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SOLUTIONS TO THE COLD PLASMA MODEL
AT RESONANCES

BY Bruno Deseris, Lise-MArie IMBERT- GERARD

& OLIviEr LAFITTE

Asstract. — Little is known on the mathematical theory of hybrid and cyclotron solutions of
Maxwell’s equations with the cold plasma dielectric tensor. These equations arise in magnetized
plasmas to model an electromagnetic wave in a Tokamak. The solutions can behave extremely
differently from those in vacuum. This work contributes to the local theory of the hybrid
resonance by means of an original representation formula based on special functions, a certain
eikonal equation and with a careful treatment of the singularity.

Résumi (Solutions singuliéres résonantes pour un plasma). — La théorie mathématiques des
équations de Maxwell avec le tenseur du plasma froid en présence d’une résonance cyclotron ou
hybride est peu développée. Ces équations sont présentes pour modéliser la propagation d’une
onde électromagnétique dans un plasma magnétique tel que celui d’'un Tokamak et les solutions
peuvent étre tres différentes de la propagation dans le vide. Ce travail contribue principalement
a la théorie locale de la résonance hybride avec des formules originales de représentation a partir
de fonctions spéciales. Ces formules sont obtenues au moyen d’une équation eikonale et d’un
traitement spécifique de la singularité.
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1. INnTRODUCTION

The goal of this work is to identify singular solutions of the cold plasma model
at different resonances with an original mathematical method. Singular means here
that a function u satisfies |(z — z.)u(z)| = ¢ > 0 uniformly with respect to z in
a neighborhood of a point z.. In a more general sense, a singularity can also be
a Dirac mass or a principal value. The problem comes from electromagnetic waves
modeling in strongly magnetized plasmas and from the so-called resonant heating
phenomenon. We more specifically consider the one species cold plasma model which
represents a collection of zero-temperature electrons immersed in a uniform static
magnetic field. Resonances correspond to limits of this model, and will be studied
in this work thanks to a term representing friction of electrons on the background
ions. With respect to the recent work [9], which was based on certain singular integral
kernels and representations, the novelty of the present one lies in the use of a local
representation of the solutions in terms of Bessel functions, and the introduction of
a new stretching function satisfying an eikonal equation. Moreover, with this new
simpler technique we are able to prove that the resonant heating is independent of
the tensorial nature of the dissipation regularization term. However, a restriction of
this approach is the local character of the results. In particular it is not possible
to discuss boundary conditions at finite distance or at infinity with the techniques
developed below. The reader interested by this topic may refer to [9], see also a recent
alternative technique in [6].

In time harmonic regime and slab geometry in dimension two, for (z,y) € R?, there
is no resonance in the equation for the transverse magnetic polarization (also denoted
as O-mode equations in plasma physics), while the equations for the transverse electric
polarization (also denoted as X-mode) have two resonances. With the normalization
w?/c? = 1, the latter equations reduce to

(1.1) { - agzzEl + 3gyE2 —enkli —e12by =0,

8§yE1 — 8:%E2 — 521E1 - EQQEQ =0.
The bulk magnetic field By is oriented along the third axis, the electric field (Fy, Es)
is transverse to the bulk magnetic field and the third component of the electric field

is zero. The pulsation of the harmonic wave is w > 0. As described in [18, 19, 22, 9],
a first order expansion in the cold plasma model yields the following dielectric tensor

1 wf] ; wcwf,
12 | e ewr-w
) wcwz wg ’
—3 _
w (w? —w?) (W? —w?)

where the cyclotron frequency is defined by w. = e|Bg|/m. while the plasma frequency
is defined by w, = 1/€2N,/eome. Here e is the electron charge, m. is the electron mass
and g is the vacuum permittivity. The physical validity of this model is discussed in

[4][p. 166] for waves such that k) |vy, < |w—nw.| and [k v < we, where kj and k1
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SOLUTIONS TO THE COLD PLASMA MODEL AT RESONANCES 179

are the parallel and perpendicular components—with respect to the bulk magnetic
field Bo—of the wave vector, vy, is the electron thermal speed, and n is an integer.
Note that the model is not valid if the frequency w matches an integer multiple of
the cyclotron frequency. Assume that the magnetic field and the electronic density
depend on the horizontal variable z only: that is By = Bg(x) and N, = N.(z).
It corresponds to a wall facing a stratified plasma as depicted in Figure 1.1, as in
a Tokamak where an antenna sends an electromagnetic wave toward the plasma, in
order to probe or heat the plasma. The heating of a magnetized fusion plasma with

incident wave
& T~ —

reflected wave

Antenna

r=-L

Ficure 1.1. X-mode in slab geometry: the domain. In a real physi-
cal device an antenna on the wall sends an incident electromagnetic
wave toward the plasma. Here, for simplicity, the domain is the half
plane {(z,y) € R?, z > 0}. The medium is filled with a plasma with
dielectric tensor given by (1.2).

such devices is an important issue for the ITER project [12]. Idealized coefficients
representing the main features of the physical coefficients at the wall of a Tokamak
are described in Figure 1.2. More realistic plasma parameters may be much more
oscillating as illustrated in the numerical studies [16, 17].

Resonances correspond to a limit of the geometric optics, as the local wave number
approaches infinity. They require a careful examination since some of them are related
to singular behavior and absorption. The interested reader can refer to the physics
textbooks [18, 19] or to [22] for a historical paper on the topic. A recent reference
is [10]; it also provides a list of additional references. Singular solutions of wave equa-
tions appear in other applications, such as cloaking [21] and metamaterials [7, 2]. As
announced earlier, it is then natural to model the effect of collisions with a bath of
static ions by an additional friction term, since the energy is absorbed by the ions.
The validity of this modeling has been discussed in [3]. Describing the behavior of the
solutions as the friction parameter v > 0 approaches zero will evidence the singularity
of the solutions to the limit problem for v = 0. Indeed one obtains solutions which

JE.P.— M., 2017, tome 4
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N,

B,

ANANAANARN

—L

5
I

Iteure 1.2. Idealized parameters for the X-mode equations in slab
geometry. The electronic density z — N,(x) is low at the boundary,
and increases towards a plateau. The background magnetic field By
is here constant for simplicity.

may behave like

v
1

Q

ith r, 0.
e + v with r,c #

The singular solutions will be built by means of new explicit representation formulas,
allowing a careful extraction of the singularities. The singular behavior of the limit
solutions is strongly related to the structure of the dielectric tensor (1.2). This crucial
structure will be highlighted in Section 3.

The complex pulsation w, = w+iv shifts the exact pulsation in the upper half-plane

by the factor v > 0. With this shift, Equations (1.1)—(1.2) become
13 —0lEY + 02, E¥ — e | EY — e, Ef =0,
03,y — 02EY — 5 BY — e, B = 0.

with the regularized dielectric tensor

2 2
wyW, Wel
1- 2V - 2 i 2C - 2
(1 4) v OJ(UJV—UJC) w(wl/_wc)
. ° ww2 OJL&}Q ’
. C P 14 P
— _
w (wy — wg) w (wp — w?)

where w, and w, are still respectively the plasma and cyclotron frequencies, and the
regularized dielectric tensor is independent of the y-direction. The physical justifica-
tion of €” can be found in plasma physics textbooks [4, 18].

For a recent mathematical treatment of these equations by means of singular inte-
gral equations, refer to [9]. In fusion plasmas, the value of the friction parameter can
be extremely small. For example, relative values of v/w ~ 107 are common. This
extremely small value shows that the frictionless limit regime v — 0 is relevant for
some fusion applications. In such regimes the formal first order approximation of the
dielectric tensor reads

(1.5) e =& +ivD + O(v?),
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with
) w2 L wew?
- i
w? —w? w (w? — w?) A —iAg
1.6 e = ¢ ¢ and D:(, )
( ) —i wcwg 1_ wf, Ay A
w(w? — w?) w? — w?

The dissipation tensor D accounts for the underlying physical dissipation. Its coeffi-
cients are

w? (w? + w? Qwew?
(1.7) A1 = ’7(762 >0 and Ay = % e R.
w(w? — w?) (w? —w?)

Since A\; — Ay = w?/w (w+we)® > 0, the matrix D = D* > 0 is indeed positive.
As previously mentioned, and stressed in Figure 1.2, the coefficients of these tensors
are a priori non-constant functions of the horizontal variable x.

The structure of the limit tensor (1.2) shows two different resonances in the limit
model v = 0, defined thanks to the dispersion relation, see [18]. The first one appears
as a singularity in the coefficients of the equation, and is commonly referred to, in the
plasma physics community, as a cyclotron resonance

we(z) = w,

where w. is a function of the = variable, a priori non-constant. We will show that
mathematical solutions of Maxwell’s equations (1.3) actually have no singular behav-
ior at the cyclotron resonance: they are bounded in this regime, despite the fact that
the dielectric coefficients are not. The other interesting regime corresponds to the
vanishing of the diagonal part of €°, that is to say

wf,(x) + wi(z) = Wi

It defines the hybrid resonance. In this regime the dielectric tensor is non-singular since
the denominator is non-zero, i.e., the coefficients of the dielectric tensor are bounded.
However, the solutions are known to be highly singular: they are not bounded near
the resonance. A local expansion of the horizontal electric field yields representation
formulas near isolated roots w? () + wZ(xn) = w?: typically

BY () gv(x)

W — w2 (@) + wR(a)

)

where g, is a function which is proved to be regular enough so that one can pass to
the limit ¥ — 0%. One gets [9]

v—0 W — w;() + wg()

D is the Dirac mass and o € C.

JE.P.— M., 2017, tome 4
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This is a well-known behavior in the plasma physics community, but has not received
full attention by the mathematics community. One goal of this work is to develop a
local comprehensive analysis of this phenomenon.

As stressed in [9], a useful quantity to characterize the singular behavior of the
solutions is the resonant heating of the plasma. Up to a non-essential factor w, the
resonant heating [4, 9] is defined, for any (a,b) such that —L < a < z, < b < o0, by

b
EY
1.8 2= 1 83 VEY EY)d EY = 1
( ) U_lfg)l+<‘y/a (5 ) ) ‘T>a <Eé,)7

where the Hermitian product of two complex vectors A and B is denoted as (A, B) =
A - B. This formula has been justified in [9] where it is shown that 2 > 0 in case of
resonant heating using the simplification e = ¢ + v, i.e., in the v expansion (1.5)
of ¢ the dissipation tensor is D = I. This simplification is mathematically justified
since it corresponds to the limiting absorption principle. In this work we will show
that the resonant heating is well-defined and takes the same value for a large class of
dissipation tensors that includes physically based tensors.

The analysis method uses W" = 0, E5 — 0, E{ which is, after linearization around
the bulk magnetic field, the parallel component of the magnetic field. System (1.3) is
then equivalent to the following first order system

oW — el  EY — el By =0,
— 0, WY — el BY — el EY =0,
WY + 8,EY — 0, E5 = 0.

Since the coefficients }; depend only on z, one can perform a Fourier transform in y.
Denoting by i6 the Fourier coefficient, it yields

y v v v 14 G
OWY — el EY — oY =0,

d
(1.9) - %WD —en by —eg By =0,
> v d 14
WY + i0EY — %EQ =0.

The Fourier coefficient 6 can be considered as a frozen parameter from now on, and 9,
will be replaced by d/dx denoting the derivative with respect to x. In this system, the
derivative with respect to x appears only on W" and E¥. The energy integral (1.8)
can be expressed for any (a,b) such that —L < a < b < oo using the identity

b b 4 L
/a (YE",E")dx = / (z’ﬁW”El” - %W”Eg)dx
b
= / (z’&W”E” + W"diEjv) dz — W (b)EL(b) + W* (a)EZ(a)
a X

b
= [ 1w s - WO BE®) + W @B a).

a
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It leads to
b
(1.10) 3 / (VE”, B")dr = -3 (WY () EE(b) + S (WY () FF (a)

which expresses a balance of energy.
It is convenient to consider a differential system with two unknowns E¥ and WV,
while EY can be computed thanks to the first equation of System (1.9) by
OWY — eV, EY
(1.11) By = — 122
€
11

Eliminating EY, the reduced system then reads

(1.12) % (V’f;((z))) — M, (2,0) (V]f/%((?)) R

where the matrix is defined as follows.

Derinirion 1. — The matrix M, (x, 6) is constructed from the dielectric tensor by
_i961f2 1— ﬁ
ey ey
(1.13) M,(-.0) = S
ar 10eh;
€11 €11

where the coefficient d” is the determinant of the dielectric tensor &¥:
(1.14) d” = e1165 — €128

The determinant D, (-, 6) of the matrix can be simplified as follows

D,(-,0) = det M, (-,0) = _<%>2+£<1_ﬁ)

v v v
(1.15) €n € €1
: v v v
_ W s & g
v v v :
€11 €1 S

It is already foreseeable that the roots of €7; will play a crucial part in some cases.
The analysis of singular solutions around the hybrid resonance =z = z, relies on
the analyticity of the coefficients of the dielectric tensor. This assumption is very
useful to study the problem with a convenient shift in the complex plane. The main
results of this paper stem from a precise local study of the solution of the reduced
system (1.12) when the entries of M, have a simple pole at z., and the determinant
of the matrix has a simple pole as well. The mathematical method of singularity
extraction is completely new to our knowledge.
Our main results can be summarized as follows:

Lemma 2. — In our geometry, the cyclotron singularity of the dielectric tensor,
defined by w = w,, is only an apparent singularity in the sense that the electromag-
netic field is bounded and the resonant heating is zero Zeye = 0.

JE.P.— M., 2017, tome 4



184 B. Despriis, L.-M. ImBerT-GERARD & O. LAFITTE

Theorems 1 and 2. The hybrid resonance, defined by w? = w? +w?, yields a singular
horizontal component of the electric field, i.e., |(z — z,) EY=°| > ¢ > 0 uniformly with
respect to x in a neighborhood of x., and a generic positive resonant heating Zyy1, > 0.
The limit of the horizontal component of the electric field can be expressed as the
sum of a Dirac mass, of a Principal Value and of a bounded term, as in [9].

Corollary 1. — The hybrid resonant heating value is independent of the local dissi-
pation tensor, and moreover the local dissipation tensor can be non-physical as well.
The limit value for v = 07 of the electromagnetic unknowns is independent of the
local dissipation tensor. The uniqueness of the limit solution with respect to the lo-
cal dissipation tensor is established. This is a new result since in [9] the limit was
established only for D = 1.

Numerical section. We provide numerical evidence of our claims with the help of a
numerical method that can be used to treat other problems with the same structure.

Lztension to multi-species. — We finally provide some formulas extending the method
of singularity extraction to multi-species models, to model ions as a fluid as well. These
formulas can be compared with similar formulas [4, 23] for the cyclotron resonance
and the hybrid resonance.

The work is organized as follows. The cyclotron singularity of the dielectric tensor
is studied in Section 2, where the electromagnetic field is shown to stay bounded
in the neighborhood of this singularity. The hybrid resonance is studied in detail
in Section 3, where the singularity of the solution is carefully extracted thanks to
convenient representation formulas with Bessel functions. We prove both the generic
resonant heating formula and the fact that its value is independent of the local dis-
sipation tensor. Numerical results are provided in Section 4. Some technical material
is postponed to the appendix together with a particular analytical solution and the
generalization to multi-species.

We will use the notations R* = R — {0} and C* = C — {0}.

Acknowledgements. — The authors deeply thank the anonymous reviewers for their
remarks, which helped a lot to improve the present work.

2. THE CYCLOTRON RESONANCE

The cyclotron singularity corresponds to a formal singularity in the denominator of
(1.4). We consider the situation where there exists at least one z. in the domain such
that we(z.) = w. For the simplicity of the analysis, we will assume that %wc(xc) #0
so that x. is isolated. Clearly the singularity at x. in the dielectric tensor (1.4) in the
limit case v = 0T disappears in the regularized case v # 0. In order to focus on the
cyclotron resonance, it has to be away from the hybrid resonance, that is wy(z.) # 0.

Derintrion 2. — A point z. is referred to as an isolated cyclotron singularity if
we(e) = w and fwe(z.) # 0.

JEP M., 2017, lome /4



SOLUTIONS TO THE COLD PLASMA MODEL AT RESONANCES 185

Note that such a singularity does not depend on v, since w, does not depend on v.
Let us now consider the reduced system (1.12), where the system’s matrix M, (-,0)
is defined with the physical dielectric tensor (1.4). The system is well-defined at a
cyclotron resonance for all v € R, and one can pass to the limit in the following sense.

Lemma 1. — Assume that the magnetic field Bog and the density N. are smooth.
Assume an isolated cyclotron singularity occurs at x., and assume there is no hybrid
resonance on some neighborhood [x. — r,x. + r| for some r > 0. Assume (EY, W")
solves the reduced system (1.12) on [z, —r,x. +7r] for allv € R, with a given Cauchy
data which admits a finite limit when v goes to 0 written as (EY, W")(x.—1) — (a, 5).

Then (E¥,W") tends to a bounded limit (E,W?) as v tends to zero, and (E9, W?)
solves the limit system (1.12) on [z, — r,z. + r] with v = 0, with the same Cauchy
data (ES, W% (2. — 1) = (o, B).

Proof. — Definition 1 with the physical tensor (1.4) yields after some careful calcu-
lations

(2.1) M,(z,0)

2 2 2,2 2
) Owew, (1-0%)w(w,* —wg) — ww, "
= 4 Z‘,H )
a,(z 2 2 2 Y 2
() —w(wy® —wg) + 2w,w, — — —Owew,
where a,(-) = w(w,? — w?) — w,w?. The determinant (1.15) of this matrix can be
recast as
dv w(wy,? — w?) — 2w,w? + w/w
D, (0= & gp o ) B Tl ) e,
S oy

The limit value of o, (-) as v approaches 0% is ap(-) = w (w? —w? — w?2). Since the
cyclotron resonance is not a hybrid resonance, that is |wp,| = C > 0 uniformly on

(e — r,x. + 1), one has that
(2.2) ao(ze) = fwwg # 0,

since w = w,(z.) # 0 as consequence of the normalization w?/c?> = 1. In this situation
the matrix M, (-,0) is locally bounded and smooth. So the solutions of the reduced
system (1.12) are smooth locally around x. and one can pass to the limit in this
system. O

Note that there is still a particular behavior in the neighborhood of this cyclotron
resonance, known as “turning point behavior” [8, 13]. However, this does not induce
any singular regime, except in the limit w — 400, which is not considered here. The
consequences of the representation (2.1) on physical quantities are characterized in
the following result.

JE.P.— M., 2017, tome 4
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Lemwva 2. Under the assumptions of Lemma 1, the component EY tends pointwise
to a bounded limit EY as v tends to zero and the value of the resonant heating is zero:

Te+T
(2.3) lim (%/ (e"E",E") dx) =0.
xT

v—0t e
Proof. — The horizontal component of the electric field can be evaluated thanks to
(1.11). The coefficients in (1.11) can be expressed as
i ibw (w2 — we(-)?) —ety —iwe(w?
- = and —= =
€11 ay (-, 0) €11 ay (-, 0)
Using (2.2), the limit ¥ = 0 value of these coefficients at x. is

(2.4) (f) (zc) =0 and <i(1)2)(xc)—i.

S €

So one can pass to the limit in (1.11) since the coefficients are bounded in the interval
[xc—7, z.+7]. Therefore the horizontal part of the electric field EY admits a bounded
and smooth limit EY.

Consider now the heating term. On the one hand we notice that the electric field
can be split into two parts

n()+(%).

the first vector being an eigenvector of the dielectric tensor:

“(1)=(2)

The corresponding eigenvalue p = 1 — wg Jw (W, + w.) is bounded so non-singular
at x.. The second vector is EY —iEY = (w, — w.)F”, with

FY = [if(wy + we)wW” — i((wy + we)w — w))EY] Ja”,

admits a finite limit for v — 0, due to (1.11) and (2.4). So the second vector is
O (v + |x — x|), which means that it counterbalances the singularity of the dielectric
tensor. This shows that e” E" is bounded uniformly on [x.—r, z.+7] with respect to v.
Since E” is also uniformly bounded, it yields that (¢”E”, E”) is bounded uniformly
on [x. — r,x. + r] with respect to v.

On the other hand the tensor ¢” tends almost everywhere (that is for x # x.)
to a Hermitian tensor, so that & (¢¥EY, E¥) tends almost everywhere to zero. The
Lebesgue dominated convergence theorem states that

Te+T
lim <i‘y/ (e"E" - E") dz) = 0.

v—0t =1

The proof is ended. O

It evidences the fact that there is no resonant cyclotron heating in our model. This
result is compatible with the literature [18, 19, 22] where a resonant cyclotron heating
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is possible, but only in another configuration with wave number parallel to the bulk
magnetic field. This yields 0, = 0 and so is excluded from our discussion.

3. THE HYBRID RESONANCE

This section gathers the main theoretical contributions of this work. The structural
hypotheses on the general dielectric tensor

Vi et1(2) efa(z)
o) = (e&@) %, ()

for the following work to hold will be emphasized in Assumptions 1, 2 and 3.

(3.1) ) € C?>*% VveR,

The hybrid resonance corresponds to a singularity in the limit problem v = 0.
More precisely it corresponds to the vanishing of 7. The singularity occurs when 9,
appears in a denominator: in the expression of the 2 component of the electric field E?,
see (1.11), as well as in the matrix of the (EY, W°) system, see (1.13) with v = 0.

DeriNirion 3. A point zy, is referred to as a local hybrid resonance for the limit
v =0 of the system (1.3)—(3.1) if the limit diagonal coefficient of €%, () is such that
(3.2) e (zp) =0 and 0,9 (zy) € R,

and if the extra-diagonal part is locally non-zero

(3.3) ely(zn) # 0.

We will moreover assume that

(3.4) 0, (zp) € R*.

We denote by s € {—1,1} the sign of —0,&%; (z3).

Going back to the physical dielectric tensor (1.4), one sees that €9, (x),) = 0 corre-

sponds to
w? = wf(mh) + wf)(:zzh).

This case is referred to as hybrid regime in the literature, see [18, 19, 22]. Unlike in
the cyclotron resonance case, there exist singular solutions at the hybrid resonance.
This is known since the seminal work of Budden [5], for an extremely particular
case where €9, = 1 + 2/zj. A recent mathematical analysis, performed in [9] with a
singular integral equation, has evidenced the role of the limit resonant heating. Our
main objective here is to provide additional understanding of the resonant heating by
means of a local extraction of the singularity.

Hereafter follows the list of some assumptions on the general regularized tensor
(3.1). They are sufficient to carry out the upcoming analysis.

Assumprion 1 (Uniqueness and analyticity of the coefficients)
Assume xy, is a local hybrid resonance. There exists Ay > 0 such that

— the dielectric tensor €” is analytic in the ball x € B(xp, A1) for allv € [—A1, Aq],
— my, is the unique root of €9, in B(xp, ).

JE.P.— M., 2017, tome 4
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Note that, for F' satisfying this assumption of analyticity, F'(z) = ano an(z—xp)",
with a,, € C?*? a matrix with the summability condition 3" |a,|R™ < +oo for R < A;.
One shall denote the derivative as usual by F'(z) = > - nan(z — xp,)" L. The chain
rule reads £ (F(¢(z))) = F’(q&(m))%(m) for ¢ a function from an interval I C R to C.

Assumption 2 (Structure of the dielectric tensor). The dielectric tensor €¥ is such
that
(3.5) ely =¢eby and €Yy = —cb, Vv e [-A1, A

As a result, the trace of the matriv M, (x,0) defined in (1.13) is identically zero on
its domain. Moreover, € = (¢°)* is a Hermitian matrix.

Also note that as a consequence of this assumption, the determinant of M, is
less singular than expected: since all the entries of the matrix are O((g;)™?!), the
determinant would be expected to be O((g¥;)~2); however (3.5) shows that it actually
is only O((g%;)™1). For the sake of clarity, consider the following notation:

Derinirion 4. — Define for all v € [—Ay, Aq]

0ey 62 dv
_ﬂ’ by=1——, ¢, =——o

(36) a, = ) TR
€11 €11

€11
so that under Assumption 2, the matrix M, introduced in Definition 1 reads
ay(z,0) by(z,0)
3.7 M, (z,0) = ’ .
7 w0 = ("0 ety
These quantities are well-defined except possibly at the roots of ;.
Remark 1. In the model case e” = €% + ivDD with a diagonal dissipation tensor

D = I, one can use the notations of [9] so that €/} = a(z) +iv and €Y, = id(z). In
this case the coefficients are

ap o) = B8@)
v(2,0) alz) +iv’
2
bl 0) =1~ a(x?—l—iy’
—M— alx w
o) = i e — (ala) + ).

So ¢, does not depend on 6 which can be deduced also in the general case from (3.6).

Assumprion 3. — The regularized dielectric tensore” (z) is locally analytic with respect
to both variables z and v.

As announced, it is straightforward to verify that these assumptions are satisfied
by the physical tensor introduced in (1.4).

Stemming directly from Definition 3 and Assumption 2, a first property of the 2 x 2
differential system (1.12) is the following:
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Lemma 3. Assume xy, 1s a local hybrid resonance. Then for v =0 the determinant
(1.14) of the dielectric tensor satisfies
2
(3.8) d*(zp) = —|eda(zn)|” < 0.
Proof. — Assumption 2 yields that 0y (zy) = €9, (x1,) since the matrix is Hermitian.
Using (3.2) and (3.5), one gets
2 2
d°(xn) = ey (wn)? — [efa(zn)|” = — |eda(@n) [ <0,
which is indeed a non-zero number in view of (3.3). O

Note that moreover due to (3.5), one has
ey (xp) = =9 (x) € iR*.
The techniques developed in this work are direct consequences of these properties. The
study that follows is performed in two steps: the analysis of the regularized problem,
with v #£ 0, then the study of the limit as v approaches zero, leading back to the

original problem. To this purpose it is crucial to develop uniform tools with respect
to the regularization parameter v, so that their properties still hold as v goes to zero.

3.1. A CONVENIENT SECOND ORDER EQUATION. — System (1.13) with matrix (3.7) can
provide two different second order equations, by elimination of either of the two
unknowns. In order to choose which of these two equations to study, consider the
following properties of our problem.

Lemva 4. — Assume that xy, is a local hybrid resonance. Then, under Assumption 2,
the dielectric tensor ¥ (3.1) is such that:

— There exists Ao satisfying 0 < Ay < Ay (with Ay defined in Assumption 1) and
C > 0 independent of the angle of incidence 0 such that

v(z, 0
(3.9) ’aC(fx))‘ < Cl0| for xz € B(xzp,Ag) and for |v| < As.
— The quantity
‘au(whﬁ)‘ _ ‘eﬁg(xh)‘
by(xh) 9

is unbounded for 6 — 0.

The upper extra diagonal coefficient b, does not dominate the diagonal part a,
for vanishing 6 results in a singularity in this regime, and as a result the analysis
is trickier for the equation on E¥. Therefore the formulation considered is the one
on W":

d 1 d a? ay\’
3.10 () = (2 b, - () o
( ) dx \c¢, dz cy * Cy
Remark 2. — At the resonance, the limit equation (3.10) has a “regular singular

point” [8, 13]. Indeed, thanks to Definition 3 and Lemma 4, the 1/¢, term is bounded
while the a2 /¢, and b, terms behave as O((g¥,) ") at the resonance. The term (a, /c, )’
is locally bounded.
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A consequence of Assumption 3 provides a unique complex root of the coefficient €%,
in a neighborhood of the root of the limit coefficient £{;, thanks to the open mapping
theorem:

Lemwva 5. Under Assumptions 1 and 3, there exists A3 satisfying 0 < Az < Ag
(with Ao defined in Lemma 4) such that if |v| < Az there exists a unique point
X, € B(zp,A3) C C (in a complex neighborhood of xp) solution of

(3.11) e/ (X,) = 0.

A first order expansion is

3y€(1)1 (zn)
315(1)1(%)

which shows that, choosing adequately Az, for 0 < |v| < Az: X, € R and X, — x,
forv — 0.

(3.12) X, =y — v+0?),

Proof. Define, in order to use the analytical implicit function theorem (Theorem
10.32 of [15]) the function

e(z,v) = efq(x).

There exists A4 such that it is an analytic function in the ball B((z,0),A4) C C2.
One has e(zp,0) = 0,0.6(xp,0) = 9,9, (z1) # 0, hence we can apply the implicit
function theorem. There exists A5 < A4 such that, for (x,v) € B((xp,0),As), there
exists a unique solution of (z,v) = 0, which is denoted by X, . In addition

aue(zha O)

Oye(Th, V) 2
Doz (zn, 0) v+ O(v?).

Xy = Th —
The assumptions of Definition 3 ensure that i0,e(xp, 0)/0ze(xp,0) € R*. O

DeriNition 5. — The unique point X,, € C solution of (3.11) is called the translated
hybrid resonance.

The case €f; = a(z) + iv mentioned in Remark 1 satisfies these hypotheses, with
a(zp) =0, o' (xp,) < 0. For this case one has, at first order, X, = —iv/a/(x),)+O(1?),
which means that the dominant part of the translated resonance is pure imaginary
with non-zero imaginary part for v # 0. An adequate scaling in (3.10) of the un-
known WY then provides an equation with no first order term. However, as the coeffi-
cient that is introduced for this scaling is the square root of ¢,, we must use caution.
We define the square root of x — X, as the principal square root on complex numbers
(which means that the branch cut is on € R_). For the reader’s convenience, the
explicit expressions for the square root are:
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(a) for z — RX, >0,

V=X, = ¢ S (= RX,)2 4 (3X,)2)1/2 4+ 2 — BX,)

. SXy
i ;

V2(( = RX,)? 4 (3X,)2)1/2 + 2 — RX, )

(b) for x — RX, <0,

VioX, =

X, |

\/2(((95 — RX,)? + (3X,)2)1/2 + RX,, — 1)

—isign (3X,) \/;(((x - RX,)? + (SX,)2)/2 + RX, — ).

Check that —sc, (z)(x — X,) has a strictly positive limit when v — 0, hence locally
in v the square root of this quantity is well-defined. The rescaled unknown y is defined
for z in a real neighborhood of xj by

T — X,
V=se(@)(z - X,)

From (3.10) it satisfies on this neighborhood the equation

(3.13) y(z) = wW¥(z) € C.

10 T (a0 4 e (o) — o) (24
Ve X)Xy
+ x— X, (\/fscy(x)(x—XV)> >y(x)

The complicated coefficient /z — X, /\/—sc,(z)(x — X,) is the principal root of
(—s¢,)~Y2 In order to solve Equation (3.14), it is then crucial to isolate the sin-
gularity of the solution. We propose here to first understand the singular structure of
the equation’s coefficient. In the case of a local hybrid resonance, we notice that the
most singular term of the coefficient is

A )

We then consider the following quantity.

DeriNirion 6. Under Assumptions 1, 2 and 3, we define the coefficient-function R,
in B(xp,As) as:

R,(z) = (¢ - X.) (azm by ()es(a) - o) () (@)

N Jscyix_xiy X,) (%SCV&?_ Xy))%) + 4($_1X)>
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With this notation, Equation (3.14) reads

(3:.15) dd:i(;:) B (_ 4(z 71Xy)2 " sz(j(')y)y@)’ veR.

Since the function R, can also be defined by continuity at X,, as stated in the
following result, this form of the equation evidences the singularity of the coefficient.

Remark 3. — Note that the method described below is valid in a more general
case than the hybrid resonance introduced in Definition 3, namely when &9, (z) =
02€%1(xp) = 0 and 02,9, (z,) € R*. We denote by § the sign of 82,9, (x5). In this
case one considers the limit k,, for x — X, of

(e () () )

which is finite. The value of k, will generate the family of approximate solutions
needed for the subsequent study.

Returning to the situation described in Definition 3, one has

Lemma 6. — Under Assumptions 1, 2 and 3, there exists Ag satisfying 0 < Ag < Aj
(with A3 defined in Lemma 5) such that the coefficient function z — R, (z) is analytic
on a ball z € B(xp, Ag) uniformly for |v| < Ag. Moreover,

RI/(XD) _ _ie(glll2)/u+ /(611/2)2 o (511;2), 4 1 (El{ll)ll/ (Xy)7
(e11) €12 4 (efy)
where X, is the translated resonance. This makes sense by continuity for v small
since (%) (X)) = Ope¥1(X,) # 0 from (3.2).

The proof of this Lemma is given in Section A. Since R, (X,) is bounded, as ex-
pected, the singularity is explicit in Equation (3.15): there is a (z — X, ) 2 singularity,
and only if R,(X,) # 0 then there is also a (z — X,)~! singularity.

£ 1.
r

Tp

1R

Ficure 3.1. Tlustration of the shift technique, with indication of the
branch cuts for a correct definition of the square root. On the left:
physical setting in the complex plane. On the right: mathematical
setting for the study of the Bessel functions.

Since R, is bounded and analytic, one can formally shift the equation and the
unknown in the complex plane. This is illustrated in Figure 3.1. So we consider the
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function

(3.16) i(z) = vz

—sc,(z+ X))z

WY (z+ X,), =zeC*"

which is a shit of (3.13) and write the equation for this new unknown. It can be
justified that WY, solution of (3.10), admits a convenient extension in a complex
neighborhood of the hybrid resonance zj,. It provides a rewriting of Equation (3.14)
with these new variables.

Derintrion 7 (Shifted equation). The shifted equation writes
2j(z) <_L R,(z+ X))
dz2  \ 422 z
Our strategy is first to construct an explicit quasi-solution of the shifted equa-
tion (7) which is more general than the original equation (3.14)—(3.15) because it

is a complex equation, so as to provide an explicit quasi-solution of (3.14)—(3.15).
The modifications to obtained exact solutions of the original equation (3.15) will be

(3.17)

)g(z), 2eC*

performed in a second step.

3.2. FREEZING AND DEFREEZING THE COEFFICIENT-FUNCTION. — This section focuses on
Equation (3.17) for all v # 0. We require that the function Z(-) = R,(z + X,) is
locally analytic with coeflicients uniform with respect to v. We consider the more
general from

d*y(z) 1 463
3.18 = (-= )iz), eCr.
(3.18) 1. et )ik z

Equation (3.18) will be linked to Bessel’s equation, replacing the coefficient func-

tion Z by its value at the singularity. Indeed, consider the resulting new equation

d?*Y (z 1 Z(0

dzg ) = (—E—F#)Y(z), z e C".
This equation is presented in the chapter on Bessel functions in the classical text-
book [1], see Equation (9.1.50). According to this reference, solutions are then ex-
pressed in terms of the Bessel functions Jy and Y. Even if the equation is singular at

the origin, its solutions are locally bounded as stressed below.

(3.19)

Lemwva 7. If #(0) # 0, a pair of independent solutions of (3.19) can be expressed
with Bessel functions as

Zi—>\/gJ0(A\/E), ZE(C,

z— 2Yy (Wz), z€C,
where A = 24/—%(0).

If 2(0) = 0, a pair of independent solutions of (3.19) can be expressed with the
simpler expression

2z /2, z€C,
2+ /zlog(z), ze€C.
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Remark 4. The function Jo(z) admits a infinite converging expansion in powers
of 22

= (1)
(3.20) Jo(z) = Z W’

k=0 '

and the function 5
Yolz) — = log (2/2) Jo(2)

admits a infinite converging expansion in powers of 22
3.21 To(2) =Y 771 2) Jo(z) = —= (,, )
(3:21) 0(2) :=Yo(z) 0g (2/2) Jo( - ;;:o z

where (1) = —y and ¢¥(k) = —y + Zf;ll ¢! for all k € N such that k > 2, and v is
the Euler constant.

Therefore a more convenient pair of independent solutions of (3.19) also valid for
A =0 reads

z— V2 Jy (Wz), z € C,
2 VE Yo (AV2) - %bg (M2 Jo (W) |, zec.

Unlike the one proposed in Lemma 7, the pair of independent solutions (3.22) is
uniform with respect to A, for any function & continuous in the neighborhood of the

(3.22)

origin. So when applied to the case
(3.23) X =R,(-+X,),

it will be uniform with respect to v. Indeed in this case, the parameter A will depend
on v since then A = 24/—R, (X, ). We will therefore denote by A, the value of A =
2/—R,(X,) to emphasize its dependence with respect to v. So the second function
from Lemma 7 has a logarithmic divergence when \,+/z = 0, which means that it
diverges if either A\, ~ 0 or v/z = 0. On the other hand the logarithmic divergence of
the second function of (3.22) is by construction only for v/z ~ 0. As a result Functions
(3.22) are well-defined for z # 0 as v goes to zero, as well as for v = 0.

The Bessel function (3.21) recasts as Yo(z) = To(z) + 21log(2/2) Jo(z) and the
second function in (3.22) then reads

(3.24) 2z — \/E{TO (AWz) + %log (2) Jo (Wz) ]

The functions Jy and Ty are odd, so do not need a branch cut. On the other hand
a branch cut is needed for the logarithm function to be defined in a non ambiguous
way. We take the branch cut

Arg(z) € (—m,m) <= 2z € C — (—00,0].

The Bessel based functions, solutions of the equation with frozen coefficient (3.19),
provide the formal dominant behavior of the solutions of Equation (3.18). Nevertheless
the rigorous justification of this statement is not evident, mainly because the frozen
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coefficient Z(0) is only a first order local approximation of the coefficient function Z.
Indeed the singularity of the 1/4z2 term is of second order, so any naive iteration
technique aiming at controlling the approximation error between both may diverge
like O (271).

Overcoming this difficulty is the purpose of the next paragraph, which presents
a technical process to control these errors. The idea is to explicit the link between
Equation (3.18) and the frozen coefficient equation (3.19). Yet the singularity of the
equation requires specific attention, and the process is two-fold: an intermediate equa-
tion is introduced to focus first on the singularity, before finally going back to the
desired equation, namely (3.18).

3.2.1. Eikonal equation and stretching function. Consider first another intermediate
equation by reintroducing a varying coefficient in Equation (3.19):

Derinition 8 (Stretching procedure). Let p be an arbitrary smooth function de-
fined in a complex neighborhood of the origin, such that p(0) = 0 and p’(0) # 0.
We will refer to it as the stretching function. This name comes, in particular, from
McKelvey [14].

Let u be a given function. The stretching of u is the function u defined by

(2) = (p'(2)) " ?u(p(2)).

No branch cut of the square root is needed for small |z| since we impose p’(0) # 0.
The equation for the stretched function is the following.

Lemva 8. — Assume p is a stretching function and u solves the frozen coefficient
1

Equation (3.19). Set s = ((p')~1/2)"/(p')~Y/2. Then the stretched unknown satisfies

2:& P /(> 2 /(2 2
(3.25) ddz(2 ) = ( éfp((z))Q + %’((;)(pz)( ) + s(z))ﬂ(z), z e C".

Proof. — The proof relies on the scaling of the stretched unknown: the coefficient of
the first order derivative term in the computation of @ is ((p')~*/2)'p’ + ((p')*/?)’,
which happens to be zero. O

Note that the function s is a priori bounded around 0 since p’(0) # 0, so that, like
Equation (3.18), Equation (3.25) evidences the singularities of its coefficient.

At this point the stretching function is a tool that will be designed for the approx-
imation of Equation (3.18). Indeed, although Equation (3.25) is different from the
initial equation, namely (3.15), an adequate choice of stretching function leads the
way back to it. We choose a stretching function as a solution of the following eikonal
equation

(3.26) p'(2)? (— 4p1 %(0)> __ L Z6) z in a neighborhood of 0.

@ ") T T
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We call this equation the “eikonal” equation for the similar equation for ¢ if one seeks
a solution of the wave equation (A — ¢~?(2)9%)u = 0 under the form

u(z,t) = a(z, k)@=
Note that (3.26) implies

p(z) :I:l 1—4zR(z)

p(z) 2\ 1 —4p(z)R(0)
for z, p(z) non-zero. As we choose p bounded in the neighborhood of 0, only the +
sign is relevant. So one can write

(2)\' (2 z z —4zR(z
(2240 -0 ([T )

_ o) VI~ ERE) - VT~ R0
22 1—4p(z)R(0)

Use of the conjugate quantity of the numerator yields the equation

(3.27) (@)l(z) = @F(z, @), z in a neighborhood of 0,

where F' is defined by
4 —
Flowa) [#(0)a — () |
V1 —=42%(2)\/1 — 42%(0)a + (1 — 422(0)a)
Equation (3.27) is defined also at z = 0. Since F(0,a) = 2[#(0)a — Z(0)] is well-
defined, then F'(z,a) makes sense at least for small z and for bounded Z.

We now reintroduce # = R, (- + X,) and consider the more general equation in
the complex plane

(3.28) o0,(2) =0, (2)F, (z,0,(2)), pu(z) = z0,(2), z in a neighborhood of 0,

v

where F), is defined by

B 4[R,(X,)a — R,(z + X,)]
 V1—4R,(z + X,)\/T—4R,(X,)a+ (1 —4R,(X,)a)

Note that thanks to the fact that the denominator is 1 for (z,a) = (0,0), F' is analytic
in a neighborhood of (0,0) with coefficients uniform with respect to v.

F,(z,a)

Lemma 9 (Solution of the eikonal equation). — Under Assumptions 1, 2 and 3, con-
sider Equation (3.28).
Then there exists a constant A7 € (0, Ag] (with Ag defined in Lemma 6) such that:

— For all [v] < A7 there exists a solution to Equation (3.28) on a mazimal interval
I, =]a,,b,[C] — Az, A3[ (with A3 defined in Lemma 5).
— A solution of the eikonal equation (3.28) is p,(2)/z for z € B(0, A7) with

(3.29) po(2) = 2 exp (z /0 R (et a,j(zt))dt)
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It is the unique solution such that p,,(0) = 1. Note that F is evaluated on the straight
line from 0 to z.
— This function is analytic in the ball z € B(0,A7).

Proof. — Note that | — Az, Az[ is not necessarily the maximal existence interval of
the ordinary differential equation (3.26).
The function o, = p,/z is solution to the equation

(3.30) ol (2) = 0,(2)F,(2,0,(2)), z in a neighborhood of 0.

The value of F,(0,a) = 4R,(X,)(a —1) is a well-defined (i.e., bounded, or non-
singular) real number. Equation (3.30) can be solved in the complex plane using
a theorem from Coddington-Levinson [8, Th. 8.1, p.34]. For simplicity consider the
initial data 0, (0) = 1 which yields o,(0) = F,(0,1) = 0. This choice is arbitrary.
Since o/,(0) = 0, one has the Taylor expansion p,(2) = z + O,(2%), where the
constant in ’O,,(z?’)| < CJz)? is uniform with respect to v. All other coefficients of
the Taylor expansion of the stretching function p, can be easily computed from the
integral representation in the complex plane (3.29), where the path of integration is the
straight line. The analyticity is provided by the Coddington-Levinson theorem. O

Thanks to the stretching function described in Lemma 9, we can now express
explicitly the solutions of Equation (3.25), where, in view of Lemma 7 and Equation
(3.23), one needs to set

A =2v/-R,(X,) =2/-2%(0)

Derinrrion 9. Under Assumptions 1, 2 and 3, consider A7 defined in Lemma 9, and
for all |v| < A7 the stretching function p, described in Lemma 9. A pair (U,,V,) of
independent solutions of Equation (3.25) is defined for all (v, z) € (—A7, A7) xB(0, A7)
by

U.2) = | 242 0y (A ).

o
PO 0o (A ) + 71080, (21) o (M) |

We adopt the convention (as one did before for the root of —sc,) that

pu(z) _ (fJ ngt,j)dt)“? v

Yy /\ \/pu(z)) - %log (Av/2) Jo (/\u\/,ou(Z))} )

P, (2) P, (%
is defined in C — (—o0, 0], that is apart from the branch cut (—oc,0].

These functions are uniformly bounded with respect to v.
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Lemva 10. Under Assumptions 1, 2 and 3, consider the stretching function p,
(3.29) for |v| < A7 defined in Lemma 9.

Then the functions U, and V, are bounded in a complex neighborhood of the res-
onance xp, € C, uniformly for small v: there exists a constant Ag € (0, A7) (with Ay

defined in Lemma 9) such that for all (v,z) € [~As, Ag] x B(0, Ag)
(3.31) Uy (2) + [V (2) < C.

Moreover, Ag can be determined such that there exists § > 0 with

Il ()] =6 >0, VveB@,As)

in the same neighborhood.

Proof. — The property on p, is immediate since ¢,,(0) = 1. The uniform bounded-
ness of U, stems from the boundedness of Jy (3.20). Concerning V,,, the log A, term
has been carefully removed, see (3.21), so that the boundedness is achieved even for
vanishing A, : the remaining log p, (2) is controlled by the 1/z contribution that comes

from +/p,(2). O

It is then possible to apply the reverse shift.

Lemva 11. — The functions g(z) = U, (x — X)) or g(z) =V, (z — X)) are solutions
of the equation on the real line
d? 1 R, (x)

(3.32) ——g() = [_4(95 XpTiox, +sy(x—XV)]g(w), V€ B(an, As)NR,

where s, = ((p},)~/2)" ) (p},)~1/2.

Proof. — By definition, all these functions are analytic in the ball B(zp, Ag) — {X, }
(that is except at X,) which is uniform with respect to v. But, when p, satisfies
the eikonal relation (3.26) with Z(z) = R,(z + X, ), the functions without the shift
z = U,(z) and z — V,(z) are solutions of (3.25). Therefore the result holds for
analytic functions on B(zp, Ag)NR for 0 < |v| < As. So this relation is true everywhere
by analytic continuation. The proof is ended. O

3.2.2. General solution with a Duhamel’s principle and a limit process. In order to
go back to the equation with a variable coefficient, let us now consider the original
problem (3.15). One can rewrite this equation as

1 R, (x)

(3:33) ——y() = [*4(35 my R SR ACEP A G

—sy(z—X)y(z), zeR.

The last term is a perturbation with respect to Equation (3.32). As usual for such
problems, this term is treated by means of the Duhamel’s principle, where we will
make major profit of the fact that the fundamental solutions of the singular equation
(3.32) are bounded.
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Lemva 12. Suppose Assumptions 1, 2 and 3 hold. Consider for all v a given
reference point x* € R close to xy, in the ball of analyticity B(xp,As), where Ag is
defined in Lemma 10. Then the function

(334) y(m> = Au(x)Uu(x - Xl/) + Bu(m)vu(x - Xu)

is a solution of (3.33) for all (v,z) € (—As,As) x B(xp,As) NR if and only if C,,
defined by

_ (Au(z)
(3.35) C,(zx) = (Bu($)> , x €B(zn,Ag) NR,
s a solution of the integral equation
(3.36) C,(z)=C,(z")+ 7r/ M, () C,(t)dt,
where the matrix
—U,(t — X))V, (t — X)) Vo (t—X,)?
(3.37) My (1) = s,(t — X))
U,(t—X,)? U,(t—X,)V,(t—X,)

is uniformly bounded in L for (v,t) € (—As, Ag) X B(xp, As) NR.

As usual for such Volterra integral equations, the initial point z* € R can be chosen
arbitrarily.

Proof. — This is the standard procedure of variation of parameters. Consider
1 R, (x)
3.38 - - ” V@ = X)|y =1,
(339) V- e e e Xy =1
with f(z) = —s,(z — X, )y(x). The solution y can be expressed as a combination of

U,(x — X,) and V,(z — X)), with appropriate coefficients A4, (z) and B, (z)
y(z) = Ay (@)U, (z — X,) + By (2)Vo (z — X,).
To construct the coefficients A, (z) and B, (x), we first assume that
(3.39) A (2)U,(z — X,) + B, (2)V,(z — X,) = 0.
So the first derivative of y is
(3.40) Y(2) = A(2)UL(z — X,) + By(@)V(z — X,).
The second derivative reads
y'(z) = Ay(2)U) (2= X)) + By (2)V,) (2 = X, + A, (2)U)(x — X, ) + B, (2) Vi (2 — X, ).
Using (3.32), one gets

V') = [~ e (e~ )]

Since y is solution of (3.38), one gets

(3.41) A, (@)U (x = Xu) + B (2)V)(x — X,) = [,
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with
flx)==s,(z - X,) (A, (2)U,(z — X)) + B,(2)V,,(z — X)) .
One can solve now the linear system made of (3.39) and (3.41). To compute the

determinant of this linear system consider the Wronskian of U, and V,,. Elementary
calculations and the identity %/, v,)(z) = 2/7z yield

pv(z — X)) py(x — X))
V4 = Ay V4 )\u v - Xy
v @) = P M 5 x| et ( Voul(e ))

Aoz — X)) 1
= SR Sy (Vo= K) = 2
where the convention is that
1
Voole — X)) = \// Ltz — X,))dt Vo — X,
0

is defined apart from the branch cut x — X, € (=00, 0] C C thanks to p},(0) = 1. By
analytic continuation the determinant of the linear system (3.39)—(3.41) is also equal

to the same value.
Therefore the solution reads

Al () = —msy(x — X0) [Av (@)U (x — X)) + Bu(z)Vy(x — X)) Vi (x — X)),
Bl (zx)= 7sy(x—X,)[AL(2)U,(x — X,) + Bu(x)V,(x — X)) U (z — X)).

After integration, it yields the representation formula (3.36). The boundedness of the
kernel comes from the properties of s, U, and V, in Lemma 10. It completes the
proof. O

Under the same conditions, one can define the integral operator .7,

(342) A D) =7 [ 050

so that the integral equation (3.36) reads C, — J%,(C,) = C,(x*), with a constant
vector right hand side. Classically for this Volterra second type integral equation
(see [20]), the solution is expressed with the resolvent kernel

(3.43) Qf1 =>4 (),

n>=1
under the form
(3.44) C,(x)=C,(z")+Q,[C,(z")](z) = (Id + Qy> [C,](z"),
V€ B(xp,As) NR,

where C, (z*) is the initial condition.
Foreseeing the limit process, the following results state the limit properties of p,
and ., and of other useful quantities, as v approaches zero.
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Lemwya 13. Under Assumptions 1, 2 and 3, consider for all |v| < A7 the stretch-
ing function p, described in Lemma 9. One has that lim,_,o+ p,(2) = zoo(z) on
B(xp, A7), where og is the solution of Equation (3.30) such that o¢(0) = 1. This limit
Sfunction will naturally be called pg.

Then the log and square root terms have limits which depend on the sign of v:
we set

log po(x — zp)* = lim log p, (x — X))

v—0
(3.45) ~ Jlog (po(z — z1)), for xp < x,
log (—po(z — 1)) Fins, forx < xp,
where s = sign (i0,¢Y, (2)/0:€11(2)) |y, 1o » AN
+ po(xz — xp), for xzp < x,

(3.46) po(z —xp) = lim /p,(z - X,) =

G Fis\/—po(x —xp), forx < mp.

Proof. — The claim on py is evident. The limit of the log term comes from the
principal value of the logarithm: log z = a(z) + ib(z), where a(z) = log|z| and b(z) €
(=m,7]. And the limit of the square root term comes from the principal value of
the complex square root: /z = \/|z]€?(*)/2 where 6(z) € (=, 7] is the argument
of z. O

Lemma 14, — Under Assumptions 1, 2 and 3, the matriz A, defined in (3.37) has a
limit in the following sense. For all Ag € (0,As) (where Ag is defined in Lemma 10),
one has that

COlzn — Ag, p + Ag)

() o e
COlen — Aoy p + A
() S St L )

— The continuous kernels A4+ and .4~ are such that: #4+ — #~ = 0 vanishes
on [zh, zp + No|, while M+ — M~ # 0 is non-identically zero on [zy, — Ao, xp].

Consider (for simplicity) a Cauchy data C,(x*) which admits a finite (given) limit in v
in the representation (3.44) of the solution of integral equation. Then the functions A,
and B, also converge in CO[x,—Ag, 1+ Mg to continuous limit functions A§ and Bgt.

Proof. The continuous limits of the kernel ., are given by application of
Lemma 13 since the kernel entries only depend on the functions U, and V,, which
are locally bounded, see (3.31), and continuous. The limit of functions A, and B,
then directly stem from the limit of (3.44), where the kernel defined by (3.37)-
(3.42)—(3.43) has a limit which is bounded. Since the limits are solutions of the limit
integral equation with a bounded and continuous kernel, the limits AT and B are
continuous. It ends the proof. O
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Derinrrion 10. Recall that s = —sign ((e9,)'(z1)). We define three additional
functions as follows:

Wy (z) = \/—sc,j(x)%_X Jo(A pu(z — X)),

(TO()‘ \/pl/ r—X ) IOg pu T — V))JO()‘I/ V pu(x*Xu))>a

W (z) = %scngugx To(A Voole - X,).

Since ¢, (z)p, (x — X)) is bounded, the functions W} and WY are uniformly bounded.
On the other hand, the function

WY () = WY (2) + ~ log(pu(z — X,)) WY (2)

is not bounded, due the log term.

The analyticity of these functions is described below.

Lemma 15, — Under Assumptions 1, 2 and 3, consider that 0 < |v| < Ag so that the
stretching function p, inherits of the properties described in Lemma 9. One has

(3.47) Vl_i)%lj: WY (z) = Wi(z) == \/ dz(x)Po/(x - xh)) Jo(hov/po(@ —am)),

ety (x)po(x — zh

Vx € B(xp,Ag) NR

where the limit function Wy is analytic on B(xp, Ag) NR. Similarly

lim Wy'(z) = Ws(z) 5\/ 4z )po/(x xh)) To(MoV po(z — zn)),

v—0* sety (z)ph(x — i,
Ve B(xh,Ag) NR
and W3 is analytic on B(zp, Ag) NR.

Proof. — Take the limit in the series (3.20) that defines Jy is straightforward. Only
even terms appear in this series, so that Jo(Ag+/200(2)) is analytic. For small x — xj,
one uses (3.6) to show that the weight

—SCy\T 7pU(I7XV)
\/ V( )p;/('r_XV)

\/ d°(2)po(e — xp)
5e9, (@) (w — o)

is close to
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It is away from the branch cut of the square root since

d@)po(x—an)  dan) _ —lewn(@n)® _ lera(zn)?
(3.48) se9, (@) ph(x —an) — s(€9) (xn)  s(9) (zn)  (€9,) (xn)] >0

by (3.8) and the value of s recalled in Definition 10. So W is analytic in the neigh-
borhood of x. Mutatis mutandis the proof is the same for the function Wy. O

Considering the logarithmic part in Definition (3.21) of Yp, the situation is a little
more involved concerning W3 since the limits depend on the sign of v.

Leywva 16. Under Assumptions 1, 2 and 3, consider for all 0 < |v| < Ag the
stretching function p, described in Lemma 9. One has

lim W¥(z) = Wi(z), V€ Blzp, Ao)NR,

v—0+

where the limit functions are

(3.49) Wi = \/ d(z)po(x — xp)

57, (@) — 1)

. (TO (Aov/ po(x — ) + %log (po(z — xh))i Jo(Xov/ po(z — xh))>,

and s defined in Definition 10. The limit functions W, and W, are equal on the
interval (xn,xn + Ng), but are different on the interval (xp, — Ao, xy), where they
satisfy the jump relation

(3.50) Wy — W, = —2isWj.

Proof. — Formula (3.49) is an immediate consequence of the definition of W4. The
second relation comes from (3.45): we note that a similar relation has been proved
in [9]. O

3.3. REPRESENTATION OF THE PHYSICAL UNKNOWNS. — Being particularly careful about
the various singularities encountered, one can now obtain meaningful representation
formulas for the physical quantities (Ey, Eq, W).

Prorosition 1. — Assumptions 1, 2 and 3 hold. Consider for all |v| < Ag the stretch-
ing function p, described in Lemma 9. Consider for all v a given reference point
x* € R close to xp, in the ball of analyticity B(xp,Ng), as well as a Cauchy data

Cy(z*) = (g;gi;) given through

Vi(a* — X)) —Vi(a* - X, 121CH
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where the matriz G, (z*) is given by

G,(x)=

_\/—scl,(sc)(sc—Xl,) d( T — X, )_ a,(z)vVz — X,
r—X, dz \ \/—sc,(z)(z — X,) Vs (z)(z — X))

When v goes to 0, this Cauchy data has a finite limit which can be any value in C2.
Then the unique solution (EY, EY,W") of the reqularized system (1.9) on B(xzp, Ag)NR
s given by

WY =AW/ +BW + Byilogpu(- - X)Wy,
B, log pu- — X,) [ oizywy - S L]
(3.52) —Byimigjm’,
+By% log p, (- — X,) [iﬁiﬁ Wy + %%Wﬂ
i
Proof. — The expression of

WY = \/TCI/(AI_/UI/( - Xu) + BDVV(' - Xl/))

is immediate from Lemma 12, since it gives the general solution (3.34) of the corre-
sponding second order equation. It yields the first identity of (3.52).
Concerning the second identity of (3.52), one can start from

a 1 d
Ell/ — v WIJ . 7Wl/
27 ¢, + ¢, dr
by means of (1.12) and (3.7). From (3.6) one has 1/¢, = —¢¥;/d” and a,/c, =

i0cY5/d”. So one can write

10e7y el d
3.53 EY = wv — 2L v,
(3.53) 2 dv dv dx

To compute %W” we directly differentiate all terms in the expression already ob-
tained for W (first line of (3.52)). We observe that the derivatives of A, and B,
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vanish since AU, (- — zp) + B, Vo, (- — z1) = 0, see (3.39). It yields

d d d 1 d
3.54) —WY=A,—W/+B,| —WY¥+ —logp,(-— X,)—W/
LA —X)
+ B, — L———LWY.
m pl/(' _XV) !

It is then sufficient to plug this expression into (3.53), and to reorganize the sum to
get the F¥ formula in the second line of (3.52).

From (1.9), summing the first equation multiplied by €/, and the second equation
by —&¥,, and from Assumption 2, one gets

(3.55) EY = | ([ ay

av dv dx

Even if very simple, this algebra seems to be important since various cancellations
of potential singular terms have been performed. It is then sufficient to plug the
representation formulas for W* and %W” in (3.55) to obtain the last part of the
claim. The Cauchy data C,(z*) is equal to (g:gii; ), where A, and B, are known
through (3.34)—(3.40). This gives

AV(:E*) =7 Vlﬁ(x* - Xv) _Vu(x* - Xl/) y(ZL'*)

By(z*)) " \-U(z* = X)) Up(a* = Xy) ) \y'(z"))
This linear system can be inverted to obtain y(x*), y’(z*). Then, use Definition (3.13)
for y as well as the equation on W", E¥ given in Definition 1 to get y(«*),y'(z*) in

terms of WV (z*), E¥(«*), which leads to (3.51). Since A, (z*), B, (z*) is arbitrary, the
Cauchy data is any vector in C2. O

From Formulas (3.52) it is clear that the convergence with respect to v is not the
same for £5 and W, on the one hand, and for EY on the other hand. Indeed the most
singular term in E¥ and W, is the logarithm log p, (- — X,): the last term in E¥ is
non-singular since %, /p, (- — X,) is the ratio of two terms vanishing at order one at
X, —so is non-singular.

So EY and W, are bounded in Lfoc(xh — Ag,xp + Ag) for p < co and pass to the
limit pointwise except at the singularity x, = lim,_o X,. This result was already
obtained for the slab geometry with a completely different technique in [9, Prop. 5.14]
and is generalized here. So we state without detail the representation formulas for the
limits.

Prorosition 2. — Suppose Assumptions 1, 2 and 3 hold. Consider for all |v] < Ag
the stretching function p, described in Lemma 9, and the Cauchy data C,(z*) (given
by (3.51)) which goes to a finite limit when v goes to 0. Consider the unique solution
(EY,EY,WY) of the regularized system (1.9) on B(xp, Ag).

Then for all 1 < p < oo the LP—limits as v — 0% of WY and EY are

1
(3.56) W+ = ATW, + BE(x)Ws + BT — log po(- — o)W,
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and
(3.57)
109 9 d i0el 9 d
Ei:Ai[Z 12Wfﬁ—W} Bi[ 12W—A—W}
2 070 T g0 g TR [T e o g

09, e d
Tl
1 pp(- —zn) €Y
_ B0 21
O 7 po- —ap) dO
where log po(- — zp)T is defined in (3.45). The limits also hold in R—{z,}NB(zp, Ag)
pointwise.

1
+ B — log pol- — wn)* |

The situation is different for the EY component of (3.52) since the division by
pv (- — X,) in the last term yields a singularity as v approaches zero because

d°(zp)

W) =\ ot )

#0.
This behavior is the same that already demonstrated in [9] using a singular integral
equation technique. The difference is that we have now an explicit representation of
this singular behavior for small v. To express the limit of the singular term, the more
efficient way is to use principal value and Dirac mass. Since the result is essentially the
same as in [9] and all calculations are now evident starting from the representation
formula (3.52) we state the result without details of the proof. The notations are that
s = sign (10,1 (2)/0211(2)) |y, =g D is the Dirac mass and the principal value
is defined by

(P.V.(a),¢) = lim a(z)p(x)d.

T—0F |y —T,xn+T)

Tueorem 1. — Suppose Assumptions 1, 2 and 3 hold. Consider for all |v| < Ag the
stretching function p, described in Lemma 9, and C,(z*) (given by (3.51)) which
goes to a finite limit when v — 0. Consider the unique solution (EY,EY W) of the
reqularized system (1.9) on B(xp, Ag). Then the limit of EY, in 2'(B(xp, Ag)),

L [i0eh ety d Lrifedy o el d
B = A S5t Wi 8 W] B[St W g |
1 109 eV d
+ + 11 12
+ B; = log po(- — xp) [ 70 Wl—l—ﬁawl}
0
s BE 2200 0 D)

do

L ph(- —xp) e9()
PV.(Bf = 22 12 :
* V( O 1 opo(-—xp)  dO Wl)

Of course the right hand side terms on the first line converge also in the space
LP

loc

away from the hybrid singularity x,.

(xn, — Ao,z + Ag) as in the previous proposition, and the pointwise limit holds

JEP M., 2017, lome /4



SOLUTIONS TO THE COLD PLASMA MODEL AT RESONANCES 207

3.4. RESONANT HEATING TERM. The heating was defined in Formula (1.10). Fora < b
in B(zp, Ag) NR* and v € (—Ag, Ag) we note

b
Q"(a,b) =S / (¥ (2) B (2), B (z)) du
= —S(W (O EED) + (W () F§ (@),

(3.58)

where (EY, EY, W) is the regularized solution system (1.9) on B(zp, Ag). The limit
value for v = 0 is the resonant heating and can be characterized as follows.

Turorem 2 (Resonant heating). — Suppose Assumptions 1, 2 and 3 hold. Consider
for all |v| < Ag the stretching function p, described in Lemma 9, and C,(z*) given
by (3.51) which goes to a finite limit when v goes to 0.

For a,b € B(xp, Ao) NR\{z1}, one can pass to the limit with respect to v:

(i) If (a — xp)(b—xp) > 0, then lim,_,o Q¥ (a,b) = 0.

(ii) If a < xp < b, then

. v 1 + 2 .
(3.59) Tim, Q" (a,8) = 4| B (on)]? |5 (an) [ sign (S (2,28, (21)).
Proof. There are many possibilities to compute this limit value from the previous

representation formulas.

First case. This is a direct consequence on the fact that a and b are on the same
side of xj, that the solution is smooth away from zj; and that & (aéo(x)X7 X) =0 for
any complex vector X since €°(z) is Hermitian.

Second case. — Our proof of the result relies on three arguments which are a decom-
position of the solution between a regular part and a singular part, an adapted decom-
position of the resonant heating Q" (a,b) where some terms naturally tend to zero,
and a careful analysis of the remaining singular part.

Step 1: decomposition of the solution. — Let us decompose the electric field in two
parts, a regular part R” and a singular part S”. The regular part R” is regular
enough, for example bounded in L?(—Ag, Ag) uniformly with respect to v and with a
pointwise limit for « # xj,. The singular part S” is such that (z — X,)S" is bounded
in L*>(—Ag, Ag). One can choose
1 p,(-—Xy) ey
SV :(B,,f v —W”,O).
(1') T py( _Xu) d” 1

Consider on the one hand (3.3)-(3.4) and (3.12) which yield an estimate of the shift
of X, in the complex plane, and on the other hand of the representation formulas
for EY and EY. Then one has the estimates in L?

C

N

(3.60) IRl 200 <C and  [|Sy][ 124 <
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for some constant C' > 0 independent of v. The regular part is estimated using the
integrability in space of the logarithm function. The singular part is estimated thanks
to the basic bound f; 11/ +iv]* dz < /|y

Step 2: decomposition of Q(a,b). — Let us introduce the Hermitian matrix
g¥ — (e¥)”
3.61 DY = — = (D")".
(3.61) S = (D)
This Hermitian matrix is uniformly bounded in view of all assumptions, that is
(3.62) 1D 1| Los (0, < K

for a constant uniform with respect to v. The decomposition writes
b
Qeb) =3 [ (" (@)B (@) B (w)) da
b
= Vé}?/ (D¥(z) (R (z) + 8”(x)) , R"(x) + 8" (x)) dx
ab b
= VS?/ (DY ()R (x), R” (x)) dx + 2V§R/ (DY ()R (x), S (x)) dx
b
+ ué}%/ (DY (x)S"(x), S¥(x)) dx
b b
= 1/9?/ (D" (z)R"(z), R" (x)) dx + 21/8?/ (D”(z)R"(z), 8" (x)) dx

b
+ %/ (e"(x)S"(x), 8" (x)) dx.

Step 3: estimate of all terms. — The two first terms of this expression tend to zero
with v in view of (3.60) and (3.62). Let us study the remaining term, which is

b
G, =3 / (¥ (2)8" (), " (2)

(3.63) b L e X)) (o) )
=S [ efy(@)|Bu(x) = S0 S22 WY (2)] da.
3 [ ehw|Biie) - L8 DXL W) da
Define
et (x) 1 py(x— X)) efsy(z) o)
J(z) = d K,(x)=(z—-X,)B,(x) — .
Z (gj) .’L'—XV an (:17) (gj ) (I) T py(.’E—Xy) d”(l‘) Wl (LE)
These two terms are regular and have a natural limit as v — 0%. One has
b
- X,
(3.64) G, = %/ ()| Ko ()2 J—TP da.
Introduce .
- X
M, =S | 2, (X)K (X2 ——20 .
3 [ AXRAXP Tt de

One can check that there exists a regular function H, (z) such that

Z,,(x)|KV(a?)|2 - ZV(XV)|KV(XV)|2 =(z - Xy)H, ().
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Note that M, (x) € R. We thus deduce that
(r — X,)?
|z — X, |2

As the limit exists in L', we use the dominated convergence theorem to deduce that

b
G,— M, = %/ H,(z) dx.

(3.65) lim (G, — M,) = %/b Hy(z)dx = 0.

v=0=+
Therefore it is sufficient to pass to the limit for M,,. Use
r—X,  o-RX,—iSX,

|z — X2 (z —RX,)2+ (3X,)2
The change of variable t = x — RX, /S X, yields

M, = s(zu<xy>|f<y<xu>2 /(

a-RX,)/3x, t2+1

(b-RX,)/SX, 4 _; )

After integration
M,

(ZV(XV>‘KV(XV)|2[Q[V - Z%V])

3.66
(3.66) (2 (K)o () P2) — S (2, (X,) K (X,) Pi%87)

(SO

where
o — (b—RX,)%+ (SX,)?
2 (a—RX,)2+ (8X,)?’
b— %XV> B tan‘l(a — %Xy).
X, X,
We claim that all terms have a natural limit in (3.66). One has

lilgli 2,(X,) = 0,€Y, (zn) €R.

BY = tan~! (

Moreover, A — 2 1n (b — z5,)?/(a — z)? € R. So
Vli%li (% (ZV(XV)‘KV(XV)FQU/)) =0.

When a < z, < b, the limit of (a — RX,)/IX, is —oo when IX, goes to 0 by
positive values, and the limit of (a — £X,)/SX, is +0co0 when IX, goes to 0 by
negative values. The sign of the imaginary part sign(3X,) is given by (3.12)
8,&% (xp,)
sign($X, ) = —sign S(L) sign(v).
(OX,) = —sign( 3§ Y s
We thus deduce

0,91 (xh)
. v . of 9vei11
ulg(?i BY = Fmsign (J(azg(l)l(xh) ))

lim S (ZV(XU) 1K, (X,)[ iSB”)
0

_ azg(fl(xh)‘Bgt(xh)Wl(xh) 1 (@) ‘2(:F7Tsign<%<w)>).

wdo(xp) 0,9, (zn)
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Using d°(xp,) = €95(z5)? thanks to €)y(zy) = —39; (z1), one obtains that

1 BT W, 2 9,e"
i M, = 20,2, (o) | 2L P (9 (B2 )
v=0% ™ €92(zn) 05€9;1 (xp)

One more simplification is |, (xh)|2 = |5(1’2(xh)|2/|8w5(1’1(xh)| as a consequence of
(3.47)—(3.48). One gets

1
B67)  lim M, = b B @) )] sizm (3 (0,28 (@)

The claim (3.59) is obtained as a consequence of (3.63)—(3.64)—(3.65)—(3.67). The
proof is ended. O

An interesting and evident corollary is the following.

Cororrary 1. — Consider any dielectric tensor satisfying (3.1) and Assumption 2,
not necessarily with the exact form (1.4) but with the linearized form (1.5)—(1.7).

0

Assume €Y is a smooth Hermitian matriz, and assume xp, = 0 is a hybrid resonance.

Define the local dissipation tensor
D = —i(8,¢)° (xp) = dida) o ay #0 and dy € iR.
—ds dy
Then the value of the resonant heating is independent of ID. The same for the
pointwise limits of the electric field, the magnetic field and the numerical value of the
resonant heating.

Proof. — Tt is sufficient to realize that the major assumption that was made, that is
(3.2)—(3.4), is independent of the exact value of d; # 0, and that the other coefficients
in D do not appear in the proof of the previous theorem. This is also clear in view of
the value of the resonant heating (3.59). O

An interesting consequence is that the initial dielectric tensor (1.4) can be replaced
by the linear approximation &° +ivD with D defined in (1.6). If one is interested only
in the limit value, which is a reasonable assumption for fusion plasmas where v =~ 10~7
may be encountered, this is a valid assumption.

One notices that the positivity condition d? > |do|? that stems from the physics
(1.7) is not mandatory for the mathematical results to hold, since this condition was

‘ 2

never used in the proof. It is possible to modify even further the dissipation matrix
which therefore becomes non-physical. One may consider for example an artificial
tensor

di d
—do ds
Since only d; really matters in €7; which is the only quantity in the denominators
visible in the matrix M, defined in (1.13), the results of this work are still valid.
We did not elaborate on such a matrix in this work since the condition d3 # d; is
non-physical and of less interest, nevertheless it must be stressed that the numerical
results in next section with tensor Dy validate this statement.

(3.68) DAt = ( ) with d; # 0, da € iR and d3 € R.
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4. NUMERICAL ILLUSTRATIONS

4.1. Numerics. — We show numerical results which illustrate some of the theoretical
results. These results have been computed with the Matlab solver developed by Lise-
Marie Imbert-Gérard during her PhD [11]. The code solves the system under the form
(1.12) with the ode23s subroutine of Matlab. This routine is adapted to stiff problems.

We use three different dielectric tensors that all have the same limit €° for v = 0.
The three dielectric tensors are defined by three different dissipation tensors. The first
one denoted as Dy corresponds to the exact formula (1.4). The second one Dy = ({9)
corresponds to the linear approximation € + ivD;. One can notice that D; = I
corresponds to the limiting absorption principle that was studied in [9]. The last
Dy =D5 = (211 _52i) is a Hermitian and positive matrix as is required on the physical
basis (see (1.6) for example). These three methods satisfy the main hypothesis of
Corollary 1 that is (ID;);; > 0 for ¢ = 0,1,2. In each case, the matrix M, (x,0) is
constructed and the problem solved numerically in the interval [—5, 5] with arbitrary
Cauchy data E¥(5) = 1 and W¥(5) = 0. Notice that the Cauchy data is prescribed
on the right boundary inside the non-propagative zone, and is propagated from the
right to the left by the Matlab solver. With this, the numerical method naturally
captures an exponentially growing term (from the right to the left) which is therefore
exponentially decreasing from the left to the right in the propagative region and so
models correctly the condition at infinity.

] v H 5 5x107! 5x1072 5x103 5x107% 5x10°5
Dy 9898 19484 18724 18623 18604 18590
D, | 1534268 36976 20272 18771 18613 18588
D, || 109836517 89603 22761 19001 18637 18591

TasrLe 4.1. Values of the heating calculated with Formula (3.58) with
different v and different dissipation tensors. As predicted by the the-
ory, the limit resonant heating in the last column is independent of
the dissipation tensor.

On the contrary if the numerical Cauchy data is prescribed on the left boundary in
the propagative zone, it inevitably captures a non-physical exponentially increasing
function at infinity. Finally, note that the Cauchy data E¥(5) = 1 is extremely small
with respect to the order of magnitude of the numerical solutions inside the domain.
All calculations are performed with different but positive values of the regularization
parameter v > 0. The other parameters are chosen so that x;, = 0 is a local hybrid
resonance, ¢ < 0 is the propagative region and = > 0 is the non-propagative region.

The convergence as v goes to the 0 of the heating term appears clearly in Table 4.1.
In Figure 4.1 we display the real part of EY, EX W for four different values of v, and
for the linear models with I; and Ds. We observe the numerical convergence: even if
the results for v = 0.5 are very different, the functions converge numerically to the
same limit for v = 0.5 x 1073, Figure 4.2 confirms this analysis for the imaginary part
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Ficure 4.1. Real part of V¥ = E¥, WY and U” = EY. Parameters
are as follows: D1 on the left, Dy on the right; from top to bottom
v=.,5-10"1.5-1072,.5- 1072, One observes the convergence to
the same limit.
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v=.5,5-10"1,.5-1072,.5-1073. For the smallest value of v, the
results are almost the same as in Figures 4.1 and 4.2 computed with
the linear models D and Ds.
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of the electromagnetic field. Finally Figure 4.3 shows the same results but computed
with the “real” dissipation tensor. One clearly observes the same limit as in Figures 4.1
and 4.2, perhaps with smaller oscillations for larger values of v.

4.2. A SHORT CONCLUSION. All our numerical results confirm the singular solution
predicted by the theoretical results. It allows us now to have a comprehensive un-
derstanding of the local structure of the hybrid singular solutions. The connection of
the local structure near the singularity to the condition at infinity, this problem was
addressed in [9], can also be addressed starting with the tools of the present work and
using the methods developed in [13].

AppPEnDIX A. ProOF oF LLEMMmA 6

Proof. — From Definition 6, the function R, (z) is a priori a Laurent series in x, with
bounded coefficients in v. Hence we will show that there exists Ag > 0 such that R, (z)
is uniformly bounded, i.e., bounded for x € B(x},, Ag) uniformly for v € B(0, Ag). And
such a Ag can be replaced by A3 in case this one was smaller. This will prove that it
is an analytic function with a uniform radius of convergence.

The function R, is the product of x — X, times a contribution which is the sum of
four terms. The first term is a2 + b,c, = —D, = ¢, + 6%, with D, defined in (1.15),
which is at most O ((¢f;)™"). The product by # — X, is bounded and admits a finite
limit for x — X,. The second term depends on a, /¢, which is locally bounded, so
does not yield any difficulty either: its contribution to R, is bounded. The third term
can be written as

r— X, d? <\/—sc,,(x)(x—Xl,)>_ 1<c’y(x))'+ l(c'y(ar))2
Vs, (z)(z — X)) da? r— X,  2\¢, () ev(z)/
Considering the bounded function k, (x) = ¢, (z)(xz — X,,), such that

d”(x) d”(x)
T v (‘r - XV) = - 1 .

ehi(x) [ 0.t (X, + s(z — X,))ds
Note that k, is analytic in B(xzp, As), whit A5 defined in Lemma 5, and that
LX) (%)

Opety (Xy)  Owely(Xy)
hence k, is analytic and non-vanishing in a ball B(zp, Ag). In addition, one checks
that k/,/k, is analytic in B(zp,, A¢) hence bounded and its derivative is also bounded.

4

ky(x) =

k(X)) =

Hence one has

()

(k@) 1 1 1
T3 (k,,(x)) T3 ox,)? 1
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It yields that

r— X, d? \/—sc,,(ac)(x—X,,) _ 1 7, (2)
Vs (z)(z — X)) W( z— X, )  4(r—X,)? + r—X,’

where the function 7, is uniformly bounded in the sense that |7, (z)| < C, i.e., bounded
for € B(x}, Ag) uniformly for v € B(0, Ag). It shows that the most singular part of
the two last terms cancel in the definition of R,. The exact value of R, (X,) may be
computed as follows using d” defined in (1.14). From a, /¢, = i0ec},/d”, one has by
elimination of e, =

(%) (x,) = —i6 E20 (x, ),

Cvy (e75)?

To obtain an explicit expression for the term R, (X, ) we check that

R x,) =282 () - L k)
(e71)

Ru(X,) =k (1—( )) %%(Xu)
[ 0(ets) + (e12)? ()" | (e
(ef1)’ €12 4 (efy)

ApPENDIX B. ANALYTIC SOLUTIONS

In this section, we intend to construct analytic solutions to the cold plasma model
solution. Analytic solutions are of interest because they can be used as reference
solutions for testing numerical codes. The solutions we construct here are easily
computable, using special functions. They improve model solutions of the literature
(Chen-White, [22], [7] for example) in the sense that they have a richer behavior in
the neighborhood of the points studied (namely the hybrid resonance mode).

B.1. A FIRST FAMILY WITHOUT SINGULARITY. The first case of interest is such that
the function s in equation (3.25) is identically 0. It greatly simplifies the algebra. In
this case p(x) = x/(1 + €5 ), £y being an arbitrary length, does not depend on wv.
The matrix M, shall depend on v through an arbitrary choice of X, depending on v,
(such as X,, = —iv). Consider

(o) = LX) _ :
v plr — X)) (x— X))+ 4 (x— X))
a,(x) = —c,(x)
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where A, ¢y are arbitrary constants. For the simplicity of notations, the sign in Defi-
nition 10 is assume to be positive, that is s = 1. We define U2 and V? the functions

U3() = [ 535 BV

Vo) = f ;’,((ZZ)) [Yo (WP~ 2 log (0/2) Jo(A/a() |

For A = ),, the functions U? and V? correspond to the functions U, and V, in
Definition 9.

(B.1)

Lemma 17. — The family of solutions W and EY of (1.12), with the above coefficients
of M, defined in (3.7) can be written as

W (2) = (e, (@) /(AU (@ — X,) + BV (& — X,),
By (@) = Al (@) (—en(@) 200 = X)) + 0y (@)(—e(2) 20 - X))

+ Bla@) ™ (e PV — X)) + an(@) (e () V0 - X.))]
where A and B are two given arbitrary constants. The solutions are non singular.

Proof. — Recall that U? and V0 solve
o Py N2 (p,)?N 0
az0r = <7<2py) T 4p, *’8”>DL
with p, := p and s, := 0. One checks that (p,)'(z) = 1/(1 + ¢, (z — X,)))?, hence
(p,,(x))~1/? is a polynomial of degree 1, hence s, = 0 as announced.
Consider

W (z) = (—c,(2))2(AUY(z — X,)) + BV (z — X,)).
E¥ is obtained through
(W") =c,EY —a,W" =c,EY +c,W".
As one has (i(_c )1/2)/ . 1 ((_C )1/2)/ »
cy cy ’

one gets

(ES)/ —a, By (ES)/ + o By

= (=) 2" ) (AUD 4+ BVY) + - (—e,)/2(AUS + BV)”
C

CV v

- i e /2y i_ 1/2 _}2_)\2%2 0 0
—(%K ) )+ (=) <4@ 1 %»@ug+3my

It is enough to call b, the coefficient such that (EY)" — a, E%¥ = b, W" using
() X%(p),)°
4p? 4p,

MW+BWY:C— )mW+BW)
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The solutions are non singular since the log contribution in V.9 is counterbalanced by
the different square roots in front of it. O

B.2. A sEconp ramiLy witn siNncurLAriTY. — The second case corresponds to a solu-
tion. It writes as a combination of Bessel functions with p(z) = 2(1 + £5%22) inde-
pendent of v. One may choose in this case

B A i, ) B A cu(;g)(a”(”g))2 - (a”(x))/ - %pp/(x - X,).

plz — X)) () ¢y ()
It yields
B 1 2(r — X)) B
() =K T X, + B+ (z= XV)Q}’ ay,(x) = Coey(x)
and

by(z) = *Cgcu(x) (= Xu)p(z — X,)

= ~Cleulw) ~ (o~ X))+ 7@ — X)) (14865 — X))

With a convenient choice of X, € R, one has

Lemva 18. — The solutions of
!
v 1 v
E3 Coc, —C2ec, — ?pp’(:v - X)) Ej
wv ey () —Cocy(x) wv
with

/

() =K %(m —X,) and p(z) = 2(1+£,227),

are

I
A
—
s
I

Adolp(a — X,)) + BYa(p(z — X,)),
E(2) = K~ p(e — X,)(ATy(pl(@ — X)) + BY(pl(z — X,)))
+ Co(AJo(p(x)) + BYo(p(x))),
where A and B are two arbitrary positive constants. The solutions are singular for

B#0.

Proof. — The proof of this Lemma is constructive, namely we will deduce from the
fact that WY = AJy(p(z — X,)) + BYy(p(z — X,)). We drop all the indices v.

The two equations are (using a = Cyc, where Cj is a given positive constant)
W' = cEy — CocW, El = CocEq + bW. We replace Ey by W’/c+ CoW in the second
equation, to obtain (W’/c)’ = (Cgc+ b)W. Note that W = Jy(p) is a solution of this
equation, hence

Cie+ 0yt = (Za500)) = (2 7o) + 25 g0

Our aim is to remove all the terms containing J(p), using in particular

(o) = —% T4(0) — Jo(p)-
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Hence one deduces
/

G+ = () -

C

) - )

The equation that must be satisfied by ¢ in order to have Jy(p) as a solution is

Jo(p)-

(p'/c) = (p")?/pc, which is equivalent to p’/pc is constant, namely ¢ = Kp'/p. The
coeflicient b can thus be identified thanks to

/\2 /
b=—Cic— () =-CK L K pp,
¢ P

which is the given coefficient b in the matrix M ,. The solutions are singular because
the log term in Y; is nude. This ends the proof. O

AppenDIX C. MULTI SPECIES

Our aim here is to show that our method can be used to study the resonances in
the case of multi-species.

For simplicity, let us consider the case of the electron-ion system. After elementary
calculations based on the fundamental equations that one may find in [4] for the cold
plasma model (from which the author deduces expressions (17.6) and (17.7) for the
effective dielectric tensor), one obtains the generalization of (3.7)

(1) M, (2,0) = —— (A”(“’”’ 6) By(z.6) ) .
D,(z) \ Cy(z) —A,(x,0)
Here D, satisfies

— Dq(x) vanishes at points xp; such that Ag(xp;), Bo(xri), Co(zn,) do not vanish
and (A(Q) + B()Co)(l‘hi) =0

- i@,,D,,(xhiﬂV:o eR 7é 0
which are the unique conditions needed for the theoretical set-up of our main result.
This coefficient D, is analogous to e%;.

Note that the method described above does not need expressions (17.6) and (17.7)
of [4], these expressions classically derive the effective dielectric tensor as the sum of
the effective dielectric tensors of each species, hence introducing artificial poles in the
dielectric tensor at all the cyclotron resonances. The formulation we introduce here
avoids introducing these poles.

We describe a two species case, one is electrons and one is ions with Z protons and
just give the main ideas. To obtain (C.1), one can start from the Maxwell equations

VAE=iwB, *VAB=—iwE+¢e;'j.

Thanks to the electro-neutrality, the ions density is Z ! N.(x), N.(x) being the elec-
trons density, hence the current j is given by

j = —eNe(2)ve + eZ(Z7'No(z))v,
v being the ion velocity, v, being the electron velocity, hence one has

Jj=eNe(x)(v—ve).
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The external magnetic field is By = By(x)b, b is a unit vector. The so-called fluid
equations are given through Newton’s law

Me(—iw + V)ve = —e(E 4+ Bo(x)ve Ab), my(—iw + v)v = Ze(E + Bo(z)v Ab)
from which one deduces the equation for the electric current thanks to v, = v— ﬁ VE

eBo(x) Zm

(—iw+v)j= eowg(l +p)(F + Bo(z)v AD) — T‘j Ab, p= Te € (0,1).
Introduce the ion cyclotron frequency and the electron cyclotron frequency
) ZeB B
wi@) = 2B () — B0l
my; Mme

The traditional approach is to calculate v in terms of E (which introduces a singularity
at o such that wi(z) = w), then to deduce j (or v.) in terms of E (which introduces
a singularity at = such that w¢(z) = w) and finally to replace j in Maxwell equations.
This structure is not the natural one in the sense that the dielectric tensor that one
obtains has singularities when v goes to 0. Instead of using this approach, we seek the
TE field (Eo(x), Bs(z) := W(x))e®Y. Let (j1,j2) be the components of the electric
current transverse to b. The TE field being solution of

W' =iwEy — 5 o,

El =i0FE; + iwW,
we have thus to obtain (jo,E7) in terms of Es,W. It can be checked that
J1,J2,v1, V2, B are solutions of

(—iw 4+ v)j2 — wij1 + Eowg(l + p)Bovy = {—:owg(l + p)Es,
wejo + (—iw + v)j1 — Eowg(l + p)Bovg — sowg(l +p)E; =0,

, zZ
(—iw + v)v — wlivg — —eEl =0,
i

. . Ze
wivg + (—iw + v)vg = — Ey,
m;

egtj —iwEy = oW,
where (v1,v3) are the components of the ion velocity transverse to b. Treating this
system globally leads to a determinant D,,:

Dy(z) = —iw((we)?+(iw—v)?)((we)*+ (iw—v)?) +(~iw+v)((iw—v)? +wews )y (1+p).
For the purpose of finding the hybrid mode associated with this system, one checks

that
D
DO 2y - ) ()2 - )+ (L () - ).

Note that: for w = w!, —Do(x)/iw is equal to (1 + plwiwi(ws — wf) > 0; while for
w = wg, =Dy (z)/iw is equal to (1 + p)wiws(wi —wg) < 0, which has an opposite sign.
If one denotes X = (w/w¢)?, we note that

Do(x) 2 (wp(2))?

. (- X) 1= X)+ (14 p) I, x
) (™ = X)( )+ (1+p) (@) (p—X),

4
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hence the hybrid resonances, in this case, correspond to X solution of

2 2

X? - (p2+1+ (p+1)(b:;1’)2)x +p(p+ (1+p)(:j#) =0.

This polynomial in X has two strictly positive roots, one root X_ between p? and 1,
the other root X greater than 1. For any w > 0, this gives rise to two hybrid
resonances X" and X" such that w¢(X") = wX/? and we(Xhy = in/Q. They give
rise to the behavior described in this paper. Other formulas can be sought for.
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