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ANALYSIS OF A MOGI-TYPE MODEL DESCRIBING
SURFACE DEFORMATIONS INDUCED BY A MAGMA
CHAMBER EMBEDDED IN AN ELASTIC HALF-SPACE

BY ANDREA Aspri, ELENA BErRETTA & CORRADO MASCIA

Asstract. — Motivated by a vulcanological problem, we establish a sound mathematical ap-
proach for surface deformation effects generated by a magma chamber embedded into Earth’s
interior and exerting on it a uniform hydrostatic pressure. Modeling assumptions translate the
problem into classical elasto-static system (homogeneous and isotropic) in a half-space with an
embedded cavity. The boundary conditions are traction-free for the air/crust boundary and uni-
formly hydrostatic for the chamber boundary. These are complemented with zero-displacement
condition at infinity (with decay rate). After a short presentation of the model and of its geo-
physical interest, we establish the well-posedness of the problem and provide an appropriate
integral formulation for its solution for cavity with general shape. Based on that, assuming that
the chamber is centered at some fixed point z and has diameter » > 0, small with respect to
the depth d, we derive rigorously the principal term in the asymptotic expansion for the surface
deformation as € = r/d — 0%. Such a formula provides a rigorous proof of the Mogi point
source model in the case of spherical cavities generalizing it to the case of cavities of arbitrary
shape.

Résumii (Analyse d’un modeéle du type de Mogi décrivant les déformations de surface induites
par une chambre magmatique contenue dans un demi-espace élastique)

Motivés par un probléme volcanologique, nous établissons une approche mathématique so-
lide pour les effets de déformation de surface engendrés par une chambre magmatique contenue
a lintérieur de la Terre et soumise & une pression hydrostatique uniforme. Des hypothéses de
modélisation traduisent le probléme en un systéme élasto-statique (homogene et isotrope) clas-
sique dans un demi-espace avec une cavité incluse. Les conditions au bord sont sans traction au
bord air/crofite, et uniformément hydrostatiques au bord de la chambre. Elles sont complétées
par une condition de déplacement nul & I'infini (avec taux de décroissance). Aprés une courte
présentation du modele et de son intérét géophysique, nous établissons que le probléeme est
bien posé et proposons une formulation intégrale appropriée pour sa solution dans le cas d’une
cavité de forme générale. En conséquence, supposant que la chambre est centrée en un point z
et est de diameétre r > 0 petit par rapport a la profondeur d, nous en déduisons rigoureusement
le terme principal du développement asymptotique de la déformation de surface sous la forme
¢ =r/d — 07F. Une telle formule permet de donner une preuve rigoureuse du modéle des points
sources de Mogi dans le cas des cavités de forme arbitraire, qui généralise celle dans le cas des
cavités sphériques.
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1 . IV\TROI)L,CTIO\J

Measurements of crustal deformations are crucial in studying and monitoring vol-
canoes activity. In this context, one of the main goals is to investigate the mechanics
of volcanic systems in order to obtain models for which the predicted synthetic data
best fit the observed ones. Indeed, if the model is accurate it gives good images of
the Earth’s interior. In particular, concerning volcanoes monitoring, synthetic data
might be used to localize underground magma chambers and their volume changes.
In this sense, a well-established and widely used model, in the geological literature, is
the one proposed by Mogi in [33] where the magma chamber is modeled by a pressur-
ized spherical cavity of radius r, buried in a homogeneous, isotropic, elastic half-space
(R3) at depth d < r. Specifically, Mogi provides an explicit formula of the leading
term of the displacement field on the boundary (R?) of the half-space when the ratio
r/d goes to zero. This model has been further investigated by McTigue in [30] who
extends the analysis by detecting the second order term in the asymptotic formula.
For other geometries, we mention [16] where Davies considers the case of a pressurized
cavity in the shape of prolate and oblate ellipsoids, restricted to radius ratio to depth
sufficiently small, deriving, also in this case, an explicit formula of the leading order
term.

We stress that the analysis carried out in [16, 30, 33] and the derivation of the
formulas therein are informal. For this reason the principal aim of this article is to
contribute with a rigorous mathematical analysis of such modeling with the crucial
difference relative to the shape of the cavity; our analysis does not require this shape to
be a sphere or an ellipsoid but a general subdomain of the half-space. More precisely,
we derive a rigorous asymptotic expansion of the boundary displacement vector field
due to the presence of a cavity C, buried in an isotropic, homogeneous and elastic
half-space (R?), of the form

C=C.:=z+¢ef,
where z is the center of the cavity, ¢ is a suitable scaling parameter (see Section 2)
and {2, shape of the cavity, is a bounded Lipschitz domain containing the origin.
Furthermore, we follow the assumption in [16, 33] supposing that the boundary of
the cavity C is subjected to a constant pressure p. In details, denoting by u. the
displacement vector field, we have, for y € R?,

(1.1) uF(y) = 2|2 pV. NP (z,y) : MI + O(e?),

for k =1,2,3, as € — 0 (see Theorem 4.1), where u* stands for the k-th component
of the displacement vector. Here pe® represents the total work exerted by the cavity
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on the half-space, VN®) denotes the symmetric part of the gradient related to the
k-th column vector of the Neumann function that is the solution to

div(CVN(-, y)) = 5,I in R?, ON(-,y)/0v =0 on R?
with the decay conditions at infinity
N=0(z[™"), |VN|=0(z|™?),
where 0/0v is the conormal derivative operator. In addition, I is the identity matrix
in R? and M is the fourth-order moment elastic tensor defined by
1 r
M= T+ o [ €07 (0) @ n(0) do0)
an
for ¢, = 1,2, 3, where I is the symmetric identity tensor, C is the isotropic elasticity
tensor and m is the outward unit normal vector to 8f2. Finally, the functions 87",
with ¢,r = 1,2, 3, are the solutions to
007" 1

. s qry __ . 3 _
div(CVO?) =0 inR°~ £, av " 3aion

Cn ondf2,

with the decay conditions at infinity
07 =O(z|™Y),  [VO”[=0(z[7*), as|z| — o

The leading term in (1.1) contains the information on the location of the cavity, z, on
its shape and on the work pe®, hence it might be used to detect the unknown cavity
if boundary measurements of the displacement field are given.

In order to establish these results we use the approach introduced by Ammari and
Kang, based on layer potentials techniques for bounded domains, see for example
[4, 5, 6], and following the path outlined in [8]. We highlight that proving the exis-
tence and uniqueness results for unbounded domains with unbounded boundary is,
in general, much more difficult with respect to the case of bounded or exterior do-
mains. The main obstacle is the control of both solution decay and integrability on the
boundary. Indeed, the usual approach is based on the employment of some weighted
functional spaces, see for example [7]. Here, taking advantage of the explicit formula
of the Neumann function N and rewriting the problem into an integral formulation
via layer potential techniques, we are able to prove the existence and uniqueness of
the displacement field generated by an arbitrary finite cavity C' in a standard Sobolev
setting. These results follow showing the invertibility of the integral operators, some
of them with singular kernel, that come from the layer potential technique. After that,
we derive the asymptotic expansion (1.1), as & goes to zero, for a cavity of a generic
shape.

The approach based on the determination of asymptotic expansions in the case of
small inclusions or cavities in bounded domains, which goes back to Friedman and
Vogelius [22], has been extensively and successfully used for the reconstruction, from
boundary measurements, of location and geometrical features of unknown conductiv-
ity inhomogeneities in the framework of electrical impedance tomography (see, for
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example, [11] and [5] for an extended bibliography). In the last decade some of these
results have been extended to elasticity in the case of bounded domains, see [4]. Specif-
ically, starting from boundary measurements given by the couple potentials/currents
or deformations/tractions, in the case, respectively, of electrical impedance tomogra-
phy and linear elasticity, information about the conductivity profile and the elastic
parameters of the medium have been inferred. It is well known that without any a pri-
ori assumptions on the features of the problem, the reconstruction procedures give
poor quality results. This is due to the severe ill-posedness of the inverse boundary
value problem modeling both the electrical impedance tomography [2] and the elastic-
ity problems [3, 34]. However, in certain situations one has some a priori information
about the structure of the medium to be reconstructed. These additional details allow
to restore the well-posedness of the problem and, in particular, to gain uniqueness and
Lipschitz continuous dependence of inclusions or cavities from the boundary measure-
ments. One way to proceed, for instance, is to consider the medium with a smooth
background conductivity or elastic parameters except for a finite number of small
inhomogeneities [4, 5]. Therefore, by means of partial or complete asymptotic formu-
las of solutions to the conductivity/elastic problems and some efficient algorithms,
information about the location and size of the inclusions can be reconstructed, see for
example [4, 5, 24].

Despite the extensive literature in this field, we remark that the mathematical
problem of this work represents an intriguing novelty because we have to deal with
a pressurized cavity, that is, a hole with nonzero tractions on its boundary, buried
in a half-space. These two peculiarities do not allow to reduce the boundary value
problem to a classical one based on cavities (see, for example, problems in [4, 5] and
reference therein).

The paper is organized as follows. In Section 2, we illustrate the model of ground
deformations and motivate the assumptions at the basis of the simplified linearized
version. In Section 3, we recall some arguments about linear elasticity and layer po-
tentials techniques and then we analyze the well-posedness of the direct problem via
an integral representation formula for the displacement field. Section 4 is devoted to
the proof of the main result regarding the asymptotic formula for the boundary dis-
placement field. In addition, as a consequence of the asymptotic expansion, we obtain
the classical Mogi’s formula for spherical cavities.

Noration. — We denote scalar quantities in italic type, e.g. A, , v, points and vectors
in bold italic type, e.g. ¢, y, z and u, v, w, matrices and second-order tensors in bold
type, e.g. A, B, C, and fourth-order tensors in blackboard bold type, e.g. A, B, C. The
half-space {x = (71, 2,23) € R® : 23 < 0} is indicated by R? . The unit outer normal
vector to a surface is represented by m. The transpose of a second-order tensor A is
denoted by AT and its symmetric part by A= % (A + AT). To indicate the inner
product between two vectors w and v we use u-v = ZZ u;v; whereas for second-order
tensors A : B = Z” ai;b;;. The cross product of two vectors w and v is denoted by
uxv. With |A| we mean the norm induced by the inner product between second-order
tensors, that is, |A| = VA : A.
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2. DESCRH’TION OF THE MATHEMATICAL MODEL

Monitoring of volcanoes activity, targeted to the forecasting of volcanic hazards and
development of appropriate prevention strategies, is usually performed by combining
different types of geophysical measurements. Ground deformations are among the
most significant being directly available (in particular, with the development of Global
Positioning Systems) and, at the same time, straightly interpretable in term of elastic
behaviors of the Earth’s crust adjacent to the magma chamber (see [10, 18, 37]).
A well-established model has been proposed by Mogi, [33], following previous results
(see description in [17, 28, 36]), based on the assumption that ground deformation
effects are primarily generated by the presence of an underground magma chamber
exerting a uniform pressure on the surrounding medium. Precisely, the model relies
on three key founding schematizations.

1. Geometry of the model. — The earth’s crust is an infinite half-space (with free
air/crust surface located on the plane x3 = 0) and the magma chamber, buried in the
half-space, is assumed to be spherical with radius r and depth d such that r < d.

2. Geophysics of the crust. The crust is a perfectly elastic body, isotropic and homo-
geneous, whose deformations are described by the linearized elastostatic equations,
hence are completely characterized by the Lamé parameters p, A (or, equivalently,
Poisson ratio v and shear modulus ). The free air/crust boundary is assumed to be
a traction-free surface.

3. Crust-chamber interaction. — The cavity describing the magma chamber is assumed
to be filled with an ideal incompressible fluid at equilibrium, so that the pressure p
exerted on its boundary on the external elastic medium is hydrostatic and uniform.

Assuming that the center of the sphere is located at z = (21, 22, z3) with 23 < 0,
the displacement u = (uy, ug,us) at a surface point y = (y1,y2,0) is given by

apy _ L=V Ep(2a — ya) _ 5,0 1—v pz
(21) u (y) - L |Z*y|3 ’ (Oé—1,2) u (y)_ L |Z*'y‘3
in the limit € := r/|z3] — 0 (see Fig. 2.1). A higher-order approximation has been
proposed by McTigue [30] with the intent of providing a formal expansion able to
cover the case of a spherical body with finite (but small) positive radius.

Being based on the assumption that the ratio radius/depth € := r/|z3| is small,

the Mogi model corresponds to the assumption that the magma chamber is well-
approximated by a single point producing a uniform pressure in the radial direction;
as such, it is sometimes referred to as a point source model. However, even if the source
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Ficure 2.1. Normalized Mogi displacement profiles given in (2.1):
horizontal components u,, o = 1,2, dashed line; vertical component
ug, continuous line.

is reduced to a single point, the model still records the spherical form of the cavity.
Different geometrical form may lead to different deformation effects.

The Mogi model has been widely applied to real data of different volcanoes to infer
approximate location and strength of the magma chamber. The main benefit of such
strategy lies in the fact that it provides a simple formula with an explicit appearance of
the basic physical parameters depth and total work (combining pressure and volume)
and, thus, that it can be readily compared with real deformation data to provide
explicit forecasts.

The simplicity of formulas (2.1) makes the application model viable, but it com-
pensates only partially the intrinsic reductions of the approach. As a consequence,
variations on the geometry of the magma chamber have been proposed to provide
more realistic frameworks but with the target to furnish explicit formulas for ground
deformations; in this way synthetic data can be compared with real data via appro-
priate inversion algorithms. Such attempt has focused on oblate and prolate ellipsoids
[16, 40], rectangular dislocations [35] and horizontal penny-shaped cracks [20]. For
completeness, we mention also the attempts to study the heterogeneity of the crust,
see [29] and references therein, the case of a non-flat crust surface [39, 14] and the com-
bination of elastic properties with gravitational effects and time-dependent processes
modeling of the crust, see [9, 13].

In all cases, refined descriptions have the inherent drawback of requiring a detailed
knowledge of the crust elastic properties. In absence of reliable complete data and
measurements, the risk of introducing an additional degree of freedom in the param-
eter choice is substantial. This observation partly supports the approach of the Mogi
model which consists in keeping as far as possible the parameters choice limited and,
consequently, the model simple.

Now, let us introduce in details the boundary value problem which emerges from
the previous assumptions on the geometry of the model, geophysics of the crust and
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crust-chamber interaction. Denoting by R? the (open) half-space described by the
condition 3 < 0, the domain D occupied by the Earth’s crust is D := R \ C,
where C' C R3 , describing the magma chamber, is assumed to be an open set with
bounded boundary 0C. Hence, the boundary of D is composed by two disconnected
components: the two-dimensional plane R? := {z = (x1,22,23) € R® : x3 = 0},
which constitutes the free air/crust border, and the set dC, corresponding to the
crust/chamber edge. In this setting, we end up with the following boundary value
problem

div((C@u) =0 in D, (C@u)eg =0 inR?, (C@u)n =pn on IC,
which we consider with the asymptotic conditions at infinity
lim w(x)= lim |z|Vu(x)=0.
The conjunction of conditions on 9D and at infinity determines a displacement-
traction problem.
At this point, the model provides the displacement w of a generic finite cavity C.

The next step is to deduce a corresponding point source model, in the spirit of the
Mogi spherical one. To this aim, we assume the cavity C' of the form

C =dz +r{2,

where d,r > 0 are characteristic length-scales for depth and diameter of the cavity, its
center dz belongs to R3 and its shape §2 is a bounded domain containing the origin.
The Mogi model corresponds to {2 given by a sphere of radius 1.

Introducing the rescaling (x,u) — (x/d, u/r) and denoting the new variables again
by @ and u, the above problem takes the form (with unchanged far-field conditions)

div ((C@u) =0 in D,, ((C@u)eg =0 inR2, (C@u)n =pn on 0C;,

where e =r/d, C. := 2z +e£2, D. :=R? \ C. and p is a “rescaled” pressure, ratio of
the original pressure p and ¢.

In the next section we study the well-posedness of the linear elastic model in the
case of a finite pressurized cavity C' and then we derive the asymptotic expansion of
the solution when C' := C, := z + (2.

3. INTEGRAL REPRESENTATION AND WELL-POSEDNESS OF THE DIRECT PROBLEM

Since C := AI ® I 4 2ul, the elastostatic Lamé operator £ for a homogeneous and
isotropic elastic medium is given by

Lu = div(CVu) = pAu + (A + p)V div u,

where u represents the vector of the displacements and Vu = %(Vu + VuT) the
strain tensor. With du/0v we depict the conormal derivative on the boundary of a
domain, that is, the traction vector, which has the expression

ou

5 = (CVu)n = A(div w)n + 2u(Vu)n
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or, equivalently,

g—: = Q;Lg—:: + A(div u)n + p(n x rotu).

Here, we analyze the linear elastostatic boundary value problem

div(C@u) =0 inR? \C

0

au_ pn on 0C
(3.1) g'/

a—: =0 on R?

u=o0(1), Vu=o(lz|™) |z oo,

where C' is the cavity and p is a constant representing the pressure. For the Lamé
parameters, we consider the physical range 3\ + 2y > 0 and g > 0 which ensures
positive definiteness of C. For the sequel, we recall that the positive definiteness of
the tensor C implies the strong ellipticity which corresponds to the request p > 0 and
A+ 2p > 0, see [23].

The aim of this section is to provide an integral representation formula and to
establish the well-posedness of the problem. To do that, we consider three steps:

— firstly, we recall Betti’s formulas, definition and some properties of single and
double layer potentials of linear elasticity;

— then, we give the expression of the fundamental solution N of the half-space with
null traction on the boundary, found by Mindlin in [31, 32];

— finally, we represent the solution to (3.1) by an integral formula through the
fundamental solution of the half-space.

All these objects will be used to prove the well-posedness of the problem (3.1).

3.1. PRELIMINARIES. We recall Betti’s formulas for the Lamé system which can be
obtained by integration by parts, see for example [4, 27]. Given a bounded Lipschitz
domain C' C R? and two vectors u,v € R?, the first Betti formula is

(3.2) /u Z—Z do(x) = /u -Lydx + /Q(u,v) dz,
ac c c
where the quadratic form @ associated to the Lamé system is
Q(u,v) := A(div u)(div v) + 2uVu : Vo.
From (3.2) it is straightforward to find the second Betti formula

(3.3) /(u-/i'u—v~£u)dx:/(u-g—z—v-g—z)do(m).

c ac
Formula (3.2) will be used to prove that the solution of (3.1) is unique, and the
equality (3.3) to get an integral representation formula for it. To accomplish this
second goal, a leading role is played by the fundamental solution of the Lamé system:
the Kelvin matriz T' (or Kelvin-Somigliana matriz) solution to the equation

div(CVT) = doI, « € R® < {0},
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where dg is the Dirac function centred at 0. Setting C), , := 1/{167u(1 —v)}, where v
is the Poisson ratio which is related to A and p by the identity

B A
2\ +p)’
the explicit expression of I' = (T';;) is
(3 - 41/)5ij + Tilj
|| e

(3.4) Lyj(x) = Cxw{

where §;; is the Kronecker symbol and I';; stands for the i-th component of the
displacement when a force is applied in the j-th direction at the point 0. For the
reader’s convenience, we write also the gradient of I' to highlight its behaviour at
infinity

ol'y;
Dy,

(3 5) (3 - 4V)6ijzk - 5Zk‘xj - 5jkf£¢ 3I¢l‘j£€k

(@) =
Therefore, from (3.4) and (3.5) it is straightforward to see that
(3.6) T(z)| =0 (1/|z]) and |VI(z) =0 (1/|z*) as |z — oo.

g, k=1,2,3.
|$‘3 ‘w‘S }7 %7, » <

With the Kelvin matrix T" at hand, we recall the definition of the single and double
layer potentials corresponding to the operator £. Given ¢ € L?(dC), we set (see
[4, 5, 27])

S'p(x) = /I‘(fc —y)p(y) do(y), x € R?,

oC

Dl p(x) :=

(3.7) or

- . N
| ouly) (@ —y)p(y)do(y), xeR*\0C,

where OT'/Ov denotes the conormal derivative applied to each column of the matrix T'.

In the sequel the subscripts + and — indicate the limits from outside and inside C,
respectively. The double layer potential and the conormal derivative of the single layer
potential satisfy the jump relations

DF‘P‘i(x) = (:F%I + K) p(x) for almost any x € 9C,

oSty
ov |+

(3.8)

() = (£31+ K*) o(x) for almost any x € 9C,

where K and K* are the L?-adjoint Neumann-Poincaré boundary integral operators
defined, in the sense of Cauchy principal value, by

/ ol (@~ W)e) do(w)

K'g / - (F y)o(y) do(y).
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It is worth noticing that these two operators are not compact even on smooth
domains, in contrast with the analogous operators for the Laplace equation (see [5]),
due to the presence in their kernels of the terms

ni(z; — y;) _ n; (@i — yi) i #

lz -yl lz—yl® ’
which make the kernel not integrable. Indeed, even in the case of smooth domains, we
cannot approximate locally the terms n X (& — y) with a smooth function, that is, by
power of |x — y| via Taylor expansion, in order to obtain an integrable kernel on 9C.
Therefore, the analysis to prove the invertibility of the operators in (3.8) is intricate

and usually based on regularizing operators (see [27]) in the case of smooth domains.
For the Lipschitz domains the analysis is much more involved and based on Rellich
formulas (see [15] and its companion article [19]).

3.2. FUNDAMENTAL SOLUTION OF THE HALF-SPACE. — In this subsection we show the
explicit expression of the Neumann function of the half-space presented for the first
time in [31] by means of Galerkin vector and nuclei of strain of the theory of lin-
ear elasticity, and secondly in [32] using the Papkovich-Neuber representation of the
displacement vector and the potential theory.

We consider the boundary value problem

div(CVv) = b inR3
(3.9) Z—Z =0 onR2

v=o0(1), Vv=o(z|™!) as|z|— +oo.

The Neumann function of (3.9) is the kernel N of the integral operator

(3.10) v(@) = / N(z, y)b(y) dy.
R3

giving the solution to the problem.
Given y = (y1,y2,y3), we set y := (Y1, Y2, —¥3)-

Taeorem 3.1. The Neumann function N of problem (3.9) can be decomposed as
N(z,y) =T(z —y) + R'(z — ) + y:R*(z — 9) + 13 R*(z — ),

where T is the Kelvin matriz, see (3.4), and R¥, k = 1,2,3, have components Rfj
given by
Ri;(n) := Cu,u{*(er & §)8i; — (3 — 4v)min; f
+ ey [Biamy — 053(1 — 8i3)ms] G + cu (1 — 8i3) (1 — 8;3)mim; f52 )
R2(n) =20, { (3 — 4v) [0i3(1 — 8;3)m; + 853(1 — Siz)mi] F2 — (1 — 203)85m3 f
+3(1— 253j)7]i77j773f5}

R?j(ﬂ) i=2C,,(1 - 25j3){5ijf3 - 377i77jf5}~

JEP M., 2017, lome /4



ANALYSIS OF A MOGI-TYPE MODEL 233

fori,j =1,2,3, where ¢, :=4(1 —v)(1 — 2v) and

= | |

For the proof of Theorem 3.1 see the appendix. Uniqueness of the solution to (3.9)
is similar to the one for problem (3.1) which we present in the following section.
The matrix R, defined by

(3.11) R(n,y3) == R'(n) + ys R*(n) + y3 R*(n),

gives the regular part of the Neumann function since the singular point 17 = 0 corre-
sponds to y = (y1,y2, —y3) with y3 < 0, which belongs to R

To convert the problem (3.1) into an integral form, bounds on the decay at infinity
of the Neumann function and its derivative at infinity are needed.

Prorosition 3.2. — For any My, M, > 0, there exists C > 0 such that
(3.12) N(@.y)| < Cla| ™ and [VN(w,y)| < Cla]
for any z,y € R® with |x| > M, and |y| < M,,.

The proof of this proposition is a consequence of the properties on homogeneous
functions and their derivatives, noticing that R* are homogeneous of degree —k, for
k=1,23.

3.3. RepreEsEnTATION FORMULA. — Next, we derive an integral representation formula
for u solution to problem (3.1). For, we make use of single and double layer poten-
tials defined in (3.7) and integral contributions relative to the regular part R of the
Neumann function N, defined by

Sfep(z) = / R(z. ) p(y) doly). z R,
(3.13) oc
. T
D)= [ (aff;)w,y)) oly)doly), @cR:,
oC

where ¢ € L*(90).
Turorem 3.3. — The solution u to (3.1) is such that
(3.14) u=pS'n —DVf+pSfin —Df in R2 < C,

where S¥, DY are defined in (3.7), S®, D in (3.13), pn is the boundary condition
in (3.1) and f is the trace of u on OC.

Before proving this theorem, we observe that if a solution to (3.1) exists, then f
solves the integral equation

(3.15) (AI+K+D) f=p(S"'n+S%n) on oC,

obtained by the application of the trace properties of the double layer potential (3.8)
in formula (3.14).
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Proof of Theorem 3.3. Given r,e > 0 such that C' C B,(0) and B.(y) Cc R? \ C,
let

Q.. = (R N B,(0)) \ (CUB(y))

with r sufficiently large such that to contain the cavity C'; additionally, we define
OB!(0) as the intersection of the hemisphere with the boundary of the half-space, and
with 9B%(0) the spherical cap (see Figure 3.1). Now, we apply Betti’s formula (3.3)

T3

dB!(0) R2

Ficure 3.1. Domain {2, ..

to w and the k-th column vector of N, indicated by N(k), for k£ = 1,2,3, in Q,,
hence

0= / [u(w) LNV (z,y) — N®(z,g) - Eu(az)} dx
Qe

(*) u
-/ [8;7, (w,y>-u<w>—N<k)<w7y>-§V<w>] do(z)
a8%(0) ’ ’

(k) "
-/ [‘ﬁj (w,y>~u<w>—N(k><w7y>-§j<w>] o(@)
9Bc(y) ’ ’

*) "
-/ [aévu <w,y>~u<m>—N<k><m,y>'a(w)] o)

OVg
ac
=L+ 1+

since, from (3.1) and the boundary condition in (3.9),

(k) "

Vg
081 (0)
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We show that the term I; goes to zero by using the behaviour at infinity of w given
in (3.1) and of the Neumann function given in (3.12). Indeed, we have

/ aN(k)(w,y).u(w)dg(x) < / |u‘8]\£(k) do(:fc)<72 / [u(z)|do(z).

Ovg
aB.(0) aB.(0) aB.(0)

This last integral can be estimated by means of the spherical coordinates
x1 =rsinpcost, x9=rsinpsinh, x3=r1Ccosy,

where ¢ € [1/2, 7], since B(0) is a hemisphere in R3 | and 6 € [0, 27), indeed

T 27
C .
2 / |lu|do(x) =C / /|u(r,0,<p)|smgad0dgp
dBb(0) x/2 0
< C sup ‘u<r7 97 (p)l o 07
0e[0,2m)
pE[m/2,7]

as r — 400, since u = o(1). Similarly

/ < / |N(k)|’§7u
Vg

B (0 dBY(0) OBY

a

Ju
vy

(z) do(x) do(x).

do () gg / | Ou

v

N(k) (ma y) !
)

Again, passing through spherical coordinates, we get

C / ou ou
3.16 — do(x) < C su r’— r, 0, ’ — 0,
(3.16) » | lale@<c sw deee
9Bt (0) p€Elr/2,m]

as r — +oo, since |Vu| = o(r—1).
The integral I gives the value of the function w in y as € goes to zero. Indeed, we

have
ou
< N(k)‘
[N

0B. (y)

N (z,y)- 2
Ve

(x) do(x)

do(x)

9B. (y)

[ e+ 1RO dota) = O,
9B.(y)

ou
< o 2
x€IB:(y) a’/m

since the second integral has a continuous kernel. On the other hand

(k)
- [ ey u@) dote)
9Bc(y) ’
(k) (k)
——uw) [ @@+ [ ) -u@)] (@) doe).
oB.tw) 05+ (1) i
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The latter integral tends to zero when € goes to zero because

(k)
uly) -~ u@)] - 5 —(2.y) do(a)

9B (y)

ON )
Ovg

do(x)

x€IB:(y)

< swfuly) - u@)| [
(v)
and this last integral is bounded when € goes to zero. Let finally observe that

(k)
—u(y) / N (2. y) do(z)

Ovg
8B (y)
a(r® + R®
617 =-uw)- [ TR Dy do(a)
635(9)
8I‘(k) 5R(k)
= —u(y) - 50 (x —y)do(z) —u(y) - L/ 45;—ﬁmy)mﬂw%
OB (y) OB (y)

where the latter integral tends to zero as € — 0, since R represents the regular part
of the Neumann function. To deal with the first integral, we preliminarily observe that
direct differentiation gives

or® , o 1 o 1
(3.18) ( o0 >h(:c—y) = _C”{nk(m)axh|x—y| _nh(w)aixki\m—m

3 Olxz—y|dlz—1y| 0 1
(1-2v) Oy ozp, | On(z) |z —y| [’
where ¢}, := (1—2v)/(87(1—v)). We substitute this expression into the integral (3.17)
and we take into account that

Tn — Yn 0 1 LT — Yk

nh(x): s o = - s
|z —y| Oz |z —y| |z —y[3

/ nh(w) 0 1 d (w) — / (mh - yh)(xk - yk) dO’(Q))

———do
Oz, |z — y |z — yl*
9B (y) 9B (y)

+ [5hk +

hence

To compute this last integral we use spherical coordinates, that is,
r1 —y1 =esinpcosh, x9—ys =cesinpsing, x3—y3=ccosy,

where ¢ € [0, 7] and 6 € [0, 27). From a simple calculation it follows

- - 0 ifh #k
(3.19) - (zn yh)(xk4 ) do(x) = ifh #
|z -y —4r ifh=F.
9B:(y)
Therefore, from (3.18) and (3.19), we have
0 1 3} 1
2 i — N —
p20) [ (mle)ye - me)y ) dofe) =0,

9B (y)
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for any h and k. Hence, (3.17) becomes

(k) 3
) [ ey de@) = Y w(w)
» h=1

9B.(y)

3 Ox—y|ldxz—y|\ 0O 1
/ [(5% * (1-2v) Oz Oxp, ong |z —y do(@) + O(e).

0B. (y)

Employing again the spherical coordinates and the definition of ¢, we find that
1-2v

B T th=k
(3.21) % / (5hkai|m1 do(xz) ={ 2(1-v)
T L — T - 1
o5 Yy 0 ifh # k.
Similarly
3 Oz —y| Oz —y|\ O 1
22) ——
(3:22) 8m(1—v) / ( Oy, Ozn ) Ong @ —y| do(e)
0B:(y) 1 i£h k
_Jl 2y "7
0 ith # k.

Putting together all the results in (3.21) and (3.22), we find that

hm(—u@» / mwmm—dem)z—w@)

e—0 aljm
9Bc(y)

Using the definition of single and double layer potentials (3.7), (3.13) and splitting N
as I' + R, Formula (3.14) holds. O

From the behaviour of the Neumann function given in (3.12) and the representation
formula in (3.14), we immediately get

Cororrary 3.4. — If w is a solution to (3.1), then
(3.23) u(y) =O0(ly|™") as |y| — oo

3.4. WeLL-rosEDNEsS. — The well-posedness of the boundary value problem (3.1)
reduces to show the invertibility of

(3.24) i1+ K+D"®: L*(0C) — L*(9C).

In particular, in order to prove the injectivity of the operator (3.24) we show the
uniqueness of u following the classical approach based on the application of the Betti’s
formula (3.2) and the energy method, see [21, 27]. From the injectivity, it follows the
existence of w proving the surjectivity of (3.24) which is obtained by the application
of the index theory regarding bounded and linear operators.

First of all, let us recall the closed range theorem due to Banach (see [25, 41]).
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Turorem 3.5. Let X and Y be Banach spaces, and T a bounded linear operator
defined in X into Y. Then the following propositions are all equivalent:

a. Im(T) is closed inY; b. Im(T™*) is closed in X*;

c. Im(T) = (Ker(T*))*; d. Im(T*) = (Ker(T))" .

Through this theorem we can prove

Lemma 3.6. The operator 11+ K : L*(0C) — L*(dC) is invertible with bounded

inverse.

Proof. — The assertion of this lemma is based on the invertibility of the operator
11+ K* studied in [15]; it is known that
i1+ K*: L*(9C) — L*(9C)
is a bounded linear operator, injective and with dense and closed range. Therefore,
from Theorem 3.5 we have
Ker (A14+K)={0}, Im((I+K)" ={0}

and Im(1/2I + K) is closed. Then, it follows that the operator 31+ K : L*(0C) —
L?(dC) is bijective and the assertion follows exploiting the bounded inverse theorem.
O

Since D has a continuous kernel we prove its compactness adapting the arguments
contained in [26].

Levva 3.7. — The operator DT : L*(0C) — L*(dC) is compact.

Proof. — For the sake of simplicity, we call
OR

H(.’B,y) = 87(m7y)a T,y < oC

and we denote by H(k)7 k =1,2,3, the column vectors of the matrix H.
Let S be a bounded set such that § ¢ L*(dC), that is, lellL2oc) < K, for any
@ € S. Then, applying Cauchy-Schwarz inequality

R 2 (k). 2 2 (k)
(D™ eW))kl” < IH™ ()20 120509 <K\80|wglggc|H ls

with k = 1,2,3, for all y € dC and ¢ € S. Hence |D® ()| < K’, with K’ > 0, which
implies that D*(S) is bounded. Moreover, for all € > 0 there exist ¢, ¢’ € S and
§ > 0 such that if [ (y) — ¢ (y)[| L2(ac) < 0 then, applying again the Cauchy-Schwarz
inequality
D" (o - ¢')(y)| <.

Thus D#(S) c C(9C), where C(9C) indicates the space of continuous function
on OC. Since each component of the matrix H is uniformly continuous on the compact
set OC x 0C, for every € > 0 there exists § > 0 such that

H® (2 2) - H® (2, gig )
O ) - HY )| < s
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for all ¢, y,z € 9C with | — y| < J. Since
[(Dp)i(z) — (DT)i(y)| </|H(k)(z7w) — H® (z,y)||¢(2)|do(2)

<IHY (@) = HOC )l o [eloo <
for k =1,2,3, hence
(D p)(z) — (D p)(y)| <,
for all ¢,y € OC and ¢ € S, that is, D*(S) is equicontinuous. The assertion follows
from Ascoli-Arzela Theorem and noticing that C(9C) is dense in L?*(9C). O

We now prove

Tueorem 3.8 (uniqueness). — The boundary value problem (3.1) admits a unique
solution.

Proof. — Let u! and u? be solutions to (3.1). Then the difference v := u! —u? solves
the homogeneous version of (3.1), that is,

(3.25) div(CVv) =0 inR® \ C

with homogeneous boundary conditions

(3.26) Z—Z =0 ondC, Z—Z =0 onR?

v=0(z|™") Vv=o(z|™") |z]— oo,

where we make use of the decay condition at infinity comes from Corollary 3.4. Ap-
plying Betti’s formula (3.2) to v in Q, = (R N B,(0)) \ C, we find

[v Saote /vi

o0,

where @ is the quadratic form Q(v,v) = A(div v)? + 2,u|Vv|2. From the behaviour
of v and the boundary conditions (3.26), we estimate the previous integral defined
on the surface of ,.; contributions over the surface of the cavity and the intersection
of the hemisphere with the half-space are null by means of (3.26), whereas on the

spherical cap

ov C ov
/ v S do(e)| < / |'v|‘ | do () ?/ 20| do(a)
dBb(0) 0B%(0)

9B2(0)

As already done in (3.16) to obtain the representation formula, this integral can be
evaluated by spherical coordinates; in particular, it tends to zero when r — 4oo0.
Therefore

/ {)\(div v)? + 2u\§v|2} dz = 0.
R2 \C
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Since the quadratic form is positive definite for the parameters range 3A+2u > 0 and
i1 > 0, we have that

(3.27) Vo=0 and dive=0 in R® < C.

It follows that the rigid displacements v = a + Az, with a € R? and A belonging
to the space of the anti-symmetric matrices (see [4, 12]), could be the only nonzero
solutions which satisfy (3.25), the boundary conditions in (3.26) and (3.27). However,
in this case they are excluded thanks to the behaviour of the function v at infinity.
Hence, we obtain that v = 0, that is, u' = u? in R3 ~ C. O

The uniqueness result for problem (3.1) ensures the injectivity of the operator
(3.24). In order to prove the surjectivity of the operator (3.24) we recall, for the
reader’s convenience, the definition of the index of an operator (see [1, 25]).

Derinimion 3.1, — Given a bounded operator T': X — Y between two Banach spaces,
the index of the operator T is the extended real number defined as

i(T) = dim(Ker(T)) — dim(Y/ Im(T)),

where dim(Ker(T')) is called the nullity and dim(Y/Im(T)) the defect of T. In par-
ticular, when the nullity and the defect are both finite the operator T is said to be
Fredholm.

We recall also an important theorem regarding the index of a bounded linear op-
erator perturbed with a compact operator (see [1]).

Turorem 3.9. Let T : X — Y be a Fredholm bounded linear operator and
K : X =Y a compact operator between two Banach spaces. Then T + K is Fredholm
with index i(T + K) = i(T).

Now all the ingredients are supplied in order to prove the surjectivity of the oper-
ator.

Tueorem 3.10. The operator %I + K + D" is onto in L*(90).

Proof. — From Lemma 3.6 we have that the operator 11+ K : L*(0C) — L*(90) is
Fredholm with index @ (%I + K) = 0, because both the nullity and the defect of this
operator are null. Moreover, since the operator D is compact from Lemma 3.7, it
follows by means of Theorem 3.9 that

i(3I+K+D") =0.
Hence
dim (Ker (2I+ K + D#)) = dim (L*(9C)/Im (31 + K + DF)) .
Since the operator I+ K+ D is injective it shows that dim(Ker(2I+K+D?%)) =0

Finally, dim(L?(9C)/Im (31 + K + D%)) = 0, that is, Im (I + K + D) = L*(90).
]

Summing up, it follows:
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Cororrary 3.11. There exists a unique solution to (3.1).

Proof. Uniqueness follows from Theorem 3.8 and the existence from Theorem 3.10.
O

4. RIGOROUS DERIVATION OF THE ASYMPTOTIC EXPANSION

In this section, with the integral representation formula (3.14) at hand, we consider
the hypothesis that the cavity C' is small compared to the distance from the boundary
of the half-space. The aim is to derive an asymptotic expansion of the solution w.

In particular, let us take the cavity, that from now on we denote by C. to highlight
the dependence on ¢, as

C.=z+¢f?,
where (2 is a bounded Lipschitz domain containing the origin. At the same time, we

write the solution of the boundary value problem (3.1) as u.. From (3.14), recalling
that N =T + R, we have

(k)
i) =p [ NOy) n(@)do@) ~ [ 20— (@y)- f(e) do(a)
(4.1) oC ac.
=1+ L), yeR,

for kK =1,2,3, where ulg indicates the k-th component of the displacement vector and
f = f. is the solution of (3.15), that is,

(4.2) (31+ K. +Df) f(x) = p (S (n)(x) + 8 (n)(z)), x€aC:,

where we add the dependence on ¢ to all the layer potentials to distinguish them,
in the sequel, from the layer potential defined over a domain independent of . In
what follows, with I we indicate the fourth-order symmetric tensor such that IA = A
and for any fixed value of € > 0, given h : 9C. — R3, we introduce the function
h: 9002 — R3 defined by

h(¢) :=h(z+¢¢), ¢con.

Moreover, we consider the functions 87", for ¢,r = 1,2, 3, solutions to

A~ qr
(4.3) div(CVO?) =0 inR3~ 0, 8;} =3 i Zucn on 042,
with the decay conditions at infinity
(4.4) 07 =O(lz|™"),  |VOT|=0(z|?), as|z| — oo,

where the condition 907" /v has to be read as

gr
(aaiul - _ﬁcijqrnj-

We now state our main result.
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Turorem 4.1 (asymptotic expansion). There exists €9 > 0 such that for all € €
(0,£0) the following expansion holds at any y € R?:
(4.5) uF(y) =3 QpV.NF (z,y) : MI + O(e?),

€

for k = 1,2,3, where O(c*) denotes a quantity bounded by Ce* for some uniform
constant C' > 0, and M is the fourth-order elastic moment tensor defined by

! ar n o
(4.6) M']”Iﬂlaé (6" (¢) ® n(C)) do (),

where 097 for q,r = 1,2,3, solve the problem in (4.3) and (4.4).

Before proving the theorem on the asymptotic expansion of u., we need to present
some results.

Lemma 4.2. — The integral equation (4.2), when © = z + ¢, with { € 012, is such
that

(4.7) (3I1+ K +2A0.) F(¢) = epST(n)(C) + O(<?),

where

Moo Fn) = [ Goise+en.z +20Fn) dotn)
o1

s uniformly bounded in €. Moreover, when ¢ is sufficiently small, we have
= -1
F(QO =ep(31+K) S"(n)(Q) +0(*), (<o

Proof. — At the point z + e, where ¢ € 942, we obtain

DIfa+20) = [ Gtz +Of®dolt

=

OR ~
- 628 é ot 2+ ez + Q)T do )

Therefore, recalling that the kernel OR/0v(n) is continuous, we get
(4.8) Dff =c*Aq.

where [[Ap.|| < €, with C’ independent of e. For the integral
Kf(z+20) =pov. [ os(t=2 =) f ) do(t)
f(z+eC)=pv. 0 z—¢ o
aC.

we use the explicit expression of the conormal derivative of the fundamental solution
of the Lamé operator given in (3.18). In particular, since (3.18) is a homogeneous
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function of degree —2, with the substitution ¢ = z + en, we find

(%) et

__ 1 {{12’/5 b9 nkanhCh} 9 1
a2 | 200 =) ™ 20— v) [n—¢[ In— <[] dn(n) [n — <]
1-2v Uk—Ck N 1-2v nh_Ch
™MWy cp 2(1—u>”’“(")n—<|3}

1 /or®
:52< 81/ )h(n_C>7

for h, k = 1,2, 3. Therefore, we immediately obtain that

49 Kflzteq) = pv. [ G = OF ) dom) = KF(C)
o8

Evaluating the other integrals in (4.2) we obtain

SI(n)(z+2¢) = [ Dlt = - t) dot)
oC-.
hence, choosing t = z 4+ en, with n € 912, we find

(@10)  SHm)(z+2¢) =< [ Dleln - ) doln) = =8 (n)().

o0
where the last equality follows noticing that the fundamental solution is homogeneous
of degree —1. In a similar way

S(m)(x +20) = [ Rit,z+ eQ)n(®)doe),
aC.
hence, taking again t = z + en, we find

()= +20) = [ Rz +emz + Qi) do(n)
o0
and since R is regular it follows that

(4.11) SE(n)(z +¢¢) = O(e?).

Relation (4.7) follows putting together the result in (4.8), (4.9), (4.10) and (4.11).
To conclude, from (4.7) we have

(A1+K) (I+52 (A1+K)™!

AE,Q) .? = epSt(n) + O(?) on ON.
From Lemma 3.6 and the continuous property of A, o described before, we have
|Grex) A <c.

where C' > 0 is independent of e. On the other hand, choosing €2 = 1/2C, it follows
that, for all € € (0,¢9),
T+ (A4+K) A
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is invertible and

(1+22 31+ K) " Ac)  =T+0(?),
Therefore
f=cp (3I+ K)_1 S(n) + O(?) on 092,

that is, the assertion. O

For ease of reading, we define the function w : 92 — 912 as

(4.12) w(¢) = — (LI+K) 7' ST(n)(¢), ¢eon.
Taking the problem
N ov
. o . 3 ov _ _
(4.13) div ((CVU) =0 nR° 0, B n  ondf?
with decay conditions at infinity
(4.14) v=0(z|™), |Vo| = O(|z|72) as |x| — +oo,

we show that w(x), for & € 912, is the trace of v on the boundary of {2. The well-
posedness of this problem is a classical result in the theory of linear elasticity so we
remind the reader, for example, to [21, 23, 27].

Prorosirion 4.3. — The function w, defined in (4.12), is such that w = 'v|
where v is the solution to (4.13) and (4.14).

x€d N’

Proof. — Applying the second Betti formula to the fundamental solution I" and the
function v into the domain B,(0) \ (2U B.(x)), with € > 0 and r > 0 sufficiently
large so that the domain contains the cavity {2, we obtain, as done in a similar way
in the proof of the Theorem 3.3,

v(z) = —S'n(z) - D'v(z), zcR3 - 1.

Therefore, from the single and double layer potential properties for the elastostatic
equations, we find

v(z)=-S"n(z) - (-3I+K)v(z), €,

hence
v(@) = — A1+ K) 'S (n)(x), e

that is, the assertion. O

We note that the function v, as well as its trace w on 92, can be written in terms
of the functions 89". Indeed, taking

v=0"4,, qr=123,
and using (4.3) and (4.4), it is straightforward to see that the elastostatic equation

and the boundary condition in (4.13) are satisfied.
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Proofof Theorem 4.1. — We study separately the two integrals Ifk),fék) defined in
(4.1). Since y € R? and = € 9C. = z + ¢, with ¢ € 92, we consider the Taylor
expansion for the Neumann function, that is,

(4.15) N®(z 4 e¢,y) = N®(z,y) + cVNB (z,9)¢ + O(?),

for k = 1,2,3. By the change of variable £ = z + £¢ and substituting (4.15) in Il(k)7
we find

1® = 2pN®) (2, y) / n(¢)do(¢) + %p / n(¢)- VN® (z,9)¢ do(¢) + O
a0 a8

=p (sZIflf) + 6311(15)) +O0(eh).
The integral Il(lf) is null, in fact, applying the divergence theorem
[ n¢yasto) =0
o0
For the integral Ig), we use the equality n- VN®¢ = VN® . (n(¢) ®¢), therefore
(4.16) 1) = BpvN® (2, y) - /(n(C) ®¢)do(¢) +0(eh), k=1,2,3.
a0

For the term IQ(k) we use the result in Lemma 4.2 and the Taylor expansion of the
conormal derivative of N*)(z,y), for k = 1,2, 3. In particular, for = z + £¢, when
¢ € 02 and y € R?, we consider only the first term of the asymptotic expansion,
that is,

ON® aN®
aTaz)(‘”’y) - W(Zay) +0(e), k=123
Therefore
ON®) .
Iék) = _g2 81/(3}) (z + €C7y) . f(c) dU(C)
on
_ .3 ON®) ; ot
o pan v (C) (z,y) - w(¢) do(C) + O(e7),

for any k, where w is defined in (4.12). Since IN®) /9u(¢) = CYN®n(¢), we have
CYN®n(¢) - w(¢) = CYN® : (w(¢) @ n(C)).
Therefore

(4.17) IP(y) = S pCIND (2, y) / (w(¢) ® n(¢)) do(€) + O(Y).
o
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Collecting the result in (4.16) and (4.17), Equation (4.1) becomes
k k
ut(y) = 11" (w) + B (w)

=&p {VN(’“)(A y) : /(n ®¢)do(¢) + CVNW (2 y) : /(w ®n) da(()} +0(eh).
o0
Now, handling this expression, we highlight the moment elastic tensor. We have

(4.18) | m@yo¢) dot) = |21
o0
indeed, for any 4,7 = 1,2, 3, it follows
/89 CZ le dO'(C) = /&Q'I’L . Q;ej dO’(C) = /lev (Czej)dc = /er' - € dc = ‘Q|57],

where e; is the j-th unit vector of R3. Hence, by (4.18) and taking the symmetric
part of VN(k), for any k, we find

uf =e3p {ﬁNW 1|02+ CYN® / w® nda(g)] +0(eh).
o

Using the symmetries of C, we have

uf = 3|RpVN® [I + ﬁ /(C(w ®n) da(C)] +0(eh,
o

for k = 1,2, 3. Now, taking into account that I = IT and using the equality w = 87§,

with ¢,7 = 1,2, 3, we have the assertion. O
Tue Moci mopeL. — In this subsection, starting from the asymptotic expansion (4.5),
that is,

ub(y) = 32 pV.NW(z,y) : ML+ O(e?), k=1,2,3,
where M is the tensor given in (4.6), we recover the Mogi model, presented within

the Section 2, related to a spherical cavity. We first recall that
1 1
a0 on

where, in the last equality, we use the link between the functions w and 87", that is,
w = 076, ¢,r = 1,2,3. Therefore, to get the Mogi’s formula, we first find the
explicit expression of w when the cavity (2 is the unit sphere and then we calculate
the gradient of the Neumann function N.

We recall that w is the trace on the boundary of the cavity of the solution to the
external problem
ov
v
where B1(0) = {x € R3 : |x| < 1} with decay at infinity

div(CVwv) =0 in R? < By(0), =-—n ondBy(0),

v=0(z|™"), |Vv| = O(|z|™%) as |x| — +o0.
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We look for a solution of the form
v(x) =o¢(r)x with r := |z,
so that

4¢'

Avi:{qﬁ”—&—T}xi, div v = ¢ + 36, Vdivv:{¢”+47¢y}w.

By direct substitution, since n = & on 9B, we get

aiv(CVo) = (4 20) (¢ + D)
% = {(A+20)r¢ + (3X + 2u)0 )

Thus, we need to find a function ¢ : [1,+00) — R such that

4 /
"+ %ﬁ =0, (A+2u)r¢' +(BA+2u)9|,_, =1,

The condition at infinity implies that B = 0 and A = 1/4pu. Therefore, the solution
is v(xz) = x/4p|z|?, which implies that

¢|r:+oo =0.

w(x) = v(m)’\ml:l = i
With the function w at hand, we have that
1 _ 3 CEed)
e [ Cw@en@)inO =1+ = [ =etan),
9B1(0) 9B1(0)

Through the use of spherical coordinates and orthogonality relations for the circular
functions, it holds

(®C¢ 4w
—=do(¢) = — 1,
i O3
8B1(0)
hence the second-order tensor MI is given by
MI — 3(A+2p) I
4p
It implies
A+ 2 -
(119) ()= T2 G NG () + O, k=1,2,3.

For the Neumann’s function N (see the appendix for its explicit expression), we are
interested only in the trace of V,N(z,y) computed at y3 = 0.
Evaluating N = N(z,y) at y3 = 0, we get

5;1Nao¢ = _f - (za - ya)2f3 - (1 - 2”)9 + (1 - 2V)(za - ya)2f92
Fo ' Noa = (2 — Ya) (28 —yp){—f> + (1 = 2v) fg}
H/:lNBoc = (za - ya){_z3f3 + (1 - QV)fg}
K;1Na3 = (Za - ya){_z3f3 - (1 - QV)fg}
Ky 'Nag = =2(1—v)f — 23 f°
where o, 8 = 1,2 and k,, = 1/(4mp), with f =1/|z —y| and g = 1/{|z — y| — 23}.
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Let p? := (21 — y1)? + (22 — y2)?. Using the identities
PfP=1-2f (Q-zflg=f
and the differentiation formulas
Oz f = (20 = ya) [?, Oz f = =231,
0209 = —(2a —¥a)f9, 92,9 = fg.
02.(f9) = —(2a —ya)(f +9) P9, 0x(f9) = f°,
we deduce the following formulas for some of the derivatives of n;lNij
Ky 0zo Noa = (20 = ya){— > + 3(2a — ya)* f°
+(1=20)[3f = (20 — 9a)*f2(f + 29)] 6%}
’i;lgzﬂNBa = (2a — ya){*fs +3(zp — yﬂ)2f5
+ (1= 22)[f = (25 —yp)"S*(f +29)] 97}
n;18z3N3(1 = (2q — yoé){le/f‘3 + 3z§f5}
Ky 0z, Nas = =23 4+ 3(2a — Ya)?23f° + (1= 20) [ 1+ (2a — ¥a)*(f + 9)f] f9
n;13z3N33 = 2wz f3 + 32§’f5.
As a consequence, we obtain
Tr(@N(a)) =2k,(1 = 20) (20 — Yo ) [, fora=1,2
(4.20) Tr(@N(‘?)) =2k, (1 — 2v)23 2.
Combining (4.19), (4.20) and using the explicit expression for f, we find
1—ve®p(za — Ya)
T n z-yP

1-v &
S szrs +O(Y,
polz =yl
that are the components given in (2.1).

+0(e), fora=1,2

JAPPEI\I)IX. l\ELMAI\N FUNCTION FOR THE HALF-SPACE WITH ZERO TRACTION

For the reader’s convenience, we provide here the complete derivation of the explicit
formula for the Neumann function N of the problem

Lv:=div(CVv) =b inR®,  (CVv)e3 =0 in R

as stated in Theorem 3.1. By definition, N is the kernel of the integral operator which
associates to the forcing term b the solution v to the boundary value problem, viz.

v(w) = » N(z,y)b(y) dy.
The explicit expression for the Neumann function has been determined by Mindlin

in [31, 32] using different approaches. Here, we follow the second one which is based
on the Papkovich—Neuber representation of the displacement v and potential theory.
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There exist other mathematical approaches to obtain the Neumann function. See for
example [38] for an application of a Fourier method.
Let us introduce the functions
1 ¢0 (33) 1
¢o(x) ;== — and Yg(x):= = ,
o(@) ] o(@) 1—x3¢0(x)  |z| — o3

observing that, apart from 9;¢g = —x;¢3, i = 1,2, 3, the following identities hold true
for a =1, 2,

b0 — Yo = —x300 %0, Oatho = —Tado V3, 0310 = ¢oto, 5(Pot0) = dp.

We denote by ¢ and (E the values ¢o(x + e3) and ¢o(x — es), respectively, with
analogous notation for g, that is, 1 and v are the values g (x + e3) and g (x — e3)
respectively.

Prorosition A.1. — Let I be the identity matriz and § the Dirac delta concentrated
at —es. Then, the matriz-valued function N' = N (x) solution to

Lv = div((C@v) =01 inR?, ((C@v)eg =0 inR?
s given by

Naa=—Cl {3 = 4)p + 22¢° + ¢+ [(3 — dv)a2 — 2a3)¢°
+ Gxixg(F +cy (1; — xif;%?)}
./\/‘ag=—C’H,l,ﬂcaazg\/3{q53 +(3— 41/)53 + 6250° — CV&P}

(A1) Nio=—Cppaaf{(zs+1)¢> + (3 — 4v)(xs + 1)¢° + 613(x3 — 1)9° — cuM}
Naz==Chpa{(xs+ 1)¢* + (3 — dv) (23 + 1)¢° — 6x3(x3 — 1)6° + cuN},
Naz=—Cl, {3 —4)p + (x5 + 1)%¢* + (1 + ¢,)d

+ (38— ) (w5 — 1)* + 223]¢° — 6325 — 1)%6°},

where Cp,, =1/{16mp(l —v)}, ¢, =41 —-v)(1 —2v) and a =1, 2.

To establish (A.1), we observe that the columns N} of N are determined by

solving the equation Lv = e;d for i = 1,2,3 and using the Papkovich-Neuber repre-
sentation

A2 Co{4l=v)h—V(z-h ith W res
( ) v = /,A,,V{( _V) - (33 +ﬁ)} wit AB = 47d;30.

where 0;; is the Kronecker symbol. The coupling between h and 3 is determined by
the boundary conditions on the plane {3 = 0}, which are

(1 —20)(03hg + Ouhs) — - 023h — 02,8 =0, (a=1,2),

a8 o
2v div h +2(1 — 2v) Oshg — @ - 053 — 0338 = 0,

for z3 = 0.

Given y := (y1, 92, y3), let y be the reflexed point. Set
Gz, y) == —¢o(x —y) + ¢o(x — ).
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Denoting by (f, g) the action of the distribution f on the function g, we determine h
and [ taking advantage of the relation (which is deduced from the second Green
identity)

(A.4) F(x) = = (AF,G(=,)),

™

applied to different choices of F'.

Proof of Proposition A.1.. — To determine N, we consider separately the case of hor-
izontal and vertical forcing. By symmetry, 1 and x4 can be interchanged.

Horizontal force: Lv = e16. — We choose hy = 0, so that boundary conditions be-

come
(1 — 2V)(83h1 + (91]13) - .%'18123]7,1 - 8f3ﬂ = 0,

(1 — 2V)62h3 — 1‘1(933]11 — 8335 = O, for r3 = 0.
2v 61]11 + 2(1 - V) 83h3 - $16§3h1 - 8§36 = 07

Differentiating the first equation with respect to =, the second with respect to xs
and taking the difference, we obtain

0= (1 —2v)033hy + 025hy = 2(1 — v)d2;hy  for x3 =0,

which suggests, after integration with respect to xs, the choice F' := 03hy. Applying
(A4),

d3hy = —8,,G)| = —3(p+¢) for z3 <0,

Yy=—es3

and thus hy = —(¢ + ¢).

Being 03hq null for z3 = 0, integration of the second boundary condition encourages
the choice F := (1 — 2v)hs — 038 which is zero for z3 = 0. Hence, since AF = 0, we
deduce

(A.5) (1 —-2v)hg — 038 =0 for zg <O0.
Concerning the third boundary condition, we observe that
nhhi=m1(¢* + %3) =221¢° =~—231<Z ) ) .  for a0,
11053h1 =21(¢” + ¢° — 3¢° — 3¢°) =221(¢” — 3¢°) =—2(1¢ — 730)

since ¢ and 25 coincide when z3 = 0. Substituting in the third boundary condition,
we obtain

F:=2(1 — v)0shs — 038 + 2(1 — 20)81¢ — 20%¢ =0 for 3 = 0.
Since AF = 0, we infer
2(1 — v)dshg — 02,8 + 2(1 — 20)1d — 20%¢ = 0 for x5 < 0,
and thus, being 9, ¢ = —21¢3 = 7(’93(9515{/;),
2(1 — v)hs — 938 = —2210° + 2(1 — W)z, 09 for a3 < 0.
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Coupling with (A.5), we deduce
hs = —2210° 4+ 2(1 — 20)x1 0
~ _ . forx3 <O.

038 = —2(1 — 2v)210° + 2(1 — 2v) %199
Recalling that 5‘3 = 83(5{/;) and 5{/; = 831;, by integration,

B=—-201-20)z100 +2(1 — 20)%z1¢) for 3 < 0.
Using the identity (z3 — 1)(75{/; = zﬂ/; — qNS, we infer

133h3 + ﬂ = 1’1{72(1 — 21/)57 21‘353 + Cy{/}v}.

Substituting in (A.2), we get the expressions for Aj; given in (A.1).

Vertical force: Lv = e3d. Choosing hy = hy = 0, conditions (A.3) become

(1 —20)0uh3 —02,8=0 (a=1,2),
) for z3 = 0.
2(1 — V)aghg, — (933ﬁ =0

Integrating the first relation with respect to z,, we obtain

(1 - 21/)]13 - 835 =0
5 for z3 = 0.
2(1 - l/)aghg - 833ﬁ =0
Since Ahs = AS = ¢, identity (A.4) with F := (1 — 2v)hsg — 033 gives
n6) (1—2v)hg — 038 = {(1-2v)G + aySG}|y}e
.6 ~ ? -
=1 =20)(—¢p+ ¢) — (x3+ 1)¢> — (x5 — 1)¢> for x5 < 0.
Applying (A.4) to F := 2(1 — v)d3hz — 9333, we deduce

2(1 — v)dshs — 0338 = {—2(1 — )9, G — 8§3y3G}|y:_es

— 03{—2(1 =) (p+ ) + s(6— §)} for x5 < 0.
Integrating with respect to x3, we infer
2(1 — v)hg — 938 = —2(1 — 1) (¢ + &) — (z3 + 1)¢* + (x5 — 1)¢° for 23 < 0.
Coupling with (A.6), we get explicit expressions for hg and 950, namely
hs = —¢ = (3~ 4v)¢ +2(3 — 1)6°
{ 03B = (w5 + 1)¢* — v + (3 — ) (w5 — 1)¢°
Differentiation of d58 with respect to =, gives
03,8 = —3za(zs + 1)¢° + c,7ad® — 3(3 — A)za (23 — 1)4°
= 03{za¢” + Cvtad )+ (3 — 41/)xa$3}

for 3 < 0.

and thus
OB = xa{d)3 + c,,ggzZ—i- (3-— 4V)$3} for 3 < 0.
Recalling identity (A.2), we deduce the corresponding expressions for N3 in (A.1). O
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The fundamental solution N = N(«, y) in the half-space {z3 < 0} is such that its
columns v, vy and vs solve Lv; = dye; where 6, is the Dirac delta concentrated at
Yy = (y1,y2,y3) with y3 < 0. Thus, the Neumann function N is given by

1 _ _
(A.7) N(m y) N <$1 y17 T2 il/27 T3 )
|ys| |y |y ys]

as a result of the homogeneity of § and the second order degree of L.
Recalling the definitions of ¢, (b 1/1 and computing at (x1 — y1, 22 — ya2, x3)/|ys|, we
obtain the identities

= 5 = —_—— = =7, g = —_—— = — .
ys |z —yl ys |z —y ys  |le—yl—23—ys

where ¥y = (y1, Y2, —y3). Hence, the components of C’;},N are given by
CivNoa = =3 = 4)f — (wa —ya)*S* = [ = (3 — 4)(2a — o)’ f* — .7
+ e (Ta — Ya) T — 223y [ + 6(za — ya) 23ys

CrovNag = (2a = ya) (x5 — ys) {—f3 ~ (=) f* + ¢, f§ + 6zays f°}
CrivNsa = (0 — ya){—(z3 — y3) f —(3—4v)(z3 —y3) P+ e fg

+ 6z3y3(23 + y3)f5}
CrobNas = (2o = ya){ (23 = ya)* = (3 = W) (w3 — ya)* — e, ]

— 6asys(zs + ys)fS}
CrtNsg = —(3 = 4v)f — (w3 —y3)*f* — (14 ¢,) f — (3 — 4v)(ws + y3)*f*

+ 2233 f* — 6wsys (23 + ys) 2.

Recollecting the expression for fundamental solution I' in the whole space and using
the relation f g—(x3+ yg)fg, the above formulas can be rewritten as N =I' + R,
where I' is computed at © — y and the component R;; of R are given by

Raa = Cu{=(f +c0§) = 3 =4I f* + conia f3° = 23 (F* = 302./°) }
Rga = Cupnans{—(3 — AN+ e, f3? + 6x3y3f5}
Rao = Cpunia{—(3 — 40) (113 — 2y3) > + ¢, [§ + 6x3ysns [° )}
Ras = Cﬂ,uﬁa{*(?’ —4v)(ns — 2y3) f* — e, G — 6933.@3773?5}
Rgs = Cu,u{_(f‘*‘ ) — (3 — W3 > + cums fg + 2w3ys (J?3 - 3n§f5)}7
where 1, = o — Yo for @« = 1,2 and n3 = x3 + y3, which can be recombined as
Rij = Cpu{—(f+c§)di;— (3—4v)nim; F*+2(3—4v)ys[0si (1~ 835)m; + 035 (1~ s )] £
+ ¢ [8i3m; — 03, (1 — 03:)m5] Fg+ e, (1= 03;)(1 = 635)mim; f 32
— 2(1 — 283;)23y3 (6:;.f° — 3min; £°) }

JEP M., 2017, lome /4



fori,j = 1,2, 3. Since x3 = 13 —ys3, we obtain the decomposition R;; := RiljJerjJrR
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3
©5

where

RY = Cu{—(F +c9)di; — 3 — dv)nim; f°

+ ¢y [3im; — 035 (1 — 531‘)ﬂz‘]f§+ cu(1 —d35)(1 — 53¢)Tlmjf?fz}

+3(1 - 253j)77i77j773f5}

R, =20, (1 — 203;)y3{0: f* — 3nim; £}

The proof of Theorem 3.1 is complete.
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