7]5M = [V @ (]¥nm.

Since Ky is compact, taking K js-invariants is an exact functor from the category
of finite dimensional K ;-modules to the category of finite dimensional o-modules.
Virtually trivial K ar-modules therefore map to virtually trivial o-modules. Thus,
[V @ (KM is virtually trivial. In particular,

trace(o|[V @ 7]54) = trace(o|[V ® ¢]5M) = 0. O

In particular, we conclude that (6.5.1) is zero unless dima < 1. In the following we
compute (6.5.1) in the two remaining cases.
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6.8. Compurarion of (6.5.1) wHex dima = 1. Assume that dima = 1. It then
follows from Lemmas 6.6 and 6.7 that

trace(o | det/[1 — (g/€)*]) = trace(o | det[1 — (“m/Err)*] @ det/[1 — a* & n*]).
We can therefore compute
Lef'(o, F\1,, )
(6.81) = trace(o | [det[L — (“m/tr)] @ det'[l 0" & 1] & F 0 1,4 | KM)
= Lef(o,det’[1 — a* & n*| @ F, ]zM(C)).

For each w € W we let v, be the restriction of w(p+v) to t. Let [Wk,, \W] be the
set of w € Wy such that v, is dominant as a weight on t (with respect to the roots
of ton ty), i.e.,

W, \W]={weW : (v,,8) >0 forall B & AT(t,€x)}.

This is therefore a set of coset representatives for Wy,, in W.

6.9. Proprosition. — Assume dima = 1. Then we have:
2dimt ; =9 w cw w ,
Lef (0, F, I, ) — sgn(w) if vy for some w € [Wg,, \W]|
otherwise.

Proof. — We shall apply Proposition 6.4 to the twisted space associated to “M(C)
to compute (6.8.1). To do so directly, we would need to decompose the virtual repre-
sentation

(6.9.1) det'[1 —a*®n* @ F

into irreducibles. This can be done by hand by reducing to the cases where G is simple
of type SO(p, p) with p odd, or of type SL(3). Instead we note that Proposition 6.4
implies that only the essential o-stable subrepresentations of (6.9.1) contribute to
the final expression in (6.8.1). We may therefore reduce to considering the virtual
representation

(det’[1 — ag & ng] @ (det’[1 — ag & ng])”) @ (Fo @ Fy)
= (det'[1 — aj ® nj] ® Fp) @ (det’[1 — af & nf] @ Fp)°.

Here, we have realized the K M-Tepresentations a and n as representations in ag ® af
and ng ® ng, resp.

Now, it follows from Proposition 6.4 that Lef(o, F, I, x) = 0 unless u = 29, where
po — p is the highest weight of a finite dimensional representation of “M(R). Equation
(6.8.1) therefore implies that Lef’(o, F, I, ) is equal to 29™* times the number N of
irreducible o-stable °M(C)-subrepresentations of det’[1 — a* @ n*] ® F with the same
infinitesimal character as I5,, 0. Since det’[1 — a* & n*] ® F decomposes as

(det'[1 — af ®nj] @ Fy) @ (det'[1 — a & ng] @ Fp)7,
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the number N is the number of irreducible °M(RR)-subrepresentations of
det’[1 — aj ® nj] @ Fy

with infinitesimal character equal to that of 6.

Next, we use that, if 6y denotes the discrete series of “M(R) with infinitesimal
character g and Hy a finite dimensional representation of M (R) of highest weight v,
then the (untwisted) Euler-Poincaré characteristic

o
K]\/I

X(Ho, 90) = dlm[eo (%9 det[l - (Om(R)/EMJR)*] ® Ho]

of the (“m, K¢;)-complex of 6y @ Hy is given by the following formula (see e.g. [28,
Prop. 3.1 & 3.2]):

{(—1)% dmCm®)/0n) if wpg =v+p  (wE W),
X(Ho,b0) = .
0 otherwise.
We can extend x(+,00) to any virtual representation. Applying this to
Hy = det’[1 — af & nj] @ Fo,
we conclude that the number N is equal to
(—1)2 dimCmB)/erw)y (det'[1 — aff @ ng] @ Fo, 0).
Now by definition of the Euler-Poincaré characteristic the latter is equal to
(—1)% dmCm®)/008) dim [y @ det[1 — ("m(R)/Er )] ® det’[1 — af & n3] @ Fy] <™,

which, as in (6.8.1) (but in an untwisted setting), is equal to

(—1)% dmCm(R)/earr)+1 dim[Z,,, ® det'[1 — (g(R)/br)*] @ Fo] K7
The computation of the latter is made in [3, §5.6]:

dim[Z,,, ® det'[1 — (g(R)/tr)*] ® Fp]X°

B (—1)%dim(o“‘(]R)/(”Vf’l“i)Jr1 sgn(w) if p = 2v, for some w € [Wg,, \W],
0 otherwise.
We conclude that

Lef/(0, F, I, ) — 29 (N — sgn(w)24™mtif i = 2u,, for some w € [Wg,, \W],
0 otherwise.
]
It is natural to introduce the untwisted analogue of Lef’ (o, F, I, »). With the nota-
tion of Proposition 6.9 we shall therefore denote by det’(Fy, I,,,) the dimension

dim[Z,,, ® det'[1 — (g(R)/tr)*] @ Fo]X".
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REMARKS

(1) The proof above and the transfer of infinitesimal characters under base change
shows that

(twisted heat kernel for F')(2t)
Lransfor, 2dimt(—1)% dim(m(R)/trp) (heat kernel for Fp)(t)

for base change C/R.
(2) Note that this base change calculation includes, as a special case, that of a
product G = G’ x G’. But we’ve worked out separately that

Lef' (0, Fo ® Fo, ™ @ ) = 2det’(Fy, 7).

There is no contradiction here: if either side is non-zero then dima = 1, but in that
special case dim a = dim t since the real group is in fact a complex group.

6.10. Compurarion or (6.5.1) wnen dima = 0. We now assume that dim a = 0 and
follow an observation made by Miiller and Pfaff [27]. In that case M = G, Ky = K
and 7, x =, is o-discrete. Now dim g(C) /¢ equals 2d, where d is the dimension of
the symmetric space associated to G(R). Note that — as K-modules — we have

Ai(g/8)* = A% (g/e)*, i=0,...,2d.
It follows that as K -representations we have:
det/[1 — (g/€)*] = ddet[1 — (g/€)*].

This implies that
Lef'(0, F,1,0) = d Lef(o, F, 1, 0).

Proposition 6.4 therefore implies:
6.11. Prorosition. — Let m, be a o-discrete representation of G. Then we have:

20t dim(g° /€%)  if wp =2(v +p) (weE W),

Lef'(o, F, I,) =
0 otherwise.

6.12. Proor or Lemwma 4.10. If ¢ is any smooth compactly supported function
on G, Bouaziz [7] shows that

(6.12.1) /GU\G oz tox) di = ¢%(e),

where ¢¢ € C°(G(R)) is the transfer of ¢. Now we can use the Plancherel theorem
of Herb and Wolf [16] (as in [30, Prop. 4.2.14]) and get

% (e) = Z d(m) tracew(qSG)—i—/ trace (¢ )dm.

7 discrete tempered
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We can group the terms into stable terms since all terms in a L-packet have the
same Plancherel measure [15]. We write 7, for the sum of the representations in an
L-packet ¢ and dn, = dn for the corresponding measure. We then obtain

% (e) = Z d(p) trace T, (¢%) + won elliptic trace 7, (6% )dr,.
elliptic bounded L—packets ¢
L—packets ¢

Now we use transfer again. Indeed, Clozel [13] shows that if ¢ is a tempered L-packet
and 7, the sum of the twisted representations of G associated to ¢ by base-change,
we have:

trace 7, (¢%) = trace Ty, ().

We conclude:

(6.12.2) /Gg\G oz tox) di

= Z d((ﬂ) trace %W(¢) + non elliptic

elliptic bounded L—packets ¢
L—packets ¢

trace T, (¢)dm,.

We want to apply this to the function ¢ = k7. To do so we will use

6.13. Lemma. — Equation (6.12.2) holds for functions ¢ in the Harish-Chandra
Schwartz space.

Proof. — We first note we have already checked (in Section 4.8) that the distribution
¢ r— d(xrox) di
Go\G

extends continuously to the Harish-Chandra Schwartz space, i.e., it defines a tempered
distribution. Now, for ¢ compactly supported, Bouaziz [7, Th. 4.3] proves that we have
(recall that we suppose that H'(o,G) = {1}):

_ . 1
(6.13.1) /GU\G p(xz™rox)di = /(g:;/G)" (2 Te;(f)Qa(f, T) trace Hf,7(¢)) dm(G- f).

We refer to [7] for all undefined notations and simply note that

— the IT; ; are tempered (twisted) representation, and
— if ¢ belongs to the Harish-Chandra Schwartz space, the (twisted) characters

Oy.+(¢) = tracells (4)

define rapidly decreasing functions of f.

Bouaziz does not explicitly compute the function Q, (f, 7) but proves however that
it grows at most polynomially in f. It therefore follows that the distribution defined
by the right hand side of (6.13.1) also extends continuously to the Harish-Chandra
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Schwartz space.(®) We conclude that (6.13.1) still holds when ¢ belongs to the Harish-
Chandra Schwartz space.

We may now group the characters Oy , into finite packets to get (all) stable tem-
pered characters, as in [7, §7.3] and denoted O, there. Then the right hand side of
(6.13.1) becomes

Z 27%(dimG"+rankG")|W(G’ a)|71 /
acCar(g?)/GO a

Here again, we refer to [7] for notations. Then [7, Eq. (3), (4), (5) and (6) p. 287] imply
that the right hand side of (6.13.1) is equal to

> WG [ p /a8 @)1,

aeCar(g?)/GO

Poo (Mg (N)BA(9)dne(N).

Here, the stable character éz » is the transfer of the character of a tempered packet,
see [7, 7.3(a)]) that is parametrized by A there. Finally in this parametrization the
measure against which we integrate éQ,\(gb) can be identified with the Plancherel
measure (see the very beginning of the proof of [7, Th.7.4]) and we conclude that
(6.12.2) extends to the Harish-Chandra Schwartz space. O

We can now conclude the proof of Lemma 4.10. It follows from Lemma 6.13 that
Equation (6.12.2) holds with ¢ = k7"?. Using Lemma 3.3 and Propositions 6.9 and
6.11 we can express each twisted trace traceT,(¢) as non-twisted trace. Moreover:
Proposition 6.11 implies that only representations with the same infinitesimal char-
acter as I can contribute to the (finite) first sum. Since (p, F') is supposed to be
strongly acyclic, it follows that the elliptic L-packets do not contribute. We therefore
conclude that
(6.13.2) / kPO (x  ox) di = 24imt / et Ae=A) det! (Fy, ) dr.

Go\G tempered
Lemma 4.10 therefore follows from the untwisted case for which we refer to [3].

We furthermore deduce from (6.13.2) (and the computation in the untwisted case)

the following theorem.

6.14. TaeoreM. We have:
197 (5) = 254 Q) (p).
Similarly:
6.15. THEOREM. We have:

Lef'P7 (5) = 29 ¢ @ ().

(6)1n fact, we need that (twisted) tempered characters are rapidly decreasing in the parameters
“Schwartz-uniformly” in ¢. But this holds because of known properties of discrete series characters
combined with the fact that the constant term operator ¢ — ¢(F) are all Schwartz-continuous.
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Remark. — It follows from Theorems 5.2 and 6.15 that if §(G?) = 0 then Lefg?)a(f)) is
non-zero. Proposition 1.2 of the Introduction therefore follows from the limit formula
proved in Corollary 4.8.

7. (GENERAL BASE CHANGE

7.1. "TWISTED TORSION OF PRODUCT AUTOMORPHISMS. — Let G/R be semisimple, o be
an automorphism of G, and p a o-equivariant representation of G. Let G’/R be
semisimple, ¢’ be an automorphism of G’, and p’ a ¢’-equivariant representation
of G'.

7.2. Lemma. — There is an equality
2)oxo’ 2)o 2)o’ 2)o 2)o’
17T (pR ) = 187 (p) - Lef L7 (p') + Lef E7 (p) - 107 (o).
Proof. — Let M, M’ be compact Riemannian manifolds together with equivariant

metrized local systems L — M and L' — M’. Liick [25, Prop. 1.32] proves that
77 (M x M'; LR L') = t°(M, L) - Lef (¢, M’, L") + Lef (0, M, L) - t° (M', L").
Furthermore, Theorem 4.11 shows that

(2)oxo ’ . logTUXU/(Tn\XGXG')

t X =1

Xewor (PRP) = B == e e &)

for any sequence of subgroups Y, satisfying the hypotheses therein. The sequence
Y, = T x T, where T';, (resp.I) is a chain of o-stable (resp. o’-stable) normal

no

subgroups of G (resp. G') with trivial intersection, satisfies the hypotheses of Propo-
sition 4.6 and Theorem 4.11. Therefore,
: (T \Xg,p) Lef(o!,T"\X¢r, o'
(275" (8 o) = lim ( \a Gap)  Lef(o ,:/\ ¢ r')
GxG n—oo vol(T'7\G7) vol(To'\G'")
Lef(0, T\ Xg,p) 7 T\ Xer, p')
vol(TZ\G7) vol(Te"\G'")
=157 (p) - et (o) + Lef £7 (p) - 157 (). O
7.3. — Now let E be an étale R-algebra; concretely, E = R” x C*. Fix 0 € Aut(E/R).

The automorphism ¢ permutes the factors of E and so induces a decomposition of
the factors of E into its set of orbits & : E =[], ., Eo. Each orbit is either

(a) a product of real places acted on by cyclic permutation,

o€l

(b) a product of complex places acted on by cyclic permutation, or

(c) a single complex place acted on by complex conjugation.

Let G be a semisimple group over R. Let p be a representation of G/R and p,
the corresponding representation of Resg,/r. In particular, p = p ® p is the corre-
sponding representation of Resc/r G. The automorphism ¢ induces a corresponding
automorphism of the group Resg/r G. There is a decomposition

RQSE/R G = H ReS]EO/]R G
o€l
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with respect to which o acts as a product automorphism.

— Theorem 5.3 shows that

(2)o ~ (2 (2)o ~ (2
100 (Bo) = ol %, . (p) and  Lef{Y (5,) =XKL . (p)

for the orbits of type (a).
— Theorem 5.3 shows that
2)o ~ 2 2)o ~ 2
100 (Bo) = ol -5, (7) and  LefQ?  (5,) = X%, . (7)
for the orbits of type (b).
— Theorem 6.14 proves that
2)o ~ dim 2 2)o ~ 2
0 (o) =29 4G () and  LefQ (po) = X%, (0)
for the orbits of type (c).
The aggregate of these three examples, together with Theorem 7.2, enables us to

compute the twisted L2-torsion for arbitrary base change.

7.4. THEorREM. — We have
2)o ~
tg(()m) (PE) # 0
if and only if 6(G(E)?) = 1.

Proof. Suppose that there are n orbits. Using Lemma 7.2, we expand tg?():(m (pr) as

a sum of n terms. Each summand is a product of Le’fg?();’aE ) (po) for n—1 of the orbits o

and of tg?iih )(ﬁo) for the remaining orbit o. Thus, exactly n — 1 of the Lef®7’s must
be non-zero and the remaining ¢(¥? must be non-zero; say @ )(Po*) =% 0. But by

Xa(E,«
the preceding computations relating t(*)? and Lef (2)7 to their untwisted analogues,
this is possible if and only if 6(G(E,~)?) = 1 and §(G(E,)?) = 0 for all o # o*. This
is equivalent to 6(G(E)?) = 1. O

8. APPLICATION TO TORSION IN COHOMOLOGY

8.1. GENERALITIES ON REIDEMEISTER TORSION AND THE CHEEGER-MULLER THEOREM

Let A® be a finite chain complex situated in degree > 0 of K-vector spaces for a
field K. Suppose the chain groups A° and the cohomology groups H*(A*®) are equipped
with volume forms, i.e., with non-zero elements w; € det(A%)* and p; € (det(H*(A*))*.
These define elements w in det(A®)* and p in det(H (A*))*, where

det(A®) := det(Ag) @ det(A;) ! @ det(As) @ - - -

and similarly for det(H(A*)).
There is a natural isomorphism [18, §1]

(8.1.1) det(A*) @ det(H(A*)) = K.

We let se denote the preimage of 1 under the above isomorphism.
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8.2. Derinition (Reidemeister torsion of a complex with volume forms)
The Reidemeister torsion RT(A*,w,, u,) is defined to be

w® pH(sa0).

It is readily checked that if u = ¢;p; for some non-zero constants c;, then
_ coca

(8.2.1) RT(A*,w,pu') = —— - RT(A*,w, ).
cics -

8.3. ExampLE. Suppose K = C and A* = C* ® C for some finite complex of
free abelian groups C*. A Z-basis (e1,...,e,) of C* determines a volume form w; on
A? = C' @7 C by the formula

wiler A= Nep) =1,
The volume form w; is well-defined up to sign. We endow A* with such a volume form

wz, € det(A®)*. Using that H*(A*) = H'(C*)c we can similarly endow H(A*) with a
volume form pz € det(H(A*))*. Then

— |H1(C.)tors| : |H3(C.)t0rs| Tt
|H0(C.)tors| . |H2<C.)tors| s

|RT(A.7 Wz, ,UZ)|

8.4. DEFINITION. Fix a triangulation T of a Riemannian manifold (M, g) together
with a metrized local system of free abelian groups L — M. Let C*(M, L; T) be the
corresponding cochain (free abelian) groups. We can endow A* := C*(M,L;T) ® C
with a combinatorial volume form wyz as defined in Example 8.3. Identifying each
H(M, L¢) with the vector space of harmonic L¢-valued i-forms on M we define a
volume form p, on H*(M, Lc) = H(A®). We finally define

RT(M,L) := RT(A*,wz, ig)-
It follows from Example 8.3 and (8.2.1) that we have:
_ ‘Hl(MV L)'COTS| ) |H3(M» L)tors‘ T « RO(M7 L)RZ(M, L) e
"~ |HOY(M, L)ors| - |H2(M, L)tors| - -~ RY(M,LYR3(M,L)---’
where R'(M, L) is the volume vol(H®(M, L)ee), With respect to the volume forms
obtained by identifying H*(M, L¢) with the space of harmonic L-valued i-forms on M.

(8.4.1) |RT(M,L)|

Note that it follows in particular from (8.4.1) that |RT'(M, L)| does not depend on
the triangulation T'. The following beautiful theorem relates |RT'(M, L)| to the ana-
lytic torsion Tas (L) = exp(tar(L)) that we have already considered in the particular
case of locally symmetric spaces(”); see [26] for the general definition.

8.5. Taeorem (Cheeger-Miiller theorem for unimodular local systems [26])
Let L — M be a unimodular local system over a compact Riemannian manifold.

There is an equality
Tyi(L) = [RT(M, L)].

("1n fact we have more generally considered the twisted analytic torsion that we deal with below.
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8.6. TWISTED LOCAL SYSTEM OVER LOCALLY SYMMETRIC SPACES. Let G be a connected
semisimple quasi-split algebraic group defined over R. Let E be an étale R-algebra such
that E/R is a cyclic Galois extension with Galois group generated by o € Aut(E/R).
The automorphism ¢ induces a corresponding automorphism of the group G of real
points of Resg/r G. We assume that Condition (2.4.1) holds, namely: H'(o, G) = {1}.

Choose a Cartan involution 6 of G that commutes with ¢ and denote by K the
group of fixed points of # in G and let X = G/K be the associated symmetric space
and. The involution ¢ acts on G and X; we denote by G° and X the corresponding
sets of fixed points.

As above we denote by G the twisted space GG x 0. Now, let I' be a torsion free
cocompact lattice of G that is o-stable and let (p, F') be a complex finite dimensional
o-stable irreducible representation of G defined over R such that

(1) p(T") stabilizes some fixed lattice & in the real points of F ;
(2) the representation p is strongly twisted acyclic (see Section 2.6).

The group I' acts on X and diagonally on X x & (through the representation p on
the second factor). We let

M =T\X and Z=TI\(Xx0)

be the corresponding quotients. Projection on the first factor gives a unimodular local
system £ — 4 of free abelian groups; it is moreover equivariant with respect to an
automorphism of .# of finite order.®® From now on we shall furthermore assume that
the order p of o is prime.

We shall consider a family of covering manifolds .#;, associated to a sequence {I';, }
of finite index o-stable subgroups of I' that satisfies the hypothesis of Section 4.3.

8.7. EQuivARIANT REIDEMEISTER TORSION. Let P(x) = 2P~ ! +2P~2 4 ...+ 1. For a
polynomial & € Z[z] and a Z[o]-module A, we define A"?) := {a € A: h(o)-a = 0}.
We shall denote by A[p~!] the localization S~ A, where S is the multiplicative subset
{p" : n€Z} CZ C Zlo] and let A[p>*] = {a € A : p™a = 0 for some n > 0}, the
p-power torsion subgroup of A. Finally if K is a field we set Zx := £ ®z K.

In particular, Z¢ defines a flat complex bundle on .#Z and the action of o on .#
lifts to the flat vector bundle Zr. We shall apply results of Bismut and Zhang to
relate equivariant combinatorial and analytical torsions of 4 — Z.

First recall that it is a general result of Wasserman that there exists a o-invariant
Morse function f : .# — R. We shall in fact work with particular choices of Morse
functions on the .#,’s. By [17] there exists an equivariant CW-triangulation on .Z.
It lifts to an equivariant CW-triangulation on each .#,,. By a standard construction
there correspond to these triangulations natural Morse functions f,, : .#,, — R such
that the set of critical points of f,, is exactly the set of barycenters of the simplexes of
the CW-triangulation of .#,,. One verifies easily that these constructions can be made

(8)We shall use the notation .# for manifolds with an involution and the notation M when there
is no involution.
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I'/T,-equivariantly and that the resulting functions f,, can be made o-invariant. The
proof of [5, Th.1.10] moreover implies that one can construct these f,’s such that:
for any critical point = € Crit(f,) N .,
the Hessian d? f,, (z) is positive definite on N,.
Here, N denotes the normal bundle to .Z, in .,

It then follows from [5, Th. 1.8] that one can modify the locally symmetric metric g

on .4, to get a metric ¢’ which equals g in a neighborhood of all critical points of f,
in such a way that the corresponding gradient vector field X,, = V/(f,,) satisfies the

(8.7.1)

Smale transversality condition.

To ease notation we shall now concentrate of .#Z and f and explain when needed
what happens when (., f) is replaced by (4, frn). Let MS(.#, %) be the Morse-
Smale complex [4, §1.6] associated to the o-invariant Morse function f and the as-
sociated invariant transversal gradient vector field X. We endow the chain groups
of MS(4, %c)? " and MS(.#, %c)"(?) with volume forms induced from the metric
on .%¢ and the combinatorial volume forms induced by the unstable cells of the gra-
dient vector field [23, §1.4]. We endow the cohomology groups H'(.#,.%c)°~! and
Hi(AM , %c)P) with the metric induced by the L?-metric on .Zc-valued harmonic
i-forms on .# [23, Def. B.4].

8.8. DEFINITION. The equivariant Reidemeister torsion of the equivariant local sys-
tem Z¢ — 4 of C-vector spaces is defined by

log RT, (M . Le; [, X) := log |[RT(MS(A, Zc)7 )]

o1 log |RT(MS (4, £c)T(@))].
Remarks

(1) Equivariant Reidemeister torsion a priori depends on the choice of Morse the-
oretic data; see the remark following Theorem 8.12 for further discussion. However,
the discrepancy between equivariant Reidemeister torsion and a purely cohomological
quantity can be bounded independently of the Morse theoretic data for local systems
endowed with integral structure; see Theorem 8.10 below.

(2) Let G be the finite group generated by o. We can define a Reidemeister
torsion log RT¢ (4, 4c; f, X) with values in the complex representation ring of G.
We could then have alternatively defined log RT, (.4, %c; f, X) as the trace of ¢ in
log RT¢ (A, 4c; f, X); this viewpoint is closer to that of [5]. Both definitions agree:
indeed if C is a finite dimensional Z[o]-module, its complexification A = C¢ decom-
poses as a direct sum @, A, of isotypical subspaces indexed by characters of Z/pZ,
and we have

C%=A; and CP@ = D14y

We conclude that the trace of ¢ in C' is equal to
1 1
dimC + (C+ -+ P Y — dim cP) = dimC? — — dim cPl),
p—- p—

(Here, ¢ is some primitive pth root of unity.)
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8.9. Derinition. — Let R (4, £)? 1 denote the covolume of the lattice H (.4, £)° !
in the real vector space H' (., %&)° ! with inner product induced by that on har-
monic forms. Define R(.#,.£)"®) similarly. The equivariant regulator R. (.4 ,.Z)
is defined to be

R\(A, L)1

(Ri(at, 2)P@)" =D

Ri(M, &) =

8.10. Turorem (Concrete relationship between twisted RT and cohomology)

Suppose that the fized point set M#° has Euler characteristic 0. Then, for an
arbitrary choice of invariant Morse function f and invariant transversal gradient
vector field X,

logRT, (M, Lc; f, X)
== 220 (o8 | L)l -

1 log|Hl(//l, sz)tors[pil]P(g) |)
+ Z Vilog R: (M ,.L)
0108 ", )l + o 4,5, + o 47, 25,

Proof. For % acyclic, this is proven in [23, Corollary 3.8]. As described in [23,
Prop. B.6], almost exactly the same proof applies even to those £ for which %t is
not acyclic. (|

REmaRrk. It follows from the proof given in [23] that the implicit constant in O(+)
only depends on the dimension of .Z,. In particular, it is independent of n.

8.11. TuE rQuivarIaANT CHEEGER-MULLER THEOREM. — Recall that we have defined in
(3.5.1) the twisted analytic torsion of a locally symmetric space equipped with an
equivariant, metrized, unimodular local system of complex vector spaces acted on
equivariantly and isometrically by o of finite order. Alternatively this is equal to
1 06%¢
S5 0)0).

s
where the function 0%¢(s)(c) is defined in [5, Def.2.2] and g denotes the locally
symmetric metric on .#. The following theorem will be easily deduced from the deep

logT M ,9) ("E/p((:)

work of Bismut and Zhang [5].

8.12. Turorem (Equivariant Cheeger-Miiller theorem). Suppose that X is odd-
dimensional. Then we have:

log T(%,g) (Zc) = log RT, (M, Zc; [, X).
Proof. — First observe that it follows from [29, Prop. 2.3] that the set of fixed points

M7 = (T\X)°
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is a finite disjoint union of its connected components that are parametrized by
H'(o,T). Since, under our assumption (2.4.1), the map

H'(o,T) — H'(0,G)

has obviously trivial image, it moreover follows that each connected component is iso-
metric to '\ X?. In particular, it is odd dimensional. Moreover, splitting the complex
vector space F' = @;F'*/ according to the eigenvalues of ¢ yields a decomposition of
the complex vector bundle £ over I'?\ X7 as a direct sum of complex vector bundles
I\ (X7 x F%) that are all unimodular (note that by hypothesis I'? is torsion-free).
The differential form 6, (%, h?¢) defined in [5, Def.2.5] therefore vanishes. And, by
[5, Th.0.2], we conclude that

(8.12.1) 2[log RT, (A , Zc; [, X) —log T( 4, (ZC)]
= Y OO S 0 (8,0) e (55,0) - C; - racelo] £,
zeCrit(f)NA#° J
where:

— the integers ny(8;, x) and n_(B;, x) respectively denote the number of positive
and negative eigenvalues of the Hessian d? f(z) acting on N(8;),, where N(3;) is the
subbundle of the normal bundle N to .#° on which o acts by e**%i;

— the constant C; is related to the equivariant torsion of a sphere. See [24, §11].
Now, for our particular choice of Morse data and replacing the locally symmetric
metric g by the modified metric ¢’, we deduce from (8.7.1) that the expression

S (04 (B 2) = n_(8;,2)) - C; - tracelo]. 2]
J
is constant for critical points x in a single connected component .#; of the fixed point
set A7 Indeed, ny(B;,x) = dim N(8;)|.4,, n—(8;,x) = 0, and, since o preserves the
flat connection, trace(c|.Z;) is also constant. Therefore,

1Y M) Sy (85,0) 0 (8,2)) - € - tracelo| 2]
zeCrit(f)N.a° J
= Z constant () Z (—1)ird(Flao @)
MoETo (M) zeCrit(f)NAo
= Z constant (.#)x(#y) = 0.
MoEmo (M)
Thus,

log RTo (A, L5 f, X) —10gT( 4y o) (L) = 0.
To conclude, note that by the anomaly formula of Bismut-Zhang [5, Th. 0.1},(9)
TCu,9)(Ze) = Ty ,4)(ZLe)

when all components of the fixed point set are odd-dimensional. O

(9Here again, we use that the differential form 6, (.%, h“¢) vanishes.
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8.13. GROWTH OF TORSION IN COHOMOLOGY OF LOCALLY SYMMETRIC SPACES. Under the
hypotheses of Section 8.6 — in particular the hypothesis that p is strongly twisted
acyclic — it follows from Theorem 4.11 that
log TZ. . x ()
[H* (0, )| vol(TF\G?)
From now on we will furthermore assume that §(G?) = 1; note that this forces X
to be odd dimensional. Theorem 8.12 therefore implies that

log Tlgn\X(p) = log RTG(%n; j(C; fna Xn)

(8.13.1) — t27(p).

Then Theorem 8.10, the remark following it, and Equation (8.13.1) imply the following

8.14. Cororrary. — Under the above hypotheses (in particular with o of prime or-
der p) suppose furthermore that

log |[H*(I'n, 0)[p™]
and log |[H*(T';,, OF,)
Then

=o(|H" (0,T,,)| vol(TI\G?))
= o(vol(I'7\G7)).

1 : .
|H(a,Ty,)| vol(T'g\G?) {Z(—l) log R. (T, p)
1

- Z(—l)i(log’Hi(Fn, ﬁ)[p_1]0_1’ — o 10g|Hi(1—‘n, ﬁ)[p—l]P(a)D]

n—00 tg?)o(P)~

%

In particular, if p is strongly acyclic, then

_Zi(—l)i (log]Hi(///,g)[pfl]afw _ ﬁlog“{i(%’f)[pfl]P(g)D
|H(0,T,)| vol(TZ\G7)

n— o0 tg?)cr(p)

One can deduce from this an unconditional cohomology growth result:

8.15. CororrAry. — FEnforce the same notations and hypotheses as in Corollary 8.14,
with no a priori cohomology growth assumptions. Furthermore, assume that p is
strongly acyclic and that O, is trivial. Then

Zi lOg |H1(Fna ﬁ)tors|
vol(T'Z\G7)

lim sup > 0.

Revark. — The local system (I',\ X, O, ) is trivial if and only if T, is contained in
the kernel of p mod p. We can therefore construct many examples using Proposition
4.5 relative to the over group I' = ker(p mod p).

Proof. — Suppose that not both of the growth hypotheses of Corollary 8.14 hold.
— If limsuplog |H*(T'y,, ©)[p*°]|/vol(T'Z\G?) > 0, we are done.
— Suppose the mod p cohomology of ((I';\X)?, OF,) is large, i.e.,
log |[H*((I'n\X)?, OF, )|

|H(s,T,,)|[vol(T2\G7) 0-
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Because Or,|(r,\x)- is trivial, the latter implies that
log |[H*((T,\X)7, Fp)|
|H(0,T,)| vol(TZ\G7)

The conclusion follows by Smith theory [8, §I11]. Indeed [8, §I11.4.1],

dimg, H*((T,\X)?,F,) < dimg, H*(T,,\ X, F,)

- 0.

(8.15.1)

1
= di H*(T, \X, 6
rank & O (T \X, G, ),

where the final equality follows because O, is trivial. Because p is strongly acyclic,
(T',\X, €0) has no rational cohomology. The desired conclusion then follows by the
universal coefficient theorem.

Otherwise, both a priori cohomology growth hypotheses from Corollary 8.14 are

satisfied. We thus apply Corollary 8.14, whose conclusion is more refined. Note that
it follows from Theorems 5.3 and 6.14 (and the computations in the non-twisted case

done in [3]) that tg?)o(p) # 0 whenever §(G?) = 1. O
ReMARK. Corollaries 8.14 and 8.15 were one major source of inspiration for this pa-
(2)o

per. We sought to understand when t’” (p) # 0 in order to detect torsion cohomology
growth. Theorem 1.4 of the Introduction follows from Corollary 8.15.

8.16. CompARISON WITH p-ADIC METHODS. — Let G be an algebraic group over Z which
is smooth over Z[N~!] and for which Gg is semisimple. As a byproduct of their
study of completed cohomology [10], Calegari and Emerton are able to prove non-
trivial upper and lower bounds on cohomology growth for the family of groups I',» =
ker (G(Z) — G(Z/p™Z)) for any prime p t N. Using Poincaré duality for completed
cohomology, they show

dimg, H*(Tyn,Fp) > [[1 : Tpn]' 79,

where a = dim(G/K)/dim G; Calegari and Emerton prove this when {I',» } is a family
of 3-manifold groups in [11] and Calegari extends this to general G in [9]. For any
local system ¢ arising from a representation of G defined over Q with % acyclic,
they deduce that

(8.16.1) log |H* (T pn, L) tors| = log |[H*(Tpn, L) [p™]| > [Ty : Tpn]' ™

as an immediate consequence. It is noteworthy that « = 1/2 if G is a complex Lie
group and 1 —a« > 1/3 for arbitrary G. The resulting lower bound obtained by (8.16.1)
is of the same quality as that proven in Corollary (8.15) for quadratic base change of
groups with §(G?) = 1 and is always strictly larger for cyclic base change of degree
greater than two for groups with 6(G?) = 1. Nonetheless, these lower bounds do not
subsume our main theorems on torsion cohomology growth.

— Suppose 6(G7) = 1. By Corollary 8.15, any family of groups satisfying the hy-
potheses of Theorem 4.11 exhibits torsion cohomology growth. As shown in Propo-
sition 4.5, fairly general families {I";} of congruence subgroups which grow horizon-
tally, e.g. as g varies through a sequence of primes, satisfy these hypotheses. However,
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(8.16.1) does not give any information concerning cohomology growth for such families
of horizontally growing congruence subgroups.

— Suppose §(G) = 1 and consider the family of congruence subgroups {I'y= } of full
level p™. Both Corollary 8.14 and (8.16.1) yield lower bounds on torsion cohomology
growth. However, their origins should be regarded as very distinct.

Cohomology classes accounted for by (8.16.1) are an aggregate of modp congru-
ences between (mod p) automorphic representations of G of arbitrary level.

On the other hand, the cohomology classes accounted for by Corollary 8.14 conjec-
turally arise by base change transfer over Z [12, 22]. Partial evidence for this transfer
occurs in Theorem 6.14, which may be regarded as ‘numerical base change trans-
fer over Z at infinite level’ (see [22] for some special cases of numerical base change
transfer over Z at finite level).

Base change for torsion cohomology leads us to expect that torsion witnessed in
Corollary 8.14 is supported at the same primes as torsion in the cohomology of locally
symmetric spaces for G7; computations suggest that the latter primes are large and
irregular [31]. On the other hand, torsion witnessed through (8.16.1) is supported
at a single prime p and gives no information about the prime-to-p part of torsion
cohomology.
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