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p-ADIC PROPERTIES OF
MOTIVIC FUNDAMENTAL LINES

BY Owrivier FouQuer

ApsTracT. — We prove the conjectured compatibility of p-adic fundamental lines with special-
izations at motivic points for a wide class of p-adic families of p-adic Galois representations
(for instance, the families which arise from p-adic families of automorphic representations of
the unit group of a quaternion algebra or of a totally definite unitary group) and deduce the
compatibility of the Equivariant Tamagawa Number Conjectures for them. However, we also
show that fundamental lines are not compatible with arbitrary characteristic zero specializa-
tions with values in a domain in general. This points to the need to modify the conjectures
of [73] using completed cohomology.

Résumi (Propriétés p-adiques des droites fondamentales motiviques). — Nous prouvons la
conjecture de compatibilité des droites fondamentales p-adiques avec les spécialisations aux
points motiviques pour une large classe de familles p-adiques de représentations galoisiennes
(par exemple, les familles provenant de familles p-adiques de représentations automorphes du
groupe des unités d’une algébre de quaternions ou d’un groupe unitaire totalement défini) et en
déduisons la compatibilité de la Conjecture Equivariante sur les Nombres de Tamagawa pour
ces spécialisations. Néanmoins, nous montrons également que les droites fondamentales ne sont
en général pas compatibles avec les spécialisations arbitraires & valeurs dans un anneau integre
de caractéristique zéro. Ceci indique qu’il est nécessaire de modifier la conjecture de [73] en
utilisant la cohomologie complétée.
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38 O. Fouquer

1. INnTRODUCTION

Fix once and for all an odd prime p. The purpose of this article is to draw at-
tention towards two p-adic properties of the motivic fundamental lines which are
believed to encode the special values of L-functions of motives as they are interpo-
lated in p-adic families. More precisely, we prove first the general form of Mazur’s
Control Theorem ([77, 84]) conjectured in [73, Conj. 3.2.2 (i)]: the motivic fundamen-
tal line Ay (T/F) (see Definitions 2.7 and 2.10 for the notation) of a p-adic family
of Gal(F/F)-representations parametrized by the spectrum of a characteristic zero
domain A commutes with specialization at motivic points of Spec A[1/p] and, in fact,
with the larger and fairly general class of specializations at pure monodromic point
(those for which weight and monodromy filtrations are defined and coincide; see Def-
inition 4.3). However, we further show that as defined by K. Kato, p-adic families of
motivic fundamental lines need not commute with arbitrary specializations nor even
with arbitrary specializations with values in characteristic zero domains. When the
p-adic family T arises from a p-adic family of automorphic representations of a reduc-
tive group G over F' and when A is a Hecke algebra, we give evidence suggesting that
defining fundamental lines using the Weight-Monodromy filtration and the completed
cohomology of [31] yields better behaved object. We propose a tentative revised con-
jecture along these lines, show that it is compatible with arbitrary characteristic zero
specialization and that it holds for GLs under mild hypotheses.

1.1. Morivic FUNDAMENTAL LINES. — Motivic fundamental lines were originally in-
troduced by A.Grothendieck and P.Deligne in [56, Exp.III] and [27] to explain the
properties of the L-function of a p-adic étale sheaf .# on a separated scheme of finite
type over Fy (¢ # p), in which case the fundamental line A(X,.%) is the determi-
nant of the étale cohomology of X with coefficients in .%#. The counterparts over
number fields of X and .# are respectively Spec Op[1/X] (X a finite set of finite
places containing the places dividing p) and the p-adic étale realization of a motive
M/F seen as Gal(F/F)-representation, where for concreteness the motive M may
be chosen to be the universal cohomology hi(Y)(j) attached to a smooth, proper
scheme Y/F. After two decades of efforts, the most important milestones of which
are due to J-P.Serre, P.Deligne, A.Beilinson, S.Bloch, K. Kato, J-M. Fontaine and
B. Perrin-Riou (see [93, 28, 6, 2, 7, 9, 44] and references therein), a prediction of the
p-adic valuation of the special value at zero of the L-function L(M, s) of such a motive
(say with coefficients in Q) was achieved, albeit of course only conjecturally, in terms
of a p-adic fundamental line

A(Mey,p) = Detg! RTe(Spec Op(1/p], Mt p) ©g, P@ CDet@; Mg ,(—1)*
o —r

and of a basis z(Mgsp), called the p-adic zeta element of M, of a Z,-submodule of
A(Mg,p)-

Following the work of K. Iwasawa on p-adic interpolation of special values of L-func-
tions of characters of Gal(Q/Q) ([71]) and that of B. Mazur and Y. Manin ([77, 76, 79])
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P-ADIC PROPERTIES OF MOTIVIC FUNDAMENTAL LINES 3()

on p-adic interpolation of the special values of L-functions attached to eigencusp-
forms and related algebraic invariants, it became clear that the formulation of the
conjectures on special values of L-functions of motives should be supplemented by a
description of the compatibilities of these values with congruences between motives
and more generally of the variation of these values as the p-adic étale realization of
the motive ranges over a p-adic analytic family of Galois representations (see [80] for
general considerations). In terms of fundamental lines and zeta elements, this task
amounts to the following questions. Suppose that A is a complete, local, Noetherian
ring with residual characteristic p and that T is a A-adic Gal(F/F)-representation.
There should then exist a A-adic zeta element z, (T') inside a A-adic fundamental line
Ap(T) compatible with motivic specialization in the following sense. If O is the unit
ball of a finite extension of @, and if ¢ : A — O is a motivic specialization, that is
to say a local Z,-algebras morphism such that Ty := T ®x 4 O is an O-lattice of the
p-adic étale realization of a motive M, then the commutative diagram of specializa-

AV o
modn& Aodm@
k

should yield a natural commutative diagram

tions

(1.1) AA(T) @p.p O —=—5 A(Ty)

e

Ap(T)

.

AN(T) @p k ——— A(T @ k)

sending zeta elements to zeta elements? (This statement gives a precise meaning to
the requirement that the A-adic fundamental line should p-adically interpolate the
fundamental lines at motivic points.)

The first step towards this goal, namely the case of a motive M/F endowed with
a supplementary action of the Galois group G of a finite abelian extension of F', was
completed by K.Kato who conjectured in [72] that, in this setting, motivic funda-
mental lines and zeta elements with coefficients in Q[G] should exist and who showed
that the system of conjectures attached to the finite sub-extensions of a Zg—extension
of F' recovers and generalizes the Iwasawa theory for motives with ordinary reduction
of R. Greenberg ([51, 52]).

Soon thereafter, K.Kato proposed in [73] a much bolder and deeper conjec-
ture, therein named the generalized Iwasawa main conjecture but nowadays more
commonly called the Equivariant Tamagawa Number Conjecture, which defines
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40 O. Fouquer

fundamental lines and zeta elements of arbitrary p-adic families of Galois repre-
sentations and states their properties. More precisely, let A be a p-adic ring; for
instance a complete, local, Noetherian ring of mixed characteristic (0,p). To any
number field F', any finite subset of finite places ¥ D {v|p} of F and any perfect
complex of étale sheaves of A-modules .# on Spec Op[1/X], the conjectures of [73,
§3.2] attach a projective A-module A(Spec Op[1/X], %) of rank 1 with a distin-
guished basis z(Spec Op[1/%], %) satisfying a number of properties; among which
that z(Spec Op[1/X], #) computes the special value Ly (M*(1),0) if .Z is the étale
sheaf of @p—vector spaces attached to the p-adic étale realization of a motive M
(see Conjectures 2.11 and 2.12 below for a complete statement).

1.2. STATEMENT OF RESULTS

1.2.1. Motivic points. — One of the crucial predictions of [73, Conj.3.2.2] is that if
the fibre %, = .# ® k(x) at © € SpecA of .Z# is the p-adic étale realization of a
motive M (here k(z) is the residual field of A, and is a finite extension of Q, or Q,),
then the zeta element z(Spec Op[1/X], .#) attached to the family should specialize to
the zeta element z(Spec Op[1/X],.%,) attached by the conjectures of [9, 44] to the

motive M under the natural map
(1.2) A(Spec Op[1/3], F) @4 k(z) — A(Spec Op[1/%], Z#,.),

which is thus an isomorphism. As above, this simply means that the upper horizontal
arrow of diagram (1.1) should indeed be an isomorphism and that z(Spec Or[1/X], %)
should interpolate the zeta elements attached to the motivic points of .#. It should be
noted that this requirement does not obviously hold nor does it immediately follows
from general arguments, even for some of the simplest non-trivial cases. The reader
familiar with the definition of the fundamental lines in terms of Selmer groups or of
the Nekovéar-Selmer complexes of [81] can convince himself of this fact by checking
that (1.2) implies an error-free version of Mazur’s Control Theorem when # is atta-
ched to the families of cyclotomic twists of the Tate module of an abelian variety
(we return to this point below). In fact, even if one defines z(Spec Op[1/X],.%) and
A(Spec Op[1/%], %) by the property that they interpolate their counterparts in a
Zariski-dense subset of motivic points, the statement remains non-tautological. In-
deed, assume for the moment that Spec A admits a Zariski-dense subset X of motivic
points such that z(Spec Op[1/X],.%,) has been constructed and shown to satisfy the
Tamagawa Number Conjectures for € X. Then, if (1.2) is an isomorphism as pre-
dicted for z € X, this data suffices to specify z(Spec Op[1/X], %) if it exists. The
question then arises as whether the interpolation property for zeta elements hold for
x ¢ X, or in other words whether [73, Conj.3.2.2] for .% is compatible with the
conjectures of [9, 72] for .%, at all motivic points.

Our first main result establishes that this is the case for a large class of p-adic
families (see Theorem 4.4 for the precise statement).

JEP M., 2017, lome /4
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Tueorem 1.1. Let (T,p,A) be a Gal(F/F)-representation with coefficients in a
characteristic zero domain A. Assume that (T,p,A) satisfies the hypotheses 4.1.
Then for all specialization v : A — A with values in a characteristic zero domain
and all finite sets & D {v|p} of finite places of F, the A -adic fundamental line
Ax (T ®@p,p N /F) is defined. If O is the ring of integers of a finite extension of Q,
and ¥ : A — O is pure monodromic (that is to say when Ty =T ®4 4 O is a pure
monodromic Gpg-representation in the sense of Definition 4.3; this is the case for
instance if Ty is a Gal(F/F)-stable O-lattice in the p-adic étale realization of a pure
motive M ), then Ax(Ty/F) coincides with the p-adic fundamental line of [44] and
the natural map

As(T/F) @5,y O — As(Ty/F)

s an isomorphism.

The proof of this theorem relies crucially on the analysis of the p-adic variation of
monodromy conducted in [91]. In particular, we mention that we take as a defining
property of the p-adic étale realization My , of a pure motive M/F the fact that, for
all v 1 p, the Weil-Deligne representation of Gal(F,/F,) attached to Mg, is pure in
the sense of the Weight-Monodromy Conjecture (see Conjecture 2.3 below for details).

We also note that already the unconditional definition of Ax(T'®4 A’/ F) appears
to be new, even in the ordinary case ([73] requires the étale sheaf on SpecZ[1/X]
attached to T to belong to the category D.i¢(Spec Op[1/X], A) of perfect complexes
of constructible étale sheaves of A-modules on Spec Op[1/X], [48] requires ¥ to contain
all places of ramification of T and [52] requires T to be ordinary and A to be a normal
ring).

In addition to the case of families arising from classical Iwasawa theory, which is
well-known, the hypotheses of Theorem 1.1 are known to hold for many p-adic families
of automorphic Galois representations, for instance those attached to p-adic families
of Hilbert eigencuspforms or those parametrized by the spherical Hecke algebra of a
reductive group G compact at infinity. More precisely, let G be a reductive group
which is either the unit group of a quaternion algebra over a totally real field F or a
totally definite unitary group in n variables over a totally real field F'* split by a CM
extension F/FT. Let m be a non-Eisenstein maximal ideal of the reduced, spherical
Hecke algebra T*(UP) acting on the completed cohomology in middle degree of the
Shimura variety attached to G (here ¥ is a finite set of primes of Op; we refer to
Section 3.2 below for further details about the notations). Let T be the Gal(F/F)-
representation with coefficients in T2 (UP) interpolating the representations attached
to automorphic systems of Hecke eigenvalues occurring in completed cohomology (7 is
characterized by the property that tr(Fr(w)) = T1(w) for all w in a dense subset of
places of F'). Applying Theorem 1.1 in this setting yields the following corollary, which
strengthens and generalizes the control theorems of [77, 84, 46].
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42 0. Fouquer

CoroLrary 1.2, Let ¢ : TS (UP) — O, C @p be the morphism sending a Hecke
operator to its eigenvalue in its action on a cohomological automorphic representa-
tion 7. Let K be a finite abelian extension of F unramified outside . Denote by F
the étale sheaf attached to T and by F, the étale sheaf attached to Ty =T @z 4 Ox.
If z(.7,Spec Ok [1/%]) is a basis of Ax(T/K), then

z(ﬁ,Spec OK[l/ZD ®1e AE(T/K) ®T§“¢ O, Cén Az(Td,/K)
is a basis of Ax(Ty/K).

Informally, this corollary states that if the ETNC is true for 7', then it is true for
any motivic point of T. Maybe because the generalized Iwasawa main conjecture [73,
Conj. 3.2.2] is hopelessly out of reach already in very simple cases, it seems that the
possibility that statements like Theorem 1.1 and Corollary 1.2 could hold has been
neglected so that, for instance, this author believes they are new already for Hida
families of quaternionic eigencuspforms or for the p-adic families of modular forms
occurring in the completed cohomology of the tower of modular curves. Note also the
important fact that we make no assumption on the local properties of T at v|p (most
of the literature assumes that p|Gr, is ordinary, flat or of finite slope at v|p).

1.2.2. Remark on the main conjecture of |73]. — While Theorem 1.1 settles the ques-
tion of motivic specialization (and in fact the more general class of specializations
with values in characteristic zero domains for which the weight and monodromy fil-
trations are defined and coincide), it does not apply to all specializations, suggesting
that [73, Conj. 3.2.2] should be slightly amended. This points towards an interesting
connection between the p-adic properties of special values of L-function, the p-adic
properties of the Local Langlands Correspondence ([30, 35, 15]) and Thara’s lemma
and its generalizations ([69, 29, 23]). I believes that such a surprising connection, inso-
far as it impacts the Equivariant Tamagawa Number Conjectures, strengthens rather
than weakens their plausibility.

In order to understand what may require a modification in [73, Conj.3.2.2], it is
helpful to come back to the definition of the p-adic étale realization of the fundamental
line of a pure, strictly critical motive M (see Section 2.1.1 for the meaning of this
property) over a number field F' with coefficients in Q. As we saw above, in the
normalization of [73], this is by definition the one-dimensional Q,-vector space

A(Mg ) = Det@; RT¢(Op[1/5], Mgt p) ®q, P@ CDet@; Mg p(—1)T.
oF—
As recalled in Section 2.2.2 below, in the computation of L(M ,(1),0) in terms of
A(Msy p), the étale cohomology complex recovers through p-adic comparison theorems
a rational structure coming from the de Rham realization of M. The role of the
term @, pesc Det@j Mzt p(—1)7" is to yield a second rational structure coming from
the Betti realization of M which, when compared with the first one, computes the
special value. This, and the fact that the tensor product has to be taken over all
complex embeddings of C, points out to the fact that, even though it is the p-adic

JEP M., 2017, lome /4



P-ADIC PROPERTIES OF MOTIVIC FUNDAMENTAL LINES /|%

étale realization of M which appears in this second term, this term is in essence a
Betti cohomology group (and indeed, it is believed to come by tensor product with Q,
from the Betti term in a putative motivic fundamental line). For a single motive,
the canonical isomorphism Mp , ®q Q, =5 Mg p for all o : ' — C ensures that
identifying Betti and étale cohomology groups can cause no harm, but this discussion
raises the question of the correct analogue of Mg, in the case of p-adic families of
Galois representations.

The implicit choice made in [73] is that étale cohomology remains the correct
choice, so that Q. p ¢ Det@; Mg p(—1)* is replaced by @, p..c Dety ' T(—=1)* in
the definition of the A-adic fundamental line

A(T) = Det ' RT¢(Op[1/%], T) ®a @ Dety' T(—1)"
o:F—=C
of a family of Galois representation 7' parametrized by Spec A. However, this choice
runs into difficulties when fundamental lines are specialized at non-motivic points.
Indeed, suppose that T} is a Z,[Gal(Q/Q)]-module arising as specialization of a A-adic
family T" which is ramified at some prime ¢ different from p and such that T is
unramified at ¢. In that case, as we hinted above, the natural map

(1.3) (Deta RT4(Z[1/%)],T)) @ Z, — Dety, R (Z[1/5], Ts)

induced by « : A — Z, may fail to be an isomorphism when ¥ does not contain ¢
whereas Tt ®, ,Z,, is by construction isomorphic to 7. When this occurs, nothing in
A(T)®n ¢ Zy can compensate the error term coming from the failure of (1.3) to be an
isomorphism, so the natural map A(T) @4, Z, — A(T,) fails to be an isomorphism,
perhaps in contradiction with [73, Conj. 3.2.2(i)].

Remark 1.3. — When fundamental lines are defined as in [73], the specialization
property at non-motivic point of [73, Conj.3.2.2(i)] fails already for generic Hida
families of ordinary eigencuspforms for GL2(Q).

In Section 4.2.2 below, we give an explicit example of two Hida families crossing
at point with values in a characteristic zero domain which is a counterexample to [73,
Conj. 3.2.2(1)].

In view of Theorem 1.1, a somewhat tautological corrected version of the Equi-
variant Tamagawa Number Conjecture can be formulated simply by requiring that
fundamental lines be compatible only with motivic specializations. This seems unsat-
isfactory. One of the main interest of p-adic families of motives (and the reason they
were considered in the first place) is the light they show on congruences between mo-
tives. In order to answer, or simply make sense of, the question of whether congruent
motives have congruent special values of L-function (the question asked for eigen-
cuspforms in [79]), it is necessary that p-adic fundamental lines and zeta elements
be defined for Galois representations with coefficients in Artinian rings. Specializa-
tions with values in such rings can never be motivic, so banning them precludes any
discussion of congruences between special values of L-function. Besides, recent years
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have shown the arithmetic significance of not necessarily classical p-adic automorphic
representations and Galois representations.

In the case of p-adic families of Galois representations arising from p-adic families
of automorphic representations of a reductive group G over F' admitting Shimura
varieties of dimension d, we believe that it is very tempting to speculate that an
adequate p-adic analogue of Betti realization is the completed cohomology

HYUP,0) = @@U—”“ HI(Y(U"U,)(C),0/="))

of [31]. Here, UP is a compact open subgroup of G(Agjm)), Up is a compact open
subgroup of G(F®gQ,) and Y (UPU,) is the double quotient G(F)\G(Ar)/ULUPU,
for US, the connected component of the identity of a maximal compact subgroup of
G(F ®gR). Indeed, the local-global conjecture of [30, 15, 33] predicts that the part of
completed cohomology on which G acts through a given representation p is described
using the Local Langlands Correspondence normalized as in [10]. If p|Gg, does not
satisfy the Weight-Monodromy Conjecture, this normalization involves an extra Euler
factor which exactly compensates the error term appearing in the specialization of
the étale cohomology complex. Under this choice of fundamental line then, neither
the first nor the second term of the fundamental line commute with specializations
but the error terms appearing in each factors cancel each other.

Luler factors at places of bad reduction and relation with [48]. — Because the phenom-
ena at play in Theorem 1.3 are essentially local at ¢ # p a place of ramification
of T, they play a role in the formulation of the Equivariant Tamagawa Number
Conjectures as given in [73] but not in the formulation of [48]. To be more pre-
cise, it is a consequence of Theorem 1.1 (or more accurately of its proof) that a
specialization x can fail to induce a canonical isomorphism between the fundamental
lines A(Spec Op[1/X], %) and A(Spec Op[1/X], . %,.) only if there exists v ¢ ¥ such
that .%,, seen as G, -representation is less ramified than .%. As [48] defines fundamen-
tal lines only for ¥ containing all the places of ramification of .%, these fundamental
lines are by construction compatible with arbitrary specializations. Correlatively, the
fundamental lines of [48] contain less information than the one of [73] (or the one
constructed from completed cohomology in this article) as they do not p-adically
interpolate Euler factors at places of bad reduction.

We briefly explain why the difference can be significant. First of all, Theorem
4.4 shows that though local Euler factors do not interpolate in general in p-adic
families parametrized by reduced rings, they do interpolate in families parametrized
by domains. This observation can be used to prove that the special value of the
L-function of a motive M which does not have good reduction at a given place v t p
is not a p-adic unit in the following way: first, embed M in a p-adic family of motives
parametrized by a domain R(a); then, realize R(a) as the irreducible component of
a reduced ring R; third, find a congruence between a motivic point M, of R(a) and
a motivic point M, of an irreducible component of R which has good reduction at v

JEP M., 2017, lome /4



P-ADIC PROPERTIES OF MOTIVIC FUNDAMENTAL LINES /|L)

and for which the Euler factor is not a p-adic unit. In this situation, the congruence
between M, and M, implies that the special value of the L-function of M, is not
a p-adic unit while the interpolation property implies that the special value of the
L-function of M is a p-adic unit if and only if the special value of the L-function
of M, is a p-adic unit as well. Computationally, achieving the three hypotheses above
is rather easy, so this method does indeed produce many examples (one is given in
Section 4.2.2 below). In [36], this process is used to deduce the classical Iwasawa
Main Conjecture for a given nearly ordinary eigencuspform from the same result
for a congruent eigencuspform (their method is analytic, rather than algebraic as in
this article, but relies crucially on the possibility of interpolating Euler factors in
irreducible components). Our results open the possibility of generalizing their results
to more general p-adic family of automorphic forms. In particular, they allow to
dispense with the hypothesis that the starting eigencuspform is nearly ordinary at p
(see [45] for an application). On a more theoretical note, the results and conjectures
of Section 5 show that even though Euler factors do not interpolate in p-adic Hecke
algebras, the elements in the integral Bernstein center which corresponds to them
do (this reflects the fact that even though families of ramified local automorphic
representations cannot in general be interpolated by a projective module over the
Hecke algebra, they can nevertheless be interpolated by a more complicated object).
Excluding local Euler factors at places of bad reduction because they do not naively
interpolate necessarily conceals the actual p-adic properties they do satisfy.

Notation. — 1If F is a field, denote by G the Galois group of the separable closure
of F. If F is a number field, ¥ is a finite set of finite places of F' and K is an
extension of F', denote by Ky the maximal Galois extension of K which is ramified
only at places w above the places of F' in ¥ U {v|oo}. Denote by Gg 5 the Galois
group Gal(Ky/K). The ring of integers of F is denoted by Op. If £ is a place of Q
(including oo), denote by Fy the tensor product F' ®q Q; and by Ir, the set of field
embeddings of F inside F,, for v|¢.

Acknowledgments. — The author wishes to thank C. Breuil, F. Brunault, G. Chenevier,
L. Clozel, T.Fukaya, G.Henniart, K. Kato, J. Saha and S. Wang for discussions and
advices and the anonymous referee(s) for many improvements. He is especially
grateful to J. Thorne for pointing out the relevance of [82].

2. Tue Equivariant Tamacawa NumBER CONJECTURES FOR MOTIVES

We recall the formulation of the Equivariant Tamagawa Number Conjectures
(ETNC for short) for a pure motive M over a number field F with coefficients in
another number field F and with a supplementary action of the Galois group of a
finite abelian extension K of F. Despite the fact that several expositions of these
conjectures already exist ([9, 40, 72, 44, 13, 48]), we felt the need to include this
section for two reasons. First, the references above do not all normalize in the same
way the objects considered nor do they define in the same way the maps relating
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motivic fundamental lines and p-adic fundamental lines; in fact a common point of
discrepancy is in the treatment of the local Euler factors whose study lies at the core
of this article. Second, as we intend to study p-adic families of motives, including the
ones coming from classical Iwasawa theory, it is necessary for us that K/F may be
non-trivial. The main class of p-adic families satisfying Theorem 4.4 below requires F'
to be a CM field, hence to be a non trivial extension of Q. Our main guiding examples
all arise from p-adic families of automorphic forms and it is expected that the field
of coefficients E of motives in automorphic families grows without bound (see [67]
for some known cases). Hence it is important to us that all the extensions F/Q,
E/Q and K/F may be non-trivial. None of the references above (and none known
to this author) allow this generality. On the other hand, the contribution to the
supplementary action of Gal(K/F) to the problems studied in this article is well
understood (it is recalled in Section 3.1) and the fields of coefficients of automorphic
motives are naturally subfields of C (as this is the case of the reflex field of a Shimura
variety), so the reader who wishes to take K = F and to fix an embedding of E in C
may do so without fear of neglecting any essential difficulty.

21 . Morives AND MoOTIVIC GrALOIS REPRESENTATIONS

2.1.1. Realizations. Let E and F be two number fields. Denote by X a proper,
smooth scheme over F' of dimension d with good reduction outside a finite set ¥ of
finite places of F. For Y a proper, smooth scheme, denote by CHi(Y) the abelian
group of closed, irreducible sub-schemes of Y of codimension ¢ modulo homological
equivalence. A pure motivic data M over F with coefficients in E is a quadruple
(X,e,i,j) where ¢ is a projector of CH'"™*(X xp X) ®z E and (i,j) € Z* are
integers. It is conjectured that to (X,¢,4,7) is attached a motive hi(X)()(j) over F
and with coefficients in E which we also denote by M. Independently of the existence
of this conjectural framework, pure motivic data admit cohomological realizations
satisfying the following properties.

Betti realizations. — For all o : F — C, the Betti realization of M is the E-vector
space

MB,U = Hl((X XF,o (C)((C)aQ(J))(E)

When o is real, Mg , is endowed with an action of Gal(C/R) given by the natural ac-
tion on (X x g, C)(C) and on Q(j) := (2mi)’Q. When o is complex, we consider Mg ,
to be endowed with the trivial action of Gal(C/R). In both cases, we denote by M3z
the E-vector space on which the non-trivial element ¢ of Gal(C/R) acts with the
eigenvalue +1.

For each choice of embedding o : F — C, the E® C[Gal(C/R)]-module Mp , ®gC
decomposes as

MB,U RF C= @ (MB,(T ®E,T (C)
T:E—C
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For each choice of embeddings o, 7 as above, the Hodge decomposition

(Mpo,®p E;)orC= H HI
pHq=w
with action of Gal(C/R) on both sides of the tensor product endows V, . :=Mp ,Qp E;
with the structure of an E -Hodge structure over F, in the sense of [25] pure of
weight w =i — 2j (by [68]).

More concretely, there is a finite, increasing filtration W* indexed by Z on V,, , and
there are two finite, decreasing, w-opposite Hodge filtrations Fil* and Fil' indexed
by Z on V,, » @ C such that the filtrations W*, Fil* and Fil’ on V,, , ®g C are opposite
in the sense of [25, Déf. 1.2.7]: for all r € Z, the natural map induces an isomorphism

Fil’ Gt (V,.r 2 C) @ Fil" " Gt (Vs @ C) =~ Gr¥ (V,,., @5 C)
B Vor @r C if n = w,
0 else.

If o is a real embedding, then V,, » is moreover endowed with an action of Gal(C/R)
compatible with the weight filtration and such that the Hodge filtration comes through
tensor product over R to C from a filtration on (V; r Qg C)Gal(C/R). If 7 is a complex
embedding, then C embeds in Endg(V,, ). We recall that even when o and 7 are
complex embeddings, the V, , are always regarded as R-vector spaces.

If V, - is a Hodge structure over R (equivalently, if o is real), denote by Vgiﬁ the
subspace V;fil of V;  and by V r ar the subspace (V, r ®r (C)Gal(C/R) = V;;. ®iV, .
Otherwise, put V;T =V, and Vy ;ar = V5 - ®r C. In both cases, the quotient of
Vordr by Vb is V; -(=1)" and there is a map of E;-vector spaces

Vor: Fil'(V,, @ C) C Vyrar — Voo (1T

De Rham realization. The de Rham realization ([55]) of M is a finite rank F' ®g E-
module

Mar = Hig (X, Q% r)(€)(j)

with a finite filtration Fil° Mygr indexed by 7Z such that Fil® Mg is the F ®q E-
module image of Hix (X, Q?j;j)(e) inside Mgr. The tangent space tqr of M is the
F®qg FE-module MdR/ Fil° MR-

For each choice of embeddings o : F — C and 7 : E — C, the resolution of the
constant sheaf C by the de Rham complex yields a canonical comparison isomorphism

of C[Gal(C/R)]-modules
(2.1) Iyoo : (Mp, ®p E;) ®r C = Mg ®pgr C

where F' and E are embedded in C through ¢ and 7 on the right-hand side and in which
the action of Gal(C/R) is as in the previous paragraph on the left-hand side and on C
on the right-hand side. This isomorphism sends P, H5:? to (Fil* Myr) ®rer C.

07
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Fix an embedding 7 : £ < C. The composition of the inverse of I, o, with the
map ), . for all 0 : ' — C defines a map

(2.2) ¥r ¢ ((Fil° Mar) ®per Br) @ C — @ Vo (-1)T.
o:F—C

The motivic data M (or the system of realizations {{Mp ,}s, Mar}) is said to be
critical in the sense of [28] if there exists a 7 such that the map 1, is an isomorphism
(in which case the map 1, is an isomorphism for all 7).

p-adic étale realizations. — Let p be a rational prime and let p be a finite place of E
above p. The p-adic étale realization of M is the E,-vector spaces

Mep = Hif(X xp F,Qp(1))(€)

with its natural action of Gp. For any finite set X of finite primes of Op containing
{v|p}, Mg, defines a constructible étale sheaf on Spec Op[1/%]. The natural maps

vy : Spec O, — Spec Op[1/3], v, : Spec F,, — Spec Op[1/3],

defined respectively for v ¢ ¥ and for all finite v, allow us to consider Mg, (more

precisely v Mg ) as a constructible étale sheaf over Spec OF, or Spec F, respectively.
For v ¢ ¥oU{v|p} a finite place of F', the smooth and proper base change theorem

implies that the G g, -representation Mg , is unramified. By [26], the Euler factor

(2.3) Bul, (Mg p, X) = det (1 — Fr(0) X|Mg.p) € Ep[X]

has furthermore coefficients in E and is independent of the choice of p (here X is an
indeterminate unrelated to the scheme X above).

Let v|p and p|p be finite places of F' and E respectively. Let Bgr, be the ring
of p-adic periods relative to the extension F,/F, ([39, 41]) and denote by Dgg , the
functor

DdR,v Vi HO(GFNV ®Qp BdR,v)

from the category of finite-dimensional Ej,-vector spaces with a continuous action
of GF, to the category of F, ®q, Ep-module with a finite, decreasing filtration in-
dexed by Z. A finite-dimensional E-vector space V equipped with a continuous action
of Gp, is de Rham ([42]) if the dimension of Dgg (V) as F,-vector space is equal
to [Ep = Qp) dimg, V. When V is a de Rham representation, the cup-product with
log(Xeye) € H'(GF,,Q,) is an isomorphism

(2.4) Dgg (V) := H*(Gp,,V ®q, Bar.) — H'(Gr,,V ®q, Big.,)

for all i € Z. The proof of the semi-stable conjecture of J-M. Fontaine and U. Jannsen,
which was completed in [100], shows that the Gp,-representation Mg , is de Rham
for all v|p.

For each choice of embedding & : F < C extending o, Artin comparison theorem
, Exp. ives a canonical isomorphism
1, Exp. XI]) gi ical i hi

can
Ig,p : MB7U RE Ep ~ Mét,p
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which is compatible with the action of Gal(C/R) if o is a real embedding. We fix a &
for each o : F' — C and denote by I, the isomorphism

IL= @ Ly: @ Mpo®pEy,~ @ M,y.
o:F—C o:F—C o:F—C

By [100] (or [37, 38]), there is a comparison isomorphism
Iqr,v,p - Mar ®F Bar,o = Met,p @, Bar,v
which is canonical by [83] and which induces an isomorphism of filtered Ej,-modules
Myr @rgE Fy @ Ey ~ Dar,o(Mesp)-

As the rank of Dgr(Mes,p) as Fy, ® Ey-module is equal to the rank of Magr as F ® E-
module, it does not depend on v|p.
The composition of the direct sum of the localization maps

Hg (Op[1/X], Méyp) — @ Hiy(Spec Fy, Mayp) =~ @ H' (G, Mey,p)
vlp vlp
with the extension of scalar from H*(Gp,, Met,p) to H (Gp,, Me,p ®q, BCTR’U) and
the direct sum of the inverse of the maps (2.4) defines a map

(25)  @exp : Hy(Or[1/5], Mety) — @ Dig o (Merp) = (Fil” Mar) @ B,

v|p vlp
called the dual exponential map ([73, §1.2]). The motivic data M (or the system of
realizations {Me p, Mar}) is said to be critical at p if exp* is an isomorphism.

Rank. — The rank of M over F is the common dimension of the E-vector spaces
Mp . This is also the rank of Mygr as E ®g F'-module and, for all finite place p of E,
the dimension of Mg , as E,-vector space.

Dual. — The dual motivic data of (X, e, 4, j) is the motivic data (X, e, 2d—i,d+1—j).
The dual motive M*(1) of M is the motive conjecturally attached to the dual mo-
tivic data. Unconditionally, the realizations of the dual motivic data are dual to the
realizations of the motivic data (X,e,4,7). If the motivic data (X,e,4,7) is pure of
weight w, then the dual motivic data is pure of weight —w — 2. In particular, either M
or M*(1) is pure of weight w > —1.

Coefficients. — Tt is conjectured that to a pair of motives M, N over F' and with
coefficients in F, there exists a tensor product motive M ® N. The only instance
of this construction we have cause to consider is the tensor product of a motive M
with the motive h°(Spec K) attached to the pure motivic data (Spec K, 1,0, 0) where
K/F is a finite, abelian extension. Let (X, e,4,j) be a pure motivic data over F
with coefficients in E. There exists a pure motivic data (X xp K, &,4,7) over F (and
hence conjecturally a motive which we denote by M x p K or M for brevity) whose
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realizations are
(M xp K)oy =Mp,, ®r E[G],
(M xp K)qr = Mgr ®F K,
(M xp K)stp = Mssp @, Ey[G].

We refer to Mk as the motive M over F' with coefficients in E[Gal(K/F)].

Strictly critical motive. — A motive M is called strictly critical (with respect to 7
and p a finite place of E) if it satisfies the following three properties.

(1) The map

by ((Fil' Mag) ®@pop Br) @ C — @ Vo (—1)7F
o:F—C

of (2.2) is an isomorphism.

(2) The dual exponential map

@exp; : HY,(OF[1/%], Mt ) — (Fil° Myr) @5 E,
Ip

of (2.5) is an isomorphism.
(3) The cohomology of the complex RT'¢(Or[1/X], Mg ) vanishes outside of de-
gree 1.

Combining the weak Leopoldt’s conjecture of [86] and the conjecture of Bloch-Kato
on the order of vanishing of motivic L-functions yields the following conjecture.

Consecture 2.1. Let M be a critical motive over F and let Foo /F be the cyclo-
tomic Zp-extension of F. Then My is strictly critical for all finite sub-extensions
F C K C Fy except possibly finitely many.

2.1.2. Weight-monodromy and independence of ?

Independence of €. — The following conjecture ([93, Conj. C5], see also [94, App.])
strengthens the independence property noted after (2.3).

Consecrure 2.2 (Independence of ¢). — Let q and p be two rational primes and let
vt pq be a finite place of F. Then the local Euler polynomials

Eul, (Metp, X) = det (1 — Fr(v) X|Mg ), Euly(Ms q, X) = det (1 - Fr(v) X|MS,)
have coefficients in E[X] and are equal.
This conjecture is known to hold for any ¢ if the dimension of X is at most 2 ([92]).

It also holds for any 7 if X is an abelian scheme ([57, Exp.IX]) and more generally
if M is a strict 1-motive ([88]). Hence, it holds for general X if ¢ < 1.
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Weight-Monodromy. In [24, Princ. 2.1, 8.1], [87, p. 41] and especially [70, Conj. 3.9],
the following property of M is also conjectured.

Conyecrure 2.3 (Weight-Monodromy conjecture). Let v t p be a finite place and
let o(v) be a lift of Fr(v) to Gg,. Then the semisimple Weil-Deligne representation
attached to the G g, -action on Mg, for plp is pure of weight w =i — 2j in the sense
that the eigenvalues of o(v) on the r-th graded piece of the monodromy filtration of
My p are Weil numbers of weight w + 7.

In [70, Quest. 3.13.2], it is asked whether Conjectures 2.2 and 2.3 admit the follow-
ing common generalization.

Consecrure 2.4 (Weight-Monodromy and independence of £)

Let v t p be a finite place and let o(v) be a lift of Fr(v) to Gp,. Then
det(1 — o(v)X| GrM My ,) has coefficients in E independent of the choice of p
and all its roots are Weil numbers of weight w + .

2.1.3. Compatible systems of Galois representations. For G a topological group,
a G-representation (T, p, R) with coefficients in R is an R-module T free of finite
rank with a continuous morphism

p: G — Autg(T).

Let L,/Q, be a finite extension and let (V,p, L,) be a Gp-representation. Then V'
is said to be geometric if it is unramified outside a finite set of prime and if p|Gp,
is de Rham for all v|p. It is said to be motivic if it is geometric and if it satisfies
Conjecture 2.3. It is said to be rational over F if there exists a number field E such
that det(1 — p(Fr(v))X|V 1) belongs to E[X] for all v { p, and it is said to be rational
if it is rational over E for some number field E. A representation V' which is rational
over F is said to be part of a compatible system of representations if there exists a
finite set X such that for all finite place q of E, there exists an E-rational G p-repres-
entation (Vg, pq, Eq) unramified outside ¥ U {q} such that V}, is equal to V' and such
that the polynomials det(1 — p(Fr(v))X|V) and det(1 — pq(Fr(v))X|Vy) are equal for
all v ¢ XU {p, q} except possibly finitely many. The representation V is said to come
from algebraic geometry if it arises as the p-adic étale realization of a motivic data
(X,e,1i,7) over F with coeflicients in E and it is said to come from a motive if it comes
from algebraic geometry and if the motivic data (X, e,1, ) satisfies Conjecture 2.4.

These definitions and the properties of realizations of motives recalled above imply
the following statements. A representation which comes from a motive comes from
algebraic geometry, is rational and belongs to a compatible system of representations.
A representation which comes from algebraic geometry is geometric. Conjecture 2.2
states that a representation which comes from algebraic geometry is rational and
belongs to a compatible system of representations and Conjecture 2.3 states that a
representation that comes from algebraic geometry is motivic.

In the reverse direction, we record the following two conjectures.
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Consecrure 2.5 (Fontaine-Mazur). An irreducible, geometric representation comes
from algebraic geometry.

This is [43, Conj. 1].

Consecrure 2.6. — A compatible system of irreducible representations comes from
algebraic geometry.

Conjecture 2.6 seems to be widely believed, see [98, Conj. 1.3] for a reference.

22 L-FUNCTIONS OF MOTIVES AND THEIR SPECIAL VALUES

2.2.1. L-functions of motives. Let K/F be an abelian extension with Galois
group G. Let M be a rank n motive over F' with coefficients in F which is pure of
weight w and let Mk be the motive M with coefficients in E[Gal(K/F)]. Let ¥ be
a finite set of primes of Op containing {v|p}. Choose p t 2 a finite place of F and
denote by O the ring of integer of E,. For simplicity, we sometimes write Mg , for
M 41,p. Finally, fix an embedding 7 : £ — C.

The X-partial Gal(K/F)-equivariant L-function Ly (Mg, s) is the formal partial
Euler product

1 1
LE(MK, S) = — =
UI;IZ Eul, (MK p, (Np/qv)~*) I;IE det(1 — Fr(v) X| Mg ,) x—(Np qu)—

in which the product is taken over the finite places of F'.

Let 7, € Hom(E[G],C) be the morphism obtained by extending 7 by linearity
through a complex character x € G. Under our assumption that Conjecture 2.2 holds,
each Euler factor of Lx;(M, s) is a polynomial in (Np,qv)~* with coefficients in E[G]
and thus can be considered as a polynomial with coefficients in C through 7,.. Hence
Ls(M, s) and the choice of x define a complex Euler product which converges to a
non-zero holomorphic complex function on the half-plane $(s) > A for A sufficiently
large (more precisely, on the half-plane R(s) > 1 + w/2 under our assumption that
Conjecture 2.3 holds) and which is equal to an absolutely convergent Dirichlet L-series
on this half-plane.

Removing the choice of x allows us to consider Ly (M,s) as a function on the
half-plane R(s) > 1 + w/2 with values in C[G] and further removing the choice of 7
defines a function with values in E® C[G]. These functions are conjectured to admit a
meromorphic continuation to C satisfying a functional equation relating Ly, (M, s) and
Ly, (M*(1),—s) (see [93, 40, 44, 11] for this conjecture in various degree of generality).

We denote by L% (M*(1),0) € E®QC[G] the first non-zero term in the Taylor expan-
sion of Ly (M*(1), s) about zero and call it the analytic special value of the L-function
of M*(1) with Euler factors for primes in ¥ removed. Because the knowledge of this
special value is equivalent to the knowledge of this value after embedding FE in C
through all possible embeddings, we henceforth consistently regard E as a subfield
of C though 7.
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2.2.2. Motivic fundamenial lines

Complex fundamental line. — A complex fundamental line of My is a projective
C[Gal(K/F)]-module Ax(Mk) ®g - C of rank 1 equipped with a canonical isomor-
phism
pere : Ax(Mg) ®p , C 2 C[Gal(K/F)]

which is equivariant for the action of Gal(K/F) on the left and right-hand side. Fol-
lowing the fundamental ideas of [28, 2] (in the critical and general case respectively),
conjectural definitions of complex fundamental lines have been proposed in increasing
generality in [9, 44, 72].

p-adic fundamental line. — Let T C Mk , be a Gp-stable O-lattice inside the p-adic
étale realization of M. Because E;, and O are regular local rings and because Shapiro’s
lemma yields an isomorphism

RT(Ok[1/X],T) ~ RTs(Or[1/%], T @0 O[G))
of complexes of O[G]-modules, the complexes
MK,p(_1)+7 Rrét(oF[l/E}aMK,p)a (T<_1) ®o O[G])+aRFet(0K[1/Z]7T)

are all perfect complex (of E,[G]-modules for the first two and O[G]-modules for the
last two). Hence, there exists a projective O[G]-module of rank 1

Det g RTet(Ok([1/5], T) ®ojq) _gic Det 1 (T(—1) ®0 O[G])*
inside a projective E,[G]-module of rank 1

Det 1oy RTe(OF([1/Z], Mk ) @,(c) -1(78;@ Dety o) Mrcp(—1) "

The O[G]-lattice defined by the former in the latter is independent of the choice
of T by Tate’s formula for Spec Op[1/X]-cohomology with p-torsion coefficients ([97,
Th.2.2]).

A p-adic fundamental line of Mg is a projective E,[Gal(/K/F)]-module of rank 1
Ax(Mg) ®g E, equipped with a canonical isomorphism

per, : Ax(Mp) ®@p By

~ Det 1 Rt (OF([1/Z], Mk p) @, [c) J:S?;CDet;;i[G] Mg (—1)F

which is equivariant for the action of Gal(K/F) on the left and right-hand side.
Note that if (V,p, E}) is a Grx,-representation for some finite set o O {v|p},
then

As(V/K)
= Det;:i[c] RT¢(Or[1/X],V ®E, Ey[G]) ®E, (6] a:gc DetE;[G](V ®g, Ey[G]) (1)

is a p-adic fundamental line for the identity period map.
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Motivic fundamental line. Finally, a motivic fundamental line of My is a triplet

(AE(MK)v perg, perp)a

where Ay (Mk) is a projective F[Gal(K/F)]-module Ax(Mg) of rank 1 such that
Ay (Mg) @ C equipped with perg is a complex fundamental line and such that
Asx(Mk) ®g E, equipped with per, is a p-adic fundamental line.

Let Mg be a strictly critical motive. Then the motivic fundamental line together
with the period maps can be explicitly and unconditionally defined as we now recall.
Set

Ax(Mg) = DetE[G] Fil° Mk ar ®E[q] ® DetEl MK’B’J(—l)J’_.

o:F—C

Then Ax(Mk) is endowed with a G-equivariant isomorphism
pere : Ax(Mk) ®gjq) ClG] ~ C[G]

induced by the isomorphism (2.2) and with a G-equivariant isomorphism

per,, : Ax(Mk) ®g(g) £y [G]

~ Det . 1) RTat(Or[1/Z], Mk p) @5, () ;@;C Det 1oy Mip(—1)*

induced by the isomorphism (2.5). Hence, the triplet (Ax(Mx), perc,per,) is a mo-
tivic fundamental line. Note the important fact that the definition of the motivic
fundamental line and the normalization of the period isomorphisms make no refer-
ence to the set X.

Remark. — The main references in the study of special values of L-functions of mo-
tives ([28, 2, 9, 44, 72, 13]) all define a motivic fundamental line or an object playing
a similar role as well as period maps. However, the objects they consider and espe-
cially the period maps attached to them are not always (known to be) the same.
It follows from conjectures of J. Tate, S. Bloch and A. Beilinson ([96, 2]) that the alge-
braic K-theory groups of the proper, smooth variety X define a motivic fundamental
line (see especially [2, Conj.2.4.2.1] for the case X admits a proper, regular model
over Op). In [8], higher Chow groups are considered and in [44], the fundamental line
is constructed from extensions in the category of mixed motives. To avoid ambiguity,
we always normalize the fundamental line and the period maps as above in the strictly
critical case. As explained below, Conjecture 2.1 and the behavior of weights in p-adic
families of automorphic representations ensure that defining the fundamental line in
the strictly critical case is often enough to define it in general.

p-adic fundamental line revisited. Let ¥ D {v|p} be a finite set of finite places and
let A be a semi-local ring whose local factors are rings of mixed characteristic (0, p).
It is convenient to expand the definition of a p-adic fundamental line slightly in two
related directions: first, to the objects in the category Dete(Spec Op[1/X], A) of perfect
complexes of constructible étale sheaves of A-modules on Spec Or[1/3] following [73,
§3.1]; second, to G x,-representations with coefficients in integral domains.
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Derintrion 2.7. Let .# be an object of Dei¢(Spec Op[1/X], A). The A-adic funda-
mental line of .# over K is the projective A[G]-module of rank 1

As(Z/K)
= Det} oy RDa(Or[1/5], # &4 AlG) ©a(c) ® Dety (7 Ga A[G))(—1)*.

Let (T,p,A) be a Gpx,-representation with coefficients in a characteristic zero,
semi-local ring A. For all finite set 9 D ¥ D {v|p} of finite places, T' gives rise
to an étale sheaf .# on Spec Op[1/X]. By construction, % is then an object of
Det¢(Spec Op[1/%0],A). The excision sequence in étale cohomology ([78, p.535])
reduces the claim that it belongs to Dets(Spec Op[1/X],A), and hence the claim
that it is a suitable input for Definition 2.7, to the claim that it belongs to
D.i¢(Spec OF,, A) for all v € ¥y ~ 2. This holds in particular if A has finite global
homological dimension by the theorem of Auslander-Buchsbaum and Serre.

Suppose now that A is an integral domain with field of fraction £ and that T'
is of finite projective dimension as A-module for all v € ¥y \ X. Denote by V' the
G x,-representation T®p L. Assume furthermore for simplicity that for all v € 3o\,
the eigenvalues of Fr(v) in its action on T are distinct from 1 and belong to A
(as discussed in 4 below, the latter condition is expected to be true when T comes

from a A-adic family of automorphic representations of a reductive group G split at
vV E Yo\ E)

Prorosition 2.8. — For all v € Y9 \ %, denote by d, the rank of T and by
Eul,(T,1) € Ag,[X] the polynomial det(1 — X Fr(v)|VI). There is a canonical iso-
morphism

can A
2.6) As(T/F) % Agy(T/F Detiy Rt (Fy, T) @ Dety ! oy
26) As(1/F) E A, (1/F)e @ (Deta RI(FLT)@x Dety! oo

induced by the excision sequence and a lifting of 1 — Fr(v) to a projective resolution
of T and which is compatible with the natural isomorphism

RTa(Or,, T) ~ A% /(1 Fr(v)) A
when T' is a free A-module on which Fr(v) acts without the eigenvalue 1.
Proof. — Fix v € ¥p \ X and denote by P, € Ay, [X] the polynomial
det(1 — X Fr(v)|VIv).
As RT¢(OF,,T) is computed by the complex [T B T'+] placed in degree 0

and 1, it is enough to show that there is a canonical isomorphism

1-F P,(1
Dety 7 8 71 Dety A W AL
A choice of projective resolution of T'v, the lifting property of projective modules and
the extension of the determinant functor from the category of projective A-modules to
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the category of perfect complexes of A-modules reduces this problem to the existence
of a canonical isomorphism

(2.7) Oy = Det 1[M L5 M) 2 Det 1A 22 A = ¢,

where M is a free A-module and f acts without the eigenvalue 0 on M ®, L. As the
complexes C7 and Cs both become acyclic after tensor product with £, the existence of
the isomorphism (2.7) follows from [12, Lem. 1] (but with opposite sign conventions).

(|

Derinition 2.9. — For all finite place v { p, let Eul,(T,1) be det(1 — Fr(v)|V1v).

If we now relax the hypothesis that 77* is a A-module of finite projective dimension
for all v ¢ ¥, % might not belong to Deis(Spec O[1/3], A). Note, however, that &
nevertheless belongs to D (Spec O[1/%], A), so that the right-hand side of (2.6)
remains meaningful. Hence, it is tempting to take it as definition of the p-adic funda-
mental line.

Derinition 2.10. — Let A be a Noetherian, integral domain. Let (T, p,A) be a
GFp y,-representation, let g D 3 D {v|p} be a finite set finite places and let K/F be
an abelian extension with Galois group G which is unramified outside X. For v ¢ X,
assume that Eul,(T/K,1) belongs to A[G]. The A-adic fundamental line of T is the
rank 1, projective A[G]-module

As(T/K) = As, (T/K)®

_ A[G]
Detprg RT(Fy, T @a A[G]) @pjc) Det el )
&, (Detaia RICE T 01 MG i Dt gy ey
Proposition 2.8 ensures that the A-adic fundamental line is well-defined when both
Definitions 2.7 and 2.10 apply.

2.2.3. The Fquivariant Tamagawa Number Conjecture. — The following conjecture,
called the p-part of the Equivariant Tamagawa Number Conjecture, is due to S. Bloch
and K.Kato ([9]) when K = F and to K.Kato ([72]) in general. It has been further
generalized to non-abelian extension K in [13, 48]. The presentation given here is
inspired by [40, 72, 44, 11].

Consecrurk 2.11 (Equivariant Tamagawa Number Conjecture)

For all finite set ¥ D {p} of finite places of Op and all finite abelian exten-
sion K of F unramified outside ¥ with Galois group G, there exists a motivic zeta
element zs;(My) which is a basis of a motivic fundamental line As,(My) satisfying
the following properties.

(1) The image of zss(Mg) ® 1 through perc is equal to LE (M (1),0).
(2) The O[G]-lattice O[G] - per,(zs(Mk) ® 1) inside

Det 1oy RTe(Or([1/Z], M 1) @5, () P@ CDetE;[G] M gop(—1)7F
o —
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is equal to
As(T/K)
= Det(}%G] RFét(OF[l/E], T ®o O[GD ®O[G] U:I@i}c Det(;?G] (T Ko O[G])(—l)Jr

for any choice of G r-stable O-lattice T' inside My ¢t.p-
(3) Let L/F be a finite abelian unramified outside ¥ and containing K. Then the
natural map
Ax(Mp) @gica(L/ry PlGal(K/F)] — As(Mk)

induced by corestriction is an isomorphism sending zx, (M) ® 1 to zs(Mk).

Briefly put, the conjecture asserts that the two bases of the motivic fundamental
line given respectively by the inverse image of L% (M (1),0) € C[Gal(K/F)] and by
the inverse image of the p-adic fundamental line Ay (7'/K) coincide. Note also that if
either Assertion (1) or (2) is known to hold for K and L, then Assertion (3) admits
an explicit formulation in terms of L-functions or p-adic fundamental lines.

224, The generalized Iwasawa Main Conjecture. — The momentous generalization
of Conjecture 2.11 carried over in [73] applies to perfect complexes of constructible
étale sheaves of A-modules on schemes X, where A is a p-adic ring and X is a finite
scheme over SpecZ[1/p]. In this article, we restrict ourselves for simplicity to the
étale sheaves of A-modules on Spec Op[1/3] which arise from irreducible A-adic G-
representations.

Let A be a semi-local, characteristic zero, Noetherian ring all whose local factors
have residual characteristic p. Let 3 be a finite set of finite primes of Op containing
{vlp}. Let (T, 0,A) be a GFx,-representation. For ¢ : A — S a ring morphism, the
specialization of T" at 1) is the G g 5, -representation Ty := T ®x 4 S. A specialization
is said to be regular if 1 has values in a characteristic zero, regular, semi-local ring.

We assume that there exists a non-empty subset Spec™ " A[1/p] C SpecA[1/p],
called the motivic locus, such that for all x € Spec™ " A[1/p] with residual field
k(z), the fiber V,, := T ®, k(z) is an irreducible, motivic G p-representation. Let
Spec® A[1/p] < SpecA[1/p] be the subset of points x with residual field k(x) such
that the fiber V, comes from algebraic geometry. A specialization ¢ or Ty is mo-
tivic (resp. classical) if 1 is of the form 1, : A — k(z) with z € Spec™" A[1/p]
(resp. with = € Spec® A[1/p]), in which case Ty, is equal to V,. Conjecture 2.5 states
that Spec™°* A[1/p] is a subset of Spec® A[1/p] and that a sufficient condition for the
two sets to coincide is that all de Rham specializations T, of T' be irreducible. By
construction, motivic and classical specializations are regular.

Fix a finite set ¥ D {v|p} of finite places. A specialization ¢ : A — S with
values in a characteristic zero ring is said to be X-brittle if either the étale sheaf %,
attached to T is an object of Dei(Spec Op[1/X],A) or if S is an integral domain.
Regular specializations are Y-brittle for all ¥ and all specializations are X-brittle if
¥ D ¥g. Let T be a G x,-specialization such that the identity is 3-brittle. Using
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Definition 2.10 if necessary, the generalized Iwasawa Main Conjecture below ([73,
Conj. 3.2.2]) applies to T

Consecrure 2.12 (Kato’s general Iwasawa Main Conjecture)

For all finite abelian extension K/F, all finite set & DO {v|p} of finite places
of F containing all the places of ramification of K and all X-brittle specializations
YA — S, there exist an S[Gal(K/F)]-equivariant fundamental line Ax(Ty/K) and
an S[Gal(K/F)]-equivariant zeta element zs(Ty/K) satisfying the following proper-
ties.

(i) The fundamental line Ax,(Ty/K) is the rank 1, projective S[G]-module
Ax(Ty/K) = Detgey RTat (O [1/%], Ty) s . gi . Det g T (—1)*

and zx(Ty/K) is a basis of Ax(Ty/K).

(ii) Let F C K C L be finite, abelian extensions of F. Let &' be a finite set of finite
places of L as above and let X be the set of finite places of K below the places in Y.
Then the natural isomorphism

A (Ty/ L) ®sicaieymy) SICalK/F)] = Ax(Ty/K)
induced by corestriction sends zsy (Ty/L) ® 1 to zs(Ty/K).

(iii) For all brittle specializations v : A — S, the natural map of S[Gal(K/F)]-
modules

AZ(T/K) QA S — Ag(Tw/K)

is an isomorphism sending zx,(T/K) @1 to zx(Ty/K).
(iv) Let = € Spec™ A[1/p] with values in E, = k(x) be a motivic point attached
to the motivic data M (x) with coefficients in a number field E. There is a canonical

isomorphism
can

As(Ty,/K) = As(M(z)k) ®F Ep

sending zx,(Ty, /K) ® 1 to the p-adic zeta element zs(M(z)x) ® 1.
(v) For all z € Spec® A[1/p], Conjecture 2.11 holds for M (x)x.

3. ExamPLES

Actually existing A-adic families of G'p x-representation fall broadly in three cat-
egories. Firstly, one can consider a single motive M over F' and consider the system
of motives with coefficients {M x p K}k indexed by finite sub-extensions K of a
Zg[A]-extension L (A a finite commutative group). When L is the cyclotomic ex-
tension of F', this construction recovers classical Iwasawa theory of the motive M.
Secondly, one can consider A-adic families of automorphic representations of a reduc-
tive group G and the corresponding family of G g s-representation. In that case, A is
typically a local factor of a suitably defined Hecke algebra attached to G. Finally, one
can consider the more abstract (or algebraic) families arising as universal deformations
of an absolutely irreducible residual Gz x-representation p.
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3.1. PuNcTuAaL rAMILY. The simplest example of a A-adic family to which Conjec-
ture 2.12 applies is the punctual family (7', p, O) given by the choice of a G g-stable
O-lattice inside the p-adic étale realization Mg, of a pure motivic data. In that
case, Conjecture 2.12 is simply a restatement of Conjecture 2.11 but the language it
introduces proves useful.

Let F be an abelian extension of F' unramified outside ¥ whose Galois group
I'o =T x A is the product of a free p-group I' ~ Zg of rank d > 1 with a finite group
A=Ay x Ay, where A, is a finite, abelian p-group and A a finite abelian group of
order prime to p. Let A be the completed group O-algebra
(3.1) A=0[I'x] = @ Oy [A]T] =~ @ Oy A [ X, - .-, Xd].-

XE€Ao XEAQ
n (3.1), ﬁo denotes the group of character of Ag and O, denotes the ring generated
over O by the values of x. The ring A is semi-local and its local factors are of the form
Oy [A,][T']. Hence, they are O,-algebras of Krull dimension 1 4 d which are regular
if A, is trivial and complete intersection in general. Let (Fy, Cor, g) be the projective
system of finite sub-extensions of Fl, with corestriction as transition maps. Then the
inverse limit
Az(T/FOO) = %l;‘_ AE(T/Fa)
coincides by construction with the A-adic fundamental line
Ax(T ®0 A/F) = Dety ' RTs(Op[1/5], T @0 A) @x Q Det ' T @0 A(-1)"
o:F—C
of T ®o A as defined in Statement i of Conjecture 2.12 (since identity is a X-brittle
specialization of A). The fundamental line Ax(7T/F) admits, according to State-
ment (ii) of Conjecture 2.12, a basis
z5(T/Fs) := Hm zs(T/Fy).
Fo
By construction and Shapiro’s lemma, the pair z5(T/Fy) € Ax(T/Fx) is equal to
the pair zs(T ®o A/F) € Ax(T ®0 A/F).
Because A is unramified outside of ¥ as G p-representation, there is an equality

H(I,,T ®o A) = H*(I,,T) ®0 A

for all v ¢ ¥. Hence, there is a canonical isomorphism

can

RTe(O[1/3], T ®0 A) $a O[A] 2 RTe(O[1/3], T 00 O[A])

given by the quotient by the augmentation ideal and more generally a canonical
isomorphism

can

RTa(O[L/3], T @0 A) &a S[A] 2 RTe (O[1/3], T @0 S[A])

for all specialization O[I'] — S with values in a characteristic zero domain. Hence,
the natural map
Ax(T/K) @ S — Ax(Ty/K)
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is an isomorphism for such a ¢ and Statement (iii) thus holds for all ¥ restricting to
such specializations.

An important particular case is given by the cyclotomic deformation of a motive
([52]), in which F is the cyclotomic Z,-extension of F and A is the classical Iwasawa-
algebra Ar,. Because Z,(n) is a specialization of Ay, for all n € Z, Conjecture 2.1
implies that if there exists n € Z such that M (n) is critical (for instance if M is pure of
odd weight), then the set of classical specializations ¢ of A such that M, is a strictly
critical motive is a Zariski-dense subset of Spec Ar,. Hence, as long as M admits a
critical Tate twist, the normalization of the period maps in the strictly critical case
given is enough to specify uniquely zx (T @ A /F).

3.2. p-ADIC FAMILIES OF AUTOMORPHIC REPRESENTATIONS. — We now turn to the more
interesting second class of p-adic families. Under a condition on the support of com-
pleted cohomology, which in the case of GLs amounts to localization at a non-
Eisenstein maximal ideal of the reduced Hecke algebra, we construct many p-adic
families of G p »-representations parametrized by p-adic Hecke algebras (and quotients
thereof) which admit a Zariski-dense subset of motivic specializations.

3.2.1. Completed cohomology of tower of Shimura varieties. — In this subsection, we
consider the p-adic families parametrized by p-adic Hecke algebras arising from p-adic
families of automorphic representations of a reductive group G defined over F7.

Fix a number field F* and recall that Ip+ o and Ip+ , are the sets of embeddings
of F* inside F+ for v|oo and v|p respectively. Fix an embedding of F;f inside F, for
each place v, an embedding of Q, inside @p, as well as an identification of C with @p
extending this embedding. These choices identify the sets Ip+ o and Ig+ ,. Let G
be a reductive algebraic group defined over F'T. Denote by Ram(G) the finite set of
finite places of F* such that G(F)") is ramified, that is to say the smallest set such
that for all v ¢ Ram(G), the group G(F,}) is quasi-split and split over an unramified
extension.

Let U3, be the connected component of the identity of a maximal compact sub-
group U, of the real points G(F'* ®@g R) of G. To a compact open subgroup U C
G(A%Oi)) of the form U,UP, with U, C G(F;}) and U? C G(Agffo)), we attach the
double quotient

Y(U) = G(FN\G(Ap+)/ULU

and consistently assume that U is sufficiently small so that Y (U) is endowed with the
structure of a Shimura variety of dimension d (we allow d equal to zero). Denote by
A(G(FP)\G(Ap+)) and A(G(FT)\G(Ap+)/U) respectively the space of Us-finite
automorphic forms on G(F1)\G(Ap+) and the space of Us-finite automorphic forms
on G(FT)\G(Ap+) of level U.

Consider U as in the previous paragraph. If M is a representation of U, C G(Flj‘ ),

then U acts on the right on M by m-u = (u;lm)v|p and so M defines a local system

Fu = (W x (GENG(Ap+)/UL)) /U
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on Y (U). In particular, let W be a finite dimensional algebraic complex representation
of G(F%) and fix a finite extension E of Q,, with ring of integers O and over which G
splits. By our fixed choice of isomorphisms, we may and do view W as having coeffi-
cients in @p. As G splits over E, we may further view it as having coefficients in F.
Restricting W to U, C G(F;") ~ G(FX) thus defines a local system Fy of E-vector
spaces over Y (U). Likewise, if Wy is an O-lattice inside W and if U, is sufficiently
small, then Wj is stable by U, (and so is an O[U,]-modules). The local systems Fyy,
and Fyy, /s of O and O/w*-modules respectively on Y (U) are thus well-defined. We
consider the cohomology group with compact support H¢(Y (U)(C), Fy) as well as
the cohomology groups HZ(Y (U)(C), Fw,) and H(Y (U)(C), Fiy,/w=) when U, is
sufficiently small.

Fix a compact open subgroup U as above. Let ¥(UP) D Ram G be the finite set
of finite places such that U? N G(F,") is not a maximal hyperspecial compact open
subgroup of G(F,/). Denote by ¥ a finite set of finite places containing ¥(U?)U{v|p}.
The abstract local spherical Hecke algebra at v ¢ 3 is the O-algebra
and the abstract spherical Hecke algebra is the restricted tensor product

T = ®'T,.
vgs
The Satake isomorphism shows that T, ®» F is a commutative algebra. So is there-
fore T® ®o E. For simplicity, we henceforth assume that there exists a finite Galois
extension F'/F7T such that for all v ¢ X, there exists a finite place w|v of F such
that G(F,") splits over K,,. If v ¢ 3 moreover splits completely in K, then we fix an
isomorphism ¢y, : G(F") ~ GL,,(K,,) such that U, is the inverse image of GL,,(OF, ).
For
u,i = diag(wy, ..., @Ww, L,...,1),
W
denote by T;(w) the element [U,\ty!(gw.i)/Us] of Ty. Then the Satake isomorphism
is an isomorphism between T, ®o E and E [Tiﬂ; 1 <4 < n] sending T;(w) to T;. In
that case, the reciprocal Satake polynomial at w|v is defined to be the polynomial
Lo+ (=1) (Npjow)? U275 (w) X7 + - + (1) (Npjqu)" " D/2T, (w) X",
Denote by YPlt the set of finite places places of K above the finite places v ¢ ¥
of F* which splits completely in F. The abstract spherical Hecke algebra acts on
H{(Y(U)(C),0) and A(G(F")\G(Ap+))
(and the latter action preserves A(G(F*)\G(Ap+)/U)). Denote by T*(U) the image
of T* inside the endomorphism of H(Y (U)(C), O).

An automorphic representation 7 of G(AS®) is an irreducible G(AS))-represen-

tation arising as a quotient of a sub-representation of A(G(F)\G(Ar)). An automor-

phic representation 7 is said to contribute to cohomology if there exists a complex rep-
resentation W of G as above such that 7 is a sub-quotient of lim HA(Y (U)(C), Fw).
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If 7 = ®'m, is an automorphic representation of G(A%OO)) and if v ¢ ¥, then 7U»
is a @p—vector space of dimension 1 on which T, acts. Hence, to m is attached a
morphism A\, : T> — @p. The image of \; is contained in the ring of integers O, of
a finite extension of @p. For a finite extension L, of @, containing O, we say that
a G x-representation (V,p, L,) is adapted to m if for all finite place w € ¥t the
Euler factor Eul,(V/K, X) of V is equal to the reciprocal Satake polynomial at v or,
more concretely, if

(3.2) det(Id —p(Fr(w))X) =1— A (Th(w)) X + -
+ (= 1)" (Nryqw)" D20 (T (w)) X"

for all w € ¥Pit, More generally, if A : TS — S is a local O-algebras morphism from
a local factor of T* to a ring S, we say that a G x-representation (V, p, S) is adapted
to A if

(3.3) det(Id—p(Fr(w))X)=1- AT (w))X +---
+ (=) (Npyqu)" "D ENT (w)) X™

for all finite place w € NPt As 3Pl is of Dirichlet density 1 in the set of finite
places of F, if an absolutely irreducible representation V' is adapted to m, then V is
uniquely determined up to isomorphism. By [17], V' is characterized by the property
that tr(p(Fr(w))) = MT1(w)) for all w € TP If (V, p, L,) is adapted to 7, there
exists a G p y-representation (T, p, OLP) such that T®0Lp Lyisequalto V. Tosucha T
is attached a residual representation (T, 5, Or/me_ ) adapted to A mod mep_. We say
that p is residually absolutely irreducible if p is absolutely irreducible, in which case
the representations T and T are unique up to isomorphism and characterized by the
property that, for all v ¢ X, tr(Fr(v)) = Az (T'(v)) mod me,_ and tr(Fr(v)) = A (T'(v))
respectively.

As in [31], for 0 < i < 2d, we introduce various groups computing the completed
cohomology with tame level UP of the tower of varieties {Y (U,U?)}y,.

H(U?,0/w") = lim H(Y (U,U")(C),0/w")
UP

H(U?,0) = lim lim HX(Y (U,U?)(C),0/w")
S Up
HL(U?,E) = (1im L H(Y(U,U7)(C),0/=")) @0 E
s U,

H(U,0/w") = lim Hi(Y (U,U7)(C),0/=")
UP

HI(U?,0) = lim lm H'(Y(U,U)(C),0/")
U,

S P

H/(UP, E) = (1@ lim Hi(Y(UpUP)(C),O/wS)) ®0 E

S P
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By [31, Cor.2.2.27], the cohomology group f[f(Up, 0) is also the w-adic completion
of hﬂU,, HY(Y (U,UP,0)).
Poincaré duality
H{Y (Up,U?)(C),0/w*) x H*~{(Y (U,U?)(C),0/w*) — O/=*

induces a duality between ﬁ[g(Up, —) and HY(UP, ) for — = O/w*,O or E.

Again for — = O/w®, O or E, the inverse limit
T*(U?) = lim T*(U,U?)

~ U

acts on Hi(UP, —) and Hi(U?, —). The rinngE(Up) is a product of finitely many com-
plete, local rings. A morphism X : T*(U?)[1/p] — Q, is said to be automorphic if it
factors through the morphism A, : T*(U,UP)[1/p] — Q,, attached to an automorphic
representation m which contributes to cohomology. If A, is an automorphic specializa-
tion of TZ(UP)[1/p], we say that 7 contributes to H4(UP, 0). A maximal ideal m of
T*(UP) is said to be automorphic if there exists an automorphic morphism \ which
factors through TE(U?’)m or, more concretely, if there exist a local system Fy on
Y (U,UP) for U, sufficiently small and an automorphic representation 7 contributing
to L, HE(Y (U,U7)(C), Fir ).

3.2.2. Interpolation of system of Hecke ergenvalues. — We henceforth assume the fol-
lowing properties of G and UP.

Assumrrion 3.1. There exists an automorphic maximal ideal m of T*(UP) satis-
fying the following properties.

(1) If 7 is an algebraic automorphic representation of G(A%Oi)) contributing to
H 4(UP,O)m, then there exists a residually absolutely irreducible G s-representa-
tion p, adapted to m.

(2) For all i #d, the cohomology group H ¢ (UP, O) vanishes after localization at m.

The significance of Assumption 3.1 lies in the following proposition.

Prorosrrion 3.2. Let T be the localization of T=(UP) at an automorphic max-
imal ideal satisfying Assumption 3.1. Then there exists an absolutely irreducible

G x.-representation (T, p, T%) characterized by the property

tr(p(Fr(w))) = T'(w)
for allw € $P1t. There exists a Zariski-dense subset Spec™™ Tx[1/p] C Spec T [1/p]
such that the fibre at x € Spec®™T[1/p] of T is an absolutely irreducible
G r x-representation adapted to an automorphic representation m contributing to
HYUP,0),.
More generally, if A\ : To — S is map of local O-algebras, then there exists an
absolutely irreducible G s -representation (Tx, px,S) characterized by the property

tr(pa(Fr(w))) = A(T1(w))
for all w € LsPlt,
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Proof. As preliminary for the proof, we recall that if W is a representation of an
open subgroup K, of G(Fj), then a vector v of a K-representation V is said to be
locally W-algebraic if there exist an open subgroup H of K, a natural number n, and
an H-equivariant homomorphism W™ — V whose image contains v. The K-locally
algebraic vectors of V' are the vectors which are W-locally algebraic for some rep-
resentation W (see [34, Def.4.2.1 & Prop.-Def. 4.2.6]). We denote by C'#(K,, E) the
vector space of E-valued locally analytic function on K, ([32, p. 413]) and recall that
there is a natural injection with dense image from Cla(Kp, E) in the E-vector space
C(K,, E) of continuous E-valued functions on K.

Fix s > 0 and a sufficiently small compact open subgroup U, of G(FI}L ). Thanks
to Statement (2) of Assumption 3.1, the cohomology group HZ(U,U?, O/w®)y is the
only non-zero cohomology group of a complex computed by an injective resolution, and
hence an injective object in the category of smooth representation of U,. Hence, the
dual of HX(UP, O /w* ), which is H(U?,0/w* ), is a projective O/w* [U,]-module.
As a consequence, ﬁd(Up,E)m is a projective E ®¢ O[Up]-module and so is a free
E ®p O[Up,]-module. The functor

Hompgg,o[v,] (HYU?, E)m, )

is thus exact. Fix a maximal compact open subgroup K, of G(F; ). Because K, /U,
is finite, taking K, /U,-invariant is an exact functor and so

Hom pg opv, ] (HY(U?, E)m, =) /Y ~ Hompgoopx,] (H (U?, E)m, —)

is exact. Hence HY(U?, E), is a projective E ®o O[K,]-module and so a direct
summand of a module isomorphic to E®e O[K,]" for some r. In turn, HX(UP, ), is
then a direct summand of a module isomorphic to C(K,, E)". As K,-locally algebraic
vectors are dense in C'*(K,, E) and so in C(K,, E), they are dense in H4(U?, 0)..

Let as above W be a finite dimensional representation of G(Fy) with coefficients
in E and denote by W the contragredient representation of W. Because all higher
Ext groups vanish by Statement (2) of Assumption 3.1, [31, Cor.2.2.18] gives an
isomorphism

G4 (lim HAYOU)C), Fwln) @5 W = HAU,0) 101y
UP

Consider an element ¢ € TZ (UP) in the intersection of the kernels of all automorphic .
By Statement (1) of Assumption 3.1, ¢ annihilates H(U,UP, Fyy ) for all W. Thus ¢
annihilates H(U?, O) W —1alg PY (3.4) and so it annihilates HHUP,O)y by density.
As TZ(UP) acts faithfully on H4(U?, O),, by definition, ¢ is equal to zero.

Patching the determinant laws(") attached to the G F x-representations p, adapted
to the automorphic points of Spec T (UP) thus yields first a Gpx-representation

(D That is to say the determinants in the sense of [19]. G. Chenevier recommends the terminology
we use here.

JEP M., 2017, lome /4



P-ADIC PROPERTIES OF MOTIVIC FUNDAMENTAL LINES 65

(T(a), p(a), R(a)) attached to any quotient R(a) = T (UP)/a of T%(UP) by a minimal
ideal a, then a G y-representation (T, p, T%) as in the statement of the proposition
and finally a Gpx-representation (T, py,S) for any A : Ty (UP) — S as in the
proposition.

By construction, the representation T satisfies tr(py(Fr(w))) = A(T1(w)) for all
w € ¥PI and is characterized by this property since p,, is absolutely irreducible. [

3.2.3. Examples. — We list important examples of groups G such that T* admits
an automorphic maximal satisfying Assumption 3.1.

Quaternion algebras. — Let F' be a totally real field and let G be the unit group
of a quaternion algebra B such that there is at most one infinite place 7 of F't such
that B ®p+ » R >~ GL2(R). Assumption 3.1 is then satisfied if (and only if) m is not
Eisenstein in the sense of [29, Prop. 2]. If B is totally definite, then its Shimura variety
is zero-dimensional so its cohomology vanishes outside degree 0 and the assertion
about m is easy. If there is exactly one real place splitting B, then the cohomology in
degree 0 and 2 of a quaternionic Shimura curve is of residual type in the sense of [47,
§5.1] and hence vanishes after localization at m if m is not Eisenstein. In both cases,
one can choose F' = F'T.

Totally definite unitary group. — Let FT be a totally real field and F' a CM extension
of F*. We assume that all places v|p of F™ split completely in F and that the
extension F'/F7T is unramified at all finite places. Let n be a strictly positive integer
which we assume to be odd if [F'* : Q] is even. Let G be a unitary group in n variables
over F'* which is split by F, quasi-split at all finite places and such that G(F*®gR) is
compact. Let U? = [,
a finite set of finite places of F* containing all places v|p and all places v such that U,

U, be a compact, open subgroup of G(Agﬁo)) and let Xg be

is not a hyperspecial maximal subgroup of G(F,"). Assume that all places v € 3 split
completely in K. As the Shimura variety attached to such a G is zero-dimensional,
an automorphic ideal m satisfies Assumption 3.1 if 7, is absolutely irreducible.

General symplectic group of genus 2. — Let F be Q and G be GSp,. Then [49] shows
that Assumption 3.1 is satisfied for a restrictive class of maximal ideals m.

4. Two RESULTS ON P-ADIC FUNDAMENTAL LINES

Fix a number field F' and finite set of finite places {v|p} C ¥ C %y. In this section,
we consider p-adic families of G x,-representations (T, p, S) satisfying the following
properties.

AssumpTioN 4.1

(1) The ring S is of the form A[G] where A is a complete, local Noetherian ring
with residual field k and where G is the finite Galois group of an abelian extension K
of F' unramified outside X.

(2) The residual representation g : Gg s, — GL, (k) is absolutely irreducible.
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(3) For all v { p, the characteristic polynomial of Fr(v) acting on 77> has coefficients
in S.

(4) The set Spec™* S[1/p] of motivic specializations of S pure of weight non-zero
is non-empty.

4.1. THE ALGEBRAIC PART

4.1.1. The main theorem. Assume that S = A[G] and (T, p, S) satisfy Assump-
tion 4.1. Let {v|p} C ¥ C 3y be a subset of finite places.

Derinition 4.2. — The algebraic part of the p-adic fundamental line Ax(T/F) is the
projective S-module

Zs(T/F)

S
o Det= R T ) -1 Q-
:=Detg RT¢(Op[1/%0],T) ® Ue(;xo)\z (DetsRFet(Fv,T) ®g Detyg Ful, (T, 1)S>'

Note that the last assertion of Assumption 4.1 guarantees that Eul(7,1) is non-
zZero.

Derinimion 4.3, — A Gp-representation (7', p, S) with coefficients in an integral do-
main is said to be pure monodromic at v { p if the weight and monodromy filtrations
in the sense of [91] coincide on the local G g, -representation (V, p|Gr,, Frac(S)). It is
said to be pure monodromic if it is pure monodromic at all v 1 p.

If S is the ring of integers of a finite extension of Q,, being pure monodromic is
equivalent to be pure in the sense of Conjecture 2.3. The following theorem shows
that algebraic parts commute with motivic (and more generally pure monodromic)
specializations, and hence establishes [73, Conj. 3.2.2(i)] at motivic points.

Turorem 4.4. — Assume first that ¥ = Xg. Then the natural map
%2(T/F) ®A7¢, A — %E(T¢/F)

18 an isomorphism.

Assume now that A is an integral domain and that X is arbitrary. Let 1 : A — A’
be a specialization with values in a characteristic zero integral domain such that there
exists a motivic specialization w: A — Oy pure of non-zero weight factoring through
(or more generally such that m is pure monodromic). Then the natural map

Z5(T/F) @np N — Z5(Ty/F)
18 am isomorphism.

Proof. — As all the places of ramification of T belong to 3, the first assertion follows
from the general base-change property of RT¢(Op[1/3], —). Now we assume that
S C Y.
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Without the hypotheses of the theorem on A and v, the natural change of coeffi-
cients map induces canonical isomorphisms

L can
RFét((’)F[l/Zo],T) ®A,¢ A/ >~ RFét(OF[l/Zo],Tw)
and
L
RFét(Fv,T) XA A ~ Rrét<Fv,Tw)
forallv e g\ 2.

Moreover, every eigenvalue of Fr(v) acting on 77 yields by specialization an eigen-
value of Fr(v) acting on T (note that the converse is not true a priori). As T} is
pure of non-zero weight, all the eigenvalue of Fr(v) acting on T+ are different from 1
and so the same is true for 7T'.

Hence, the claim that there is an isomorphism

Zs(T/F) Qa9 N =~ Zx(Ty/F)

naturally induced by 1 reduces to the claim that the Euler factor Eul, (T, 1) satisfies
the change of coefficients property

W (Buly(T, 1)) = Eul, (T}, 1)

for all v € ¥y ~ X. This in turn is implied by the statement that the rank of T
over A is equal to the rank of Té’” over A’ for all v € ¥y \ X. Fix such a v.

The representation V; = T, ®c Frac(O) admits a weight filtration W, and a
monodromy filtration M, which coincide by the hypothesis that = is motivic. Let V/
be T ®A A[1/p]. By an easy extension of the arguments of [94, App.], there exist
a finite extension K, of F, and a nilpotent element N of End(V') such that for all
T € I, p(T) is equal to exp(t¢ ,(7)N), where t¢, is the usual map from I, to Z,
given by the product on all primes ¢ such that w { ¢ of the cyclotomic characters
and projection onto Z, (this map depends on the choice of a compatible system of
roots of unity ¢ = ((n)en). There exists a unique finite increasing filtration M, on V'
such that NM; C NM;_5 and such that N?¢ induces an isomorphism between Gré\/[ 1%
and GrM V. By [91 Th. 3. 1] the natural map V' — V, induced by 7 defines an
isomorphism Gr V ~ Gr V. from the graded piece of the monodromy ﬁltratlon
on V to the correspondmg graded piece of the weight filtration on V. As Gr
is equal to Gr V. by the assumption that V is pure, 7 induces an 1som0rphlsm
G V ~ Gr V. In particular, rankp,_ Tv = ranky T7v.

By hypothesis, the diagram

1 can

commutes so ranky 77» < ranky. w" ranko_ TIv. Hence, the rank of T over A is
equal to the rank of Ti” over A’. O

JE.P.— M., 2017, tome 4



68 O. Fouquer

Remarks

(i) Let A be an integral domain and let ¢ : A — S be a specialization with
values in a characteristic zero domain. The proof of Theorem 4.4 makes clear that the
compatibility of 25 (T/F) with —®, , S actually holds as long as, for all v € 3¢\ %,
the rank of the nilpotent element N defining the monodromy filtration on V' is equal
to the rank of the nilpotent element IV, defining the monodromy filtration on S.
Indeed, in that case there exists a specialization ¢ of S with values in @p such that
the weight filtration and monodromy filtration on Ty.y coincide and the proof carries
over unchanged. The set of kernels of specializations ¢ satisfying these properties—
which we call the pure monodromic specializations—is Zariski-dense in Spec A[1/p].

(ii) Theorem 4.4 can be thought of a general version of Mazur’s Control Theorem
on Selmer groups ([77, 84, 53] and much subsequent works). Another approach towards
this kind of theorem has consisted in proving the surjectivity of the localization map
(see [54] for instance). This latter approach quickly meets quite formidable challenge
beyond the case of GLy whereas ours is completely general (but relies on the properties
of the monodromy filtration on p-adic families established in [91]).

Cororrary 4.5. — Assume that A is an integral domain and that v is a motivic
specialization pure of non-zero weight. Then [73, Conj. 3.2.2(1)] holds for ¢, i.e., the
natural map

AE(T/F) ®A’1/; S — AE(Tw)

s an isomorphism.

Proof. — In the formulation of [73], the non-algebraic part of the fundamental line
of T is simply DetX1 T(—1)" and so commutes with arbitrary specializations as p is
odd. The assertion thus follows directly from Theorem 4.4. O

4.1.2. Proof of Corollary 1.2. — We adopt the notation and conventions of Sec-
tion 3.2. Let w be a finite place of K over a v € ¥ which splits completely in K.
Let a be a minimal prime ideal of T2 (UP) and let R(a) be the quotient T (UP)/a. In
the following proposition, we investigate the properties of the G, -representation p
of Proposition 3.2 at a place w|v of F' such that v splits completely in F' and such
that G is split by F,, (and hence by F,").

Prorosition 4.6. — Assume there exists a Zariski-dense subset Z of Spec R(a)[1/p]
such that the fiber (Vm,pz,@p) of T(a) at x is a Gpx-representation adapted to an
automorphic representation m which is pure at w and satisfies local-global compatibil-
ity at v in the sense that Euly, (Vy,p~*®) = L(my, s). Then Eul, (T (a), X) belongs to

R(a)[X] and satisfies
Y(Euly, (T'(a), X)) = Eul, (Ty, X)

for all ¢ : R(a) — S with values in a characteristic zero domain S and such that
the weight and monodromy filtration on T'(a) ®r(a),y S[1/p] coincide. In particular,
Eul,, (Ty, X) belongs to S[X] for all such
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REmaRrk. The statement that Eul, (T3, X) belongs to S[X] (rather than to a par-
tial normalization of S) is not a priori obvious even for S = R(a): for a general
G F x,-representation T, Ti might not be a direct summand of T, over S.

Proof. — Let 9 be a specialization of R(a) whose kernel is in Z. By definition, ¥ is
then the system of Hecke eigenvalues attached to an automorphic representation m
of G(A%Oi)). Define DQIZJ‘“ to be the determinant law attached to the G, /I,,-repres-
entation V!v. Likewise, consider (V(a),p(a),Frac(R(a))) the Gpx-representation
T'(a) ®p(a) Frac(R(a)) and define

Dl . Gp, /I, — R(a)

to be the determinant law (with values a priori in the normalization R(a) of R(a))
equal to det(p(a)|V(a)l»). As V, is a pure G, -representation by assumption, the
composition 1 o D is equal to Dfp’” by [91, Th. 3.1].

The local factor m, of 7 is an automorphic representation of GL,,(F,") and hence
its L-factor is defined and is a polynomial in p~*. We claim that [50, Th. 3.3] entails
that this polynomial has coefficients in (T (UP)). If 7, is not absolutely cuspidal, its
L-factor is a product of L-factors of automorphic representations of GL,,(F’), so it
is enough to prove the claim for absolutely cuspidal representation and for characters
of GL1(F}). In the first case, the L-factor is equal to 1 while in the second case, the
representation itself is equal to 1. As 7 is assumed to satisfy local-global compatibility
at w, the Euler factor Eul,,(Ty, X) = DIIZ]” (1 —Fr(w)X) is equal to the L-factor of m,
and so belongs to (T (UP))[X].

The ring morphism

o TRU") — [] @
keryeZ
sending x to (¢(x))y is injective with closed image and induces an homeomorphism
between T2 (UP) and ¢(T=% (UP)). By the first part of the proof, the map

D¢ZGFw—> H @p

keryeZ
defined by
g— [I D)
kerypeZ

is a determinant law with values in ¢(T% (UP)). The determinant law
¢~ o Dy : T (UP)[Gr,] — TR(UP)

is then the unique continuous map coinciding with D{Z}‘” for all ¢ with ker+ € Z and
so is equal to D. The latter thus has values in T (UP).

Consider now ¢ : R(a) — S with values in a characteristic zero domain S and such
that the weight and monodromy filtration on 7'(a) ® g(a),y» S[1/p] coincide. Then the
proof of Theorem 4.4 and the argument above shows that 1) o D' is equal to D{[}”.
This implies the remaining statements of the lemma. |
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Note that the proof of the previous proposition also establishes a local-global com-
patibility principle for the G s-representations T'(a).

We now establish a precise formulation of Corollary 1.2. Statement (3) below is a
precise statement of the compatibility: if the ETNC with coefficients in R(a) is true,
then the classical Iwasawa main conjecture is true at automorphic point and the TNC
is true for automorphic motives of large enough weight.

Tueorem 4.7. — Let F and G be as in the first two cases of Section 3.2.3 (i.e.,
either the unit group of a quaternion algebra over a totally real field F or a totally
definite unitary group over F+ split by F). Let T(a) be the G x-representation with
coefficients in R(a) = T%(UP)/a of Proposition 3.2. Let {v|p} C ¥’ C X be a finite
set of primes and let K/F be a finite abelian extension unramified outside ¥'. Then
the natural map

(4.1) As/(T(a)/K) @p(ayp S — As/ (Ty/K)

induced by ¢ : R(a) — S is an isomorphism provided that S is a characteristic zero
domain, that the weight and monodromy filtrations on Ty ®g S[1/p] coincide and
that Ty has no eigenvalues equal to 1. In particular, the following holds.

(1) If ¥ is an automorphic point of large enough weight, then (4.1) is an isomor-
phism.

(2) If Fso/F is a Zi-extension, vo : R(a) — S is an automorphic point, Ar, =
S[Gal(F/F)] and Ty = Ty, Qg A1y, then (4.1) is an isomorphism.

(3) Suppose zs(T/K) is a basis of As(T/K) defined by the property that

perc oper,, ! (z(zs(T/K))) = Le(M ()5 (1), 0)

for all x in Zariski-dense subset of automorphic points with values in @p. Then
zx(Ty/K) is a basis of Ax(Ty/K) for all ¢ as in (1) and (2) above.

Proof. It suffices to check the hypotheses of Theorem 4.4 and Proposition 4.6.

The non-emptiness of the automorphic locus of Spec T (UP) is part of the proof
of Proposition 3.2 which in fact proves its Zariski-density.

When G us the unit group of a quaternion algebra, the fact that automorphic points
are motivic follows in increasing generality from [75, 85, 16] and finally [5, Th.1].
When G is a unitary group, it follows in increasing generality from [22, 58, 99, 95, 20]
and finally [14, Th.1.2]. O

4.2. COUNTEREXAMPLES TO A CONJECTURE OF KAato. — As soon as we relax the hypothe-
ses of Theorem 4.4, [73, Conj.3.2.2(i)] and Statement (iii) of Conjecture 2.12 admit
counter-examples, as we now explain.

4.2.1. Failure of naive interpolation of local Fuler factors

Hypothesis on the target. — Suppose first we relax the hypothesis that A’ be a char-
acteristic zero domain. Suppose (T, p,Z,) is a Gg-representation which is ramified
at ¢ # p, that the Euler factor of T at ¢ is a p-adic unit, that p is unramified at ¢
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and that the characteristic polynomial of 5(Fr(¢)) vanishes at 1 modulo p. Then the
natural map

Ay (T/Q) ®z, Fy — Ay (T/Q)

is not an isomorphism. For a concrete example, take p = 3 and T = T(f)(1) the
Tate twist of the p-adic Gg (235 41)-representation attached to the eigencuspform
f1 € S2(Tp(1640)) attached to the elliptic curve y* = x® — 31307z — 1717706 and
£ =41. Then T is residually absolutely irreducible and p is unramified at ¢ with Euler
factor 1 4+ ¢ = 0 mod p.

It seems clear, however, that [73] at least implicitly disallows this kind of special-
ization when ¥ does not contain all primes of ramification of T' (this can be inferred
from [73, §3.2.4] which characterizes zeta elements only for the fundamental lines
with ¥ containing all the primes of ramification of T'). A genuine counter-example to
[73, Conj. 3.2.2(i)] should thus be a specialization with values in a characteristic zero
domain.

Hypothesis on 1. Now we relax the hypothesis that the monodromy and weight
filtrations on Ty ®g S[1/p] coincide. As this cannot happen in a punctual family,
the simplest potential setting to consider is a non-punctual family of rank 2 Gg x-
representations. We show that already in this setting, counter-examples are probably
pervasive.

Assume that G is the group GLy over F' = Q. Fix a compact open subgroup UP of
G(Ag Oo)) and a finite set X of finite primes containing p and the primes at which UP
is not a maximal compact open subgroup. Let m be an automorphic maximal ideal of
T*(UP) satisfying the hypotheses of Assumption 3.1 (in that case, this simply amounts
to requiring that the residual Gg s-representation attached to m be irreducible and
odd by the proof of Serre’s conjecture). Assume in addition that there exists an
automorphic specialization Ay : T (UP) — @p, or more concretely an eigencuspform
[ € Sk(UpUP,¢), such that the G x-representation p; = py, restricted to Gq, is
ordinary p-distinguished in the sense that it is an extension

0 — Arp — pf|Gg, — Ali,;sx’j;cl —0

the Jordan-Holder constituents of which are non-isomorphic modulo m. Let
T2 (U,UP); be the image of T in End(Sk(U,UP)n). Under the hypothesis above
on Ay, it is well-known that T3 (U,UP) is generated by the traces of ps(Fr(¢))
for ¢ ¢ %, that T%(U,UP); contains T(p), the image inside End(Sk(U,UP)n) of
the double coset [U,(§9)U,], and that A, is the unramified character of Gg,
sending Fr(p) to T'(p) (see for instance [101, 11.2]). By [65, 64], T2 (UP) then admits
a p-torsion free, reduced quotient Ta’ord(U ) (or T for simplicity of notation) of
Krull dimension 2 such that the set Spec®! Ta’ord[l /p] of the kernels of automorphic
specialization Ay such that py is ordinary p-distinguished form a Zariski-dense
subset of Spec T,%’Ord[l/p]. As in the proof of Proposition 3.2, there exists thus a

ord ¥ ,ord
, Tw™)

G x-representation (T°'4, p interpolating the ordinary p-distinguished

Gg.s-representation p; and, for all quotient R(a)"d of T by one of its minimal
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prime ideal a, a Gg x-representation (7'(a)*d, p(a)°*d, R(a)°d). By [66, Cor.3.7],
if \ is an automorphic specialization of Ta®™(UP), there is a unique minimal prime
ideal a such that X factors through Ty (U?)/a.

We assume that there exists a prime ¢ € ¥ such that the rank of H°(I,, T°')
over T,%’Ord(Up ) is exactly 1 whereas p,, is unramified at ¢ (this is easily achieved by
enlarging UP thanks to [90, Th. 1]). By construction and Theorem 4.4, there exists then
a minimal prime ideal a; € Spec Ti ™" (UP) such that HO(I;, T(a;)°™) is of rank 1.
Moreover, Proposition 4.6 then guarantees that Euly (T (a1)°*¢, 1) belongs to R(a;)°™
and commutes with motivic specializations. We assume that there exists a motivic
specialization ¢ such that Eul, (T}, 1) is a unit in Z;, in which case Euly(T'(a1)°9, 1)
is a unit in R(a;)°™. As p,, is unramified at ¢, there exists by [89, Th.1.1] a motivic
specialization 1 of Tﬁ’ord(U P) which is unramified at ¢. Hence, there exists a minimal
prime ay € Spec To®"(UP) such that T'(az)°™ is unramified at £. We assume that
that there exists a motivic specialization ¢ such that Eul,(Ty,1) is not a unit in Z; ,
in which case Eul,(T'(a2)°", 1) is not a unit in R(a;)°™d by Proposition 4.6. We note
that examples of pair of minimal ideals satisfying the properties above abound.

In order to ensure that our putative counter-example to Conjecture 2.12 does not
stem from our extension of the definition of the p-adic fundamental line to the étale
sheaves on SpecZ[1/p] attached to the T(a;)°™® (which are not known to belong to
Deit(Spec Z[1/p], R(a;)°*¥) in general), we further assume that R(a;)°™ is a regular
local ring. Note that as the action of the inverse system of diagonal correspondences

(Sa)Up = ([UPUP(S 2)UpUp])U

p

for a € (Aq(;;o))X on HY(U?,0) endows Ty (UP) with a structure of free A-algebra
with A isomorphic to Z,[1+pZ,] ~ Z,[X], in order to show that R(a;)°" is a regular
local ring, it is enough to show that it is isomorphic to A. This can be checked by
exhibiting an automorphic point of Spec R(a;)°*%[1/p] attached to an eigencuspform
which is not congruent modulo p to any eigencuspform of the same weight and level
(again, examples of pair of minimal ideals satisfying this property abound).

By [36, Prop. 5.2.2], the two irreducible components SpecR(a;)°* and SpecR(a3)°
of Spec Ti™® meet at some height 1 prime z of Spec To®*?. Assume that z has
values in a characteristic zero domain O, and let T, be the attached Gg x-represen-
tation. Then T}, is a specialization of T'(a2)°™ so is unramified at ¢ and Euly(7}, 1) =
z(Euly(T(a2)°, 1)) ¢ OF. As z(Euly(T(a;)°",1)) belongs to O while Euly(T,,1)
does not, the natural map

L0y (T(a1)”/Q) @p(ayyora .z O — X0y (T2/Q)
is not an isomorphism and so neither can be
AE\{E} (T(al)ord/Q) ®R(a1)°fd,x O, — AE\{@} (Tz/@)

under the choice of étale cohomology as non-algebraic part of the fundamental line.
Experts seem to expect that for any maximal ideal m as above, there exist a finite
set ¥ and a prime ¢ € ¥ such that there exist irreducible components of Spec T2
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and a characteristic zero specialization x giving a counter-example to Statement (iii)
of Conjecture 2.12 because of the failure of the local Euler factor at ¢ to commute
with .

4.2.2. An example. — Let p be the prime number 5. Let UP be the subgroup of
G(Agoo)) which is maximal outside ¥ = {2,5,7,13} and equal to

Ur = {g € GLy(Zy) ‘ g= (3 i) mod W<364>}

for £ € ¥~ {5}. Let m the maximal ideal attached to the unique Gg x-representation
Pm : Gox — GLo(F5)
of Serre weight 2, tame level 52 and such that

0 ifr—3,
L9 ifr=11
trfr (@) =1, 1f€ i
—1 if ¢ =109.

Denote respectively by f; and fo the eigencuspforms respectively attached to the
elliptic curves

By :y? = 2% — 584z + 5444, By 1 y® = 2° + 2 — 10.

Then f1 is new of level 364 while fs is new of level 52. For i € {1,2}, we let M(f;)(1) be
the pure motivic data (E;,Id, 1,0) and A; be the specialization of Ty ™" (UP) attached
to M (f;)(1). Then ); is by construction motivic. The Euler factor Euly(Ty,, 1) is equal
to —2 € ZZ whereas Eul;(Ty,,1) is equal to 5-2 - 77! € 5Zs. Hence there exists a
(unique) pair (a1,a2) of distinct minimal prime ideals a; € Spec Ta’ord(U”) such
that ); factors through R(a;)°*d = T5°"4(U?)/a;. Hida’s Control Theorem for Hecke
algebra ([64, Th.1.2]), Nakayama’s lemma and the fact that both S2(I'g(52),Zp)m
and S2(I'0(364), Zp)wm are free Z,-module of rank 1 show that the structure morphism
A < R(a;)°*? is a surjection and thus that R(a;)°™ is a regular local ring (and is
even isomorphic to Z,[X]). The Gg s-representation T'(a1)°™ is ramified at ¢ = 7
and its Euler factor is a unit in R(a;)°* while T'(a2)°" is unramified at 7 and its
Euler factor is not a unit in R(ag)°"d.

Shortly after the first version of this article was circulated, J. Thorne explained
to the author how the arguments of [82, Prop.4.9] showed that Spec R(a;) and
Spec R(az), which by construction intersect at some prime ideal, actually intersect
at a prime ideal x of characteristic zero. Indeed, any point corresponding to a root of
the polynomial T2 — 825, € R(az) ~ A is a point of intersection between Spec R(a;)
and Spec R(az) so it is enough to show that this polynomial is of the form p*PU € A
with u > 0, P a non-constant distinguished polynomial and U a unit. Consider the
number field K = Q[X]/(P) for

P = 2% + 294z — 1472042° — 4948495222 — 442506240z + 491692032000.
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There is a unique ideal p of Ok over 5 and a unique eigencuspform f3 new of level 52
and of weight 10 which is congruent to f; modulo p and p-ordinary. By construction,
f3 corresponds to a point of Spec R(az). The polynomial T2 — 82S; evaluated at f3
belongs to p3Ok (and not to p*Ox) whereas evaluated at f, it belongs to pOx, but
not to p2O. The distinguished polynomial P is thus non-constant so there exists a
characteristic zero point = at which Spec R(a;) and Spec R(a2) intersect. Specializing
at the point = of Spec R(a;) is a counter-example to [73, Conj. 3.2.2(i)] for the triples
(SpecZ[1/5], R(a1),T(a1)) and (SpecZ[1/5], Oy, T(a1) @4 Oy).

5. A REVISED CONJECTURE

Let (T, p, TX0(UP)) and (T'(a), p(a), R(a)) be the G x,-representations defined in
Section 3.2 (in particular m satisfies Assumption 3.1 and a € Spec T%° is minimal).
In this section, we take ¥ C ¥y to be the set {v|p} for notational simplicity (note
that in view of the proof of Theorem 4.4, this is the hardest case anyway). Denote
by V(a) the G x,-representation T'(a) ®pg(q) Frac(R(a)). Assume further that, as in
Proposition 4.6, for all w € g \ {v|p}, w is above a place v of F* which splits com-
pletely in F' and that G is split by F}, = F, . In this section, we sketch a revised form
of the Equivariant Tamagawa Number Conjecture for p-adic families of automorphic
Galois representations which recovers Conjecture 2.11 at motivic points and which is
compatible with characteristic zero specialization.

51 . P-ADIC INTERPOLATION OF LOCAL AUTOMORPHIC REPRESENTATIONS

5.1.1. Review of the generic Local Langlands Correspondence. Consider (V,p, K)
an n-dimensional G, -representation, where w { p is a finite place of F' and K
is a field containing @Q,. We recall the Local Langlands Correspondence normal-
ized as in [10, §4] (see also [35, §4.2]) that attaches to p—or more precisely to the
Frobenius semisimple Weil-Deligne representation (p, N)-a GL, (F, )-representation
(Va(p),7(p), K). Denote by n—IndgL" the normalized parabolic induction functor of
[3, §1.8].

As a preliminary, we consider the case where K is a finite extension of Q, and then
later show how this case is enough to treat a general K.

We consider first the case where (p, N) is absolutely irreducible. Then the uni-
tary Local Langlands Correspondence (after a choice of a square root of the residual
characteristic of F,,) attaches to p a supercuspidal representation 7% (p) of GL,,(Fy,)
with coefficients in @,,. In that case, 7(p) is the unique GLy, (F,,)-representation with
coefficients in K such that 7(p) ®x Q, = 7*(p) ®q, (| | o det)=™)/2 (this does not
depend of our choice of square root).

The next case is when n = md and there exists an absolutely irreducible m-dim-
ensional Weil-Deligne representation (p’, N) with coeflicients in K such that (p, N) is
the basic indecomposable representation

SPn.alp’) = (po @ - ® py, N),
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where p; = p' ® (| |*odet) and N maps isomorphically p} onto p}; and is zero on p).
In that case, consider the representation 7%(p") @ 7(p')(1) ®- - - @ 7" (p")(d — 1) of the
group GLg X -+ - X GLg4, which we view as the Levi subgroup of the upper triangular
parabolic subgroup P of GL,,, and the Zelevinsky segment o,, 4(7"(p’)) attached to it,
that is to say the representation

d

Tna(m(p) = @ ((p) @ (| ' o det))

i=0
viewed as representation of P. Define as usual the generalized Steinberg representation

Stp.a(m™(p")) of GL,(Fy) to be the unique irreducible quotient of the normalized
parabolic induction

d )
n-Ind 8" (0, a(7%(p'))) = n-Ind S @ 74(p') @ (| | o det).
=0

Then 7(p), that we also denote by St,, 4(7(p’)), is the unique GL,, (F,,)-representation
with coefficients in K such that 7(p) ®x Q, = Sty,a(7"(p)) ®g, (| | o det)(t=m)/2,
Finally, if n = ny +- - -+ n, and if there exist basic indecomposable representations
SPn,.4,(P;) such that (p,N) = @;_, Sp,,, 4,(p;), then there exists an ordering of the
SP, 4, (P;) such that the list of Zelevinsky segments (0, 4, (7(0})))1<i<r satisfies the
property that o, 4, (7(p,)) does not precede o, q,(7(p;)) if s < t (in the sense of
[102, §4]). We view the representation );_; Sty, q¢,(7(p})) as a representation of the
parabolic subgroup P of GL, with Levi component equal to GL,, x--- x GL,, .
Then 7(p) is the unique GL,, (F,,)-representation with coefficients in K such that

7(p) @k Ty = 1-1nd§ (@ Stu,a, (7 (p))) ) @, (| | 0 det) 1=/2,
=1 P

In all of the above, the claimed unicity of 7(p) follows from [21, 63] and [10, Lem. 4.2].
Suppose now that (p, N) has coefficients in K a general field extension of Q,. As-
sume first that (p, N') = Sp,, 4(p’), possibly with d = 1. Then there exists a character

of the Weil group ¢ : Wg, — K™ such that p' @1 is defined over Q and so such that
Sty a(m"(p’ ® 1)) is defined. Define St,, 4(7(p’)) to be

Sty.a(m(p @) @ (¥~ o det).

Then Sty a(7(p')) ®5 (| |o det)(1=™)/2 admits a unique model over K which we take
as the definition of 7(p). If more generally (p, N) is a direct sum

(p,N) = @ SPo,.a, (P,
then St,, q(7(p’)) exists and is defined over @p for all i and
n-Tndf (@ St (x(p)))) &, (| | det) /2
i=1

(with the ordering of the Zelevinsky segment satisfying the does not precede condition
as above) admits a unique model over K which we take as the definition of 7(p).
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5.1.2. A conjecture of Fmerton and Helm. Returning to our setting, for any
w € ¥ \ %, there is a Weil-Deligne representation (p(a),, N) with coefficients in
Frac(R(a)) attached to the G, -representation V(a). Denote by (p(a)y, N)* its dual.

Let m,(V(a)) be the admissible smooth G(F,’)-representation equal to the
smooth dual of the representation 7((p(a)y, N)*) or, equivalently by the compati-
bility of the Local Langlands Correspondence with taking duals, the representation
m((p(a)w, N)) (the reason we are taking double duals is that we will momentarily
consider S[G(F;)]-modules for S a ring and, in that case, the dual modules are easier
to handle than the most natural objects). According to [35, Conj. 1.4.1], there then
exists for all w € Xy a (unique up to isomorphism) torsion free Ti0-module 7, (p)
with an admissible, smooth action of G(F,) as well as a (unique) torsion free
TXo-module

s(p) = & mul(p)
WEXGNZ

with an admissible, smooth action of @ ,,c5, s G (F;") satisfying the properties of [35,
Th. 6.2.1] (we warn the reader that our mx(p) would be denoted 7s, 5 (p) in [35]; their
choice of notation is much more logical but ours is made to conform with the conven-
tions of the ETNC). In particular, there should exist a &) G(F,h)-equivariant
isomorphism

(5.1) Ts(p) ©pzo Frac(R(a)) ~ 6(28 wa(V(a)).

wWEXoNT

More generally, if ¢ : TX° — S is a characteristic zero specialization with values in a
domain, the generic Local Langlands Correspondence attaches to Vi, := T, ® s Frac(S)
a Frac(S)-module ,(V;) with an admissible smooth action of G(F,") and there
should exist an isomorphism

(5.2) ms(p) ®Op=o Frac(S) s (Vy) = & mw(Vy)
wWEXNXZ

provided there exists a minimal ideal b € Spec T%[1/p] such that p(b) is a mini-
mal lift of py for all w € Xy \ X. Here, we recall that p(b),, = p(b)|Gr, admits
a monodromy filtration and thus induces by specialization a filtration on py|Gr,
if ¢ factors through R(b). The G, -representation p(b) is a minimal lift of p,, if the
monodromy filtration on py coincides with the filtration coming from the specializa-
tion of the monodromy filtration on p(b). Still more generally, there should exist a
torsion-free S-module m,,(py;) with an admissible smooth action of G(F,") such that
o (py) ®s Frac(S) ~ m,(Vy) and such that

Ts(p) Opzo , S = Tx(py) = g@ EWw(Pw)
(OISOIRN

provided there exists a minimal ideal b € Spec T%°[1/p] such that p(b) is a minimal
lift of py for all w € 3 \ X.

Crucially for our purpose, note that if ¢ factors through both R(a) and R(b)
and if p(b) is a minimal lift of p, at some w € ¥y \ X whereas p(a) is not a min-
imal lift of py at w € Xy \ X, then the requirements (5.1) and (5.2) entail that
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Tw(p(a)) ®R(a),p Frac(S) is not isomorphic to m,(Vy). Indeed, [91, Th.6.7] shows
that if m, (p(a)) @R(a),y Frac(S) ~ m,(Vy), then the monodromy filtration on V|G,
coincides with the specialization of the monodromy filtration on V' (a), and hence p(a)
is a minimal lift of py at w.

In a remarkable series of articles, D. Helm and G. Moss have recently succeeded in
proving all the conjectural statements above (see [59, 61, 60, 62]).

5.2. CONJECTURES

5.2.1. Local Euler factors. — Let ¢ : T5° — S be a characteristic zero specialization
with values in a discrete valuation ring factoring through R(a) = T%°/a for some
minimal prime ideal a. By [35, Th.1.5.1& 3.3.2], there exists an admissible smooth
S[GL,, (Fy)]-module 7(py) and there is a surjection of 7(p) onto 7(py)/wsm(pwy)-
By [59, Prop. 4.13], all such 7(py) have the same mod p inertial supercuspidal support
(M, o) (here M is a Levi subgroup and o is a supercuspidal automorphic representa-
tion of M over k).

Denote by W (k) the ring of Witt vectors of the algebraic closure of the residual
field k of T%°. The full subcategory of smooth W (k)[GL,, (F,,)]-modules every simple
subquotient of which has mod p inertial supercuspidal support given by (M, o) is a
block of the category of smooth W (k)[GL,,(F,)]-modules. We denote this block by
B, It contains by construction all the 7(py) for ¢ as above. Let Z(Bas,,) be the
integral Bernstein center of By, in the sense of [59, Cor.9.19] and, for any field K,
let K[Ba,s] be the affine coordinate ring of Bys,. If 7 is a an irreducible, smooth
GL,, (F,,)-representation, then there is a character 3(m) of Z(Bas,,) attached to ¢ by
considering the action of Z(By,,) on 7.

By [18, Prop. 3.11] (or more precisely, by its proof), there exists a unique determi-
nant law

DM,O’ : W(E)[Gpw] — Frac(W(E))[BM,J]

such that Dy o (—)(m(py)) is equal to Dy(—) = 1 o D(a)(—) for all ¢ with val-
ues in discrete valuation rings as above and such that mw(py) is irreducible (note
that the equality makes sense as Dy, (—) is a function on By, ). According to [4],
Do (—)(m(py)) depends only on 3(m(py)).

The following proposition shows that local L-factors can be computed using ele-
ments of Z[Bas,s)-

Prorosition 5.1. — Let m > 1 be an integer. Let BE\T()T be the block of the category
of smooth W (k)[GLy, (Fy)]-modules corresponding to the mod p inertial supercuspidal

support type (M, o). Then the image of 1 — Fr(w) through Dy, belongs to Z(Bg&n;)

Proof. — This follows from [61, Conj. 7.6] and its proof in [60, 62]; see especially [62,
Cor. 7.8]. O

Denote by 3(85\237)1” the element Dy (1 — Fr(w)) of Z(BJ(»T()T)

JE.P.— M., 2017, tome 4



78 O. Fouquer

Cororrary 5.2. — The element 5(85\?2‘,)1” satisfies
(5.3) 3B ) - m(py) = det(1 = py(Fr(w)))m(py)

for all characteristic zero specialization v : T=° — S with values in a domain.

Proof. — Tt is enough to prove the more general result that
(5.4) 5(BY7)w - m = det(1 — pr(Fr(w)))m

for all n > 1, all modulo p inertial supercuspidal support M,o and all © € B(Mn?a
which can be obtained by the generic Local Langlands Correspondence (here p, is
the G'p, -representation corresponding to m through the Local Langlands Correspon-
dence).

Suppose first that 7 is not irreducible. By extending scalars to the fraction field
of S and then descending to @p as in the end of Section 5.1.1, we may and do assume
in addition that 7 has coefficients in Q,. As recalled in Section 5.1.1, there then
exist integers n; such that ny + --- + n,. = n, generalized Steinberg representations
St 4, (T (p})) of M; = GL,,(F,,) and a parabolic subgroup P with Levi component
My x - -+ x M, such that

w = et (@ St (7 () @, (|| 0 det) (=2

The representation o is then a tensor product ¢ = @);_, 0; with o; a supercuspidal
representation of M;. By [59, Th.10.3], the action of Z(B(Mn?a)w on 7 then factors
through @;_, Z(B(Mnf?m Vow-

As L-factors are mﬁltiplicative with respect to normalized parabolic induction
([50, Th.3.4]), the statement (5.4) for 7 follows from its counterpart for each
St 4, (T (p})). Hence, it is enough to treat the case of irreducible .

If 7 is irreducible, then Equality (5.4) follows from the construction of 3(85\2;)1”
in [18, Prop. 3.11]. O

One of the characteristic properties of m(py) is that its ring of endomorphism
as S[GLy,(Fy)]-module is equal to S. Combining this property with Proposition 5.1
defines local automorphic .Z-factors to the automorphic representations 7(p,) with ¢
a characteristic zero specialization of T%°.

Derinition 5.3, — Let ¢ : T2 — S be a characteristic zero specialization. The
automorphic Z-factor £ (7 (py))

ZL(n(py)) = 5(BY7)), (7(py)) € S

is the endomorphism 3(85&}?2‘)1” of w(py)-

Remark. — The automorphic .Z-factor behaves just like the image of the determinant
of the complex of S[GL,,(F,)]-modules
[3 (B%g)wwﬁw}
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in degree 0,1 through the canonical trivialization induced by the identity between
in degree 0 and 1; if such a determinant were known to be well-defined. One way
to make sense of this determinant could be as follows. By construction, 7 is a co-
Whittaker S[|GL,,(Fy,)]-module (in the sense of [61, Def. 6.1]) so the m-th Bernstein
derivative 7(™) of 7 is defined and is an S-module free of rank 1. Hence, the complex
[5 (B](\Zfi)ww(m)%w(m)] is a perfect complex of S-modules and we could define

Detsiar,, (F.)] [3(85\2) )ww—w} := Detg [3(85\22)wﬁ(m)_m(m)} _

g

5.2.2. Global conjecture. — Let (T, p,A) be the Gy, -representation attached to a
characteristic zero specialization of T with values in a domain. We assume that T
satisfies Assumption 4.1 and recall that, in that case, the algebraic part

2=(T/F)

A
L -1 2 2 -1 —_—
:=Det, RI&(Op[1/%0],T) ® Ueg@;\z (DetA RT¢(Fy,T) ®a Dety Bl (T, 1)A>

of the p-adic fundamental line is well-defined. We make use of the generalization of
Bernstein’s derivative functors of [35, §3] and rely on the proof of [35, Conj.1.4.1].
We recall that

m(p) = & muwlp)

WEXGNZ

and write s (py)™ for the rank 1, free A-module

()™ = Q@  mul(p)™.
wWEXgN\T

Derintrion 5.4. If ¥ =%y and (T, p,A) is the Gpx,-representation attached to
an arbitrary specialization of T%°, the automorphic part of the p-adic fundamental
line is the rank 1, free A-module

@%D(TVFU = DGM\TK—1)+
and the full p-adic fundamental line is the rank 1, free A-modules
Asy(T/F) i= 5, (T/F) @ %5, (T/F)~".

If ¥ C ¥p and (T, p,A) is the Gpx,-representation attached to a characteristic zero
specialization of T2 with values in a domain, the automorphic part of the p-adic
fundamental line is the rank 1, free A-module

% (T/F) = Dety T(—1)" @ m5(p)™
and the full p-adic fundamental line is the rank 1, free A-modules
As(T/F) := Z(T/F) @ %(T/F)~".
The following proposition verifies the compatibility of A with arbitrary character-

istic zero specialization of T%° (not only the pure ones).
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Prorosrrion 5.5. If Y+ A — S is a specialization such that both Ag(T/F) and
Ax(T ®p,p S/F) are both defined, then there is a canonical isomorphism

As(T/F) @pp S = A (T @y S/F).

Proof. — I ¥ = X, this follows directly from the definition of ﬁgo SO We may assume
that A and S are both characteristic zero domains.

Assume first that p, is in addition monodromic and pure at all w € ¥y \ 3. Then
there are canonical isomorphisms

Zs(T)F) @pp S = Z5(T @a,4 S/F), (Deta T(—1)7) @44 S (Dets T(—1))
and
Tw(p) Onp S = Ty (py)

for all w € ¥y \ X. Combining them yields &A(T/F) @Ay S A(T Qnp S/F).

Now we assume that there exists a place w € Xy \ ¥ such that py is not
pure. In that case, denote by ZS(p) and ZS(py) the Zelevinsky segments respec-
tively attached to m(p)w ®a,yp Frac(S) and to m(py)w ®s Frac(S). By construction,
ZS(p) can be obtained by repeatedly replacing pair of segments by their unions,
so that 7(p)w @a,¢ Frac(S) embeds into m(py)w ®s Frac(S) by [102, Th.7.1] and
[35, Prop.4.3.6]. This embedding realizes 7, (p)™ @44 S and m,(py) ™ as sub-
S-modules inside 7, (py)™) ®s Frac(S). The element 5(81(\23,)1” of the Bernstein
center acts naturally on 7, (p)™ ®x, S by multiplication by v (Z(7(p)w)) and
on 7, (py)™ by multiplication by .Z(m,(py)). Moreover, both this action and the
Bernstein derivative are multiplicative with respect to parabolic induction. Hence,
the index of 7, (p)™ @p 4 S inside my, (py )™ is ¥ (L (7w (p))) @5 L (Tw(py)) "t As
the contribution of w to Zx(T) @4 S @ Z5(Ty) ! is

Y(Eu(T, 1))

Eul(T), 1) S

and as the Local Langlands Correspondence matches L-factors with Euler factors,
there is a canonical identification of the contribution of w to Ag(T) @44 S®@A(T),) !
with S. Putting together the contributions of all the places w € ¥y \ X, we obtain
the desired canonical isomorphism A(T) ® Ay S e~ K(Td,). O

Just like the algebraic part of the p-adic fundamental line is the determinant of a
natural object and as we hinted in the introduction, it seems likely that the automor-
phic part of the p-adic fundamental line is the suitably defined determinant of a natu-
ral object. According to the local-global compatibility conjecture in the p-adic Lang-
lands program and interpreting the top Bernstein derivative as a non-commutative
determinant functor in the category of A[GL,,(F,)]-module, we see that %5 should

be the determinant of the completed cohomology group H*(UP, O). (up to the term
& w|p T(P)w encoding the contribution of places above p).
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Consrcrure 5.6. Let 3 C Xg be a set of finite places containing {w|p}. The p-adic
fundamental line Ax,, (T/F) of the G s, -representation (T, p, T=°) admits a basis zx,
satisfying the following properties.

(1) Let 1 : TX0 — A be a specialization. Then there is a canonical isomorphism
z20 (T/F) ®T§,U A EZO (Td)/F)

sending zx,, (T/F) ® 1 to zs,,(Ty/F).
(2) Letvp: TZo — A be a specialization with values in a characteristic zero domain.
Then there is a canonical isomorphism

(AEO (T/F) ®Tﬁo WE(P)(m)) ®T§“ A

can
~

~ A
—1
As(Tp/F) ® Ques, s (DetA RT(F,,T) @4 Dety m)
(3) Let a € SpecTZ° be a minimal prime, R(a) be the quotient T%°/a and
¥ : R(a) = A be a specialization with values in a characteristic zero domain. Then
there is a canonical isomorphism

As(T(a)/F) @p(ayp A = As(Ty/F)

sending zs;(T(a)/F) ® 1 to zs,(Ty/F).

(4) Let v : TE0 — S be a characteristic zero motivic specialization attached to a
motive M pure of non-zero weight and let a € Spec T30 be a minimal prime through
which v factors. Then the canonical isomorphism

(5.5) As(T(a)/F) @y S = Ax(Ty/F)
obtained by composing the isomorphism of Proposition 5.5 with the natural identifica-

tion of s (py)™) with S sends zs;(T/F) @ 1 to the p-adic zeta element zs;(Mg) ® 1
of M.

We note that by Proposition 5.5, the compatibility statements of Conjecture 5.6
follows from the existence of 75 (p) and Proposition 5.1.

5.2.3. The case of GLa. — As evidence for Conjecture 5.6, we mention the following
theorem, which shows a weakened form of the conjecture often holds when G is the
reductive group GLgy over Q.

Tarorem 5.7. — Assume that p satisfies the following hypotheses.

(1) Let p* be (—=1)P=V/2p. Then ﬁ|g@(\/p7) is irreducible.

(2) The representation plcg, is irreducible.

(3) There exists € dividing exactly once N(p) and there exists an eigencuspform
f € S2(To(N)) attached to a classical x € Spec T=[1/p] with rational coefficients,
zero eigenvalue at p and such that N is square-free.
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Then As(T/Q) admits a basis zs(T/Q) such that the isomorphism (5.5) sends
zx(T/Q) to the p-adic zeta element zx,(M) ® 1 provided there exists an eigencusp-
form f € Sy such that Ls(M*(1),0) = Lx(f,x,8) # 0 where x is a finite order
character of Q((pe) and 1 < s < k —1 is an integer.

Instead of predicting all special values, Theorem 5.7 predicts the special values in
a certain subset of motivic points (namely the critical motives whose L-function does
not vanish at zero).

Proof. The construction of zx(T/Q) using completed cohomology, the proof that
it is a basis of Ag(T/Q) and the proof that it is satisfies (5.5) at the specializa-
tion v satisfying the hypotheses of the theorem is the object of [45] (see especially
Sections 3.3 and 4.1 thereof). This construction is unconditional and it coincides with
the conjectural description of zy, € As (T'/Q) given by Conjecture 5.6 according to the
proof of the Local Langlands Correspondence in families for GLs or, more concretely,
according to [45, Th. 3.3.16] which reduces the statement to the compatibility for a
single motivic specialization; in which case [74, Th.12.5] applies. |
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