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SOBOLEV ALGEBRAS
THROUGH HEAT KERNEL ESTIMATES

By FrEpiric BErnicor, Tamerry Couvrnon & Dorornee Frey

AsstracT. — On a doubling metric measure space (M, d, u) endowed with a “carré du champ”,
let .Z be the associated Markov generator and LZ(M ,-Z, 1) the corresponding homogeneous
Sobolev space of order 0 < a < 1 in LP, 1 < p < +oo0, with norm ||.£2%/2f||,. We give suffi-
cient conditions on the heat semigroup (e~*% )y for the spaces LE (M, %, n) N L (M, 1) to
be algebras for the pointwise product. Two approaches are developed, one using paraproducts
(relying on extrapolation to prove their boundedness) and a second one through geometrical
square functionals (relying on sharp estimates involving oscillations). A chain rule and a par-
alinearisation result are also given. In comparison with previous results ([29, 11]), the main
improvements consist in the fact that we neither require any Poincaré inequalities nor LP-
boundedness of Riesz transforms, but only LP-boundedness of the gradient of the semigroup.
As a consequence, in the range p € (1, 2], the Sobolev algebra property is shown under Gaussian
upper estimates of the heat kernel only.

Risumic (Algebres de Sobolev via des estimations du noyau de la chaleur)

Sur un espace métrique mesuré doublant (M, d, u) equipé d’un « carré du champ », soit £
le générateur markovien associé et L (M, .2, 1) Pespace de Sobolev homogene correspondant,
d’ordre 0 < a < 1 dans LP, 1 < p < +oo0, avec la norme || .£%/2f||,. Nous donnons des
conditions suffisantes sur le semi-groupe de la chaleur (e’t‘y)t>0 pour garantir que les espaces
Lg(M,‘Z,M) N L (M, p) sont des algébres pour le produit ponctuel. Deux approches sont
développées, une premiere utilisant des paraproduits (basée sur l’extrapolation pour obtenir
leur bornitude) et une seconde basée sur des fonctionnelles quadratiques géométriques (basée
sur la notion d’oscillation). Des régles de composition et de paralinéarisation sont aussi obtenues.
En comparaison avec les résultats précédents ([29, 11]), les améliorations principales consistent
dans le fait que nous n’avons plus a imposer d’inégalité de Poincaré ou de bornitude LP des
transformées de Riesz, mais seulement des bornitudes LP du gradient du semi-groupe. Comme
conséquence, nous obtenons la propriété d’algébre de Sobolev pour p € (1,2], sous la seule
hypothese d’estimations gaussiennes pour le noyau de la chaleur.
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1. INnTRODUCTION

It is well-known that in the Euclidean space R™ (endowed with its canonical non-
negative Laplace operator A), the Bessel-type Sobolev space

LAR") = {f € L?; A°2f e I},

is an algebra for the pointwise product for all 1 < p < +o00 and a > 0 such that
ap > n. This result is due to Strichartz in [65], where the Sobolev norm was shown
to be equivalent to the LP-norm of a suitable quadratic functional.

Twenty years after Strichartz’s work, Kato and Ponce [51] gave a stronger re-
sult, still in the Euclidean space. They proved that for all p € (1,+00) and a > 0,
LE(R™) N L>°(R™) is an algebra for the pointwise product. Later on Gulisashvili and
Kon [46] considered the homogeneous Sobolev spaces L (R™) and proved the even
stronger result that under the same conditions, L?(R"™) N L>(R") is an algebra for
the pointwise product. These results come with the associated Leibniz rules.

One way to obtain these properties and more general Leibniz rules in the Euclidean
setting is to use paraproducts (introduced by Bony in [20] and later used by Coifman
and Meyer [26, 56], see also [68]) and the boundedness of these bilinear operators
on L°°(R™) x LP(R™). This powerful tool allows one to split the pointwise product
into two terms, the regularity of which can be easily computed from the regularity of
the two factors in the product. Moreover, paraproducts also yield a paralinearisation
formula, which allows one to linearise a nonlinearity in Sobolev spaces.

The main motivation of the inequalities deriving from such Leibniz rules and al-
gebra properties comes from the study of nonlinear PDEs. In particular, to obtain
well-posedness results in Sobolev spaces for some semi-linear PDEs, one has to un-
derstand how the nonlinearity acts on Sobolev spaces. This topic, the action of a
nonlinearity on Sobolev spaces (and more generally on Besov spaces), has given rise
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SOBOLEV ALGEBRAS 101

to numerous works in the Euclidean setting where the authors attempt to obtain the
minimal regularity on a nonlinearity F' such that the following property holds

f € B = F(f) € B*?,

where B®P can be Sobolev or Besov spaces (see for example [59, 60, 61], [57] or [22]).

It is natural to look for an extension of these results beyond Euclidean geometry,
as was pioneered in [19]. In [29], Coulhon, Russ and Tardivel-Nachef extended the
Strichartz approach, in the case 0 < a < 1, to the case of Lie groups with polynomial
volume growth and Riemannian manifolds with non-negative Ricci curvature. The
proof works as soon as one has the volume doubling property as well as a pointwise
Gaussian upper bound for the gradient of the heat kernel. More recently, on a dou-
bling Riemannian manifold equipped with an operator satisfying suitable heat kernel
bounds, Badr, Bernicot and Russ [11] have shown similar results under Poincaré in-
equalities and boundedness of the Riesz transform, but without assuming pointwise
bounds on the gradient of the heat kernel (note that the latter imply the boundedness
of the Riesz transform, see [4]). See also [16] for further developments and [42], with a
quite different approach, for the case of Besov spaces on Lie groups with polynomial
volume growth.

Our aim in the present work is to improve these results while working in the
general setting of a Dirichlet metric measure space. Our standing assumptions will be
the volume doubling property and a Gaussian upper estimate for the heat kernel. We
show in particular that the algebra property always holds for 1 < p < 400 (which
is reminiscent of the results in [28] and [4]) under L?-bounds on the gradient of the
heat semigroup for some ¢ € (p,+oo], which is much weaker than what is assumed
in [29, 11] (mainly boundedness of Riesz transform and some Poincaré inequalities).
The precise results are stated in Theorems 1.5 and 1.9 below.

1.1. Tue DIRICHLET FORM SETTING. Let M be a locally compact separable metris-
able space, equipped with a Borel measure p, finite on compact sets and strictly
positive on any non-empty open set. For €2 a measurable subset of M, we shall de-
note u () by |€].

Let .2 be a non-negative self-adjoint operator on L?(M, ) with dense domain
9 C L?(M, i1). Denote by & the associated quadratic form, that is

E(f.9) = /M fZgdn.

and by .Z its domain, which contains 2. If & is a Dirichlet form (see [41] for a
definition), it follows (see [41, Th. 1.4.2]) that the space L (M, u) N Z is an algebra
and

(L) VE(f9.f9) < 1flaVE(9,9) + VES ) lglloo: Y frg € LM, p)N.Z.

—tiﬁ)

t>0 of self-
adjoint contractions on L?(M,p). In addition ( t>0 is submarkovian, that is
0<e ™ f<1if0< f<1. It follows that the semigroup (e‘tx),»o is uniformly

The operator . generates a strongly continuous semigroup (e
—tZ
e )
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102 K. Bernicor, T. Cournon & D. Frey

bounded on LP(M, 1) for p € [1,4+00] and strongly continuous for p € [1,+00). Also,
(e7*%) ¢~ is bounded analytic on LP(M, i) for 1 < p < +oo (see [64]), which means
that (t.ZLe~ %) is bounded on LP(M, ;1) uniformly in ¢ > 0.

Assume from now on that the Dirichlet form & is strongly local and regular (see
[41, 47] for precise definitions). Let 4p(M) denote the space of continuous functions
on M which vanish at infinity and € := %,(M) N .Z. Since the Dirichlet form & is
regular and so has a core, we then deduce that € is dense in (M) and ¥ with
respective norms.

For 1 < p < 400 and a > 0, one could define Lg (M, %, i) as the completion of

{fee;zoiferr(v )}

for the norm || f|p.o = [|-£*/%f||,- The problem is that even in the Euclidean space
this may not be a Banach space of distributions (see [21]). Instead, let us define
globally L2(M,. %, u) N L (M, 1) as the completion of

{fee;zoiferr(v,p}

with respect to the norm ||£%/2f|, + || f|lco- Even in situations when it is only a
semi-norm, we shall still denote in the sequel the expression ||.Z%/2f(|, by ||flp.a-

Derinition 1.1, — For a > 0 and p € (1, +00) we say that property A(p, «) holds if:
— the space LQ(M, £, ) N L>®(M, ) is an algebra for the pointwise product;
— and the Leibniz rule inequality is valid:

Hfgllp,a S Hf”p,aHgHoo + ||f||<>0H9||p,ou Vfge LZ(M,$7M) N L (M, ).

One could also consider local versions of A(p,«) as in [29] and [11]; we leave this
to the reader.

In the present paper we restrict ourselves to the range o € (0,1). We shall see
below that the case & = 1 is very much connected to the Riesz transform problem
(see [28], [4] and references therein).

Note that, as in the Riesz transform problem, the case p = 2 is trivial. Indeed,
(1.1) and the identity &(f, f) = ||-L/2f||3 for f € @ obviously imply A(2,1). Now,
since &,(f,9) = [,,(L*f) gdu is also a Dirichlet form for 0 < a < 1, it follows that
for the same reason A(2, a) holds for 0 < o < 1.

Since & is strongly local and regular, there exists an energy measure d I, that is a
signed measure depending in a bilinear way on f, g € .# such that

(1.2) 8(f.g) = /de,g)

for all f, g € #. According to Beurling-Deny and Le Jan formula, the energy measure
encodes a kind of Leibniz rule, which is (see [41, §3.2])

(1.3) dT(fg,h) = fdT(g,h) + gdT(f.h), ¥ f.g,he L®NZ.
One can define a pseudo-distance d associated with & by

(14)  d(z,y) =sup{f(z) - f(y); f € F NC(M) st. dT(f, f) < du}.
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SOBOLEV ALGEBRAS 103

Throughout the whole paper, we assume that the pseudo-distance d separates points,
is finite everywhere, continuous and defines the initial topology of M, and that (M, d)
is complete (see [66] and [47, §2.2.3] for details).

When we are in the above situation, we shall say that (M,d, pu, &) is a metric
measure (strongly local and regular) Dirichlet space. This is slightly abusive, in the
sense that in the above presentation d follows from &.

For all z € M and all r > 0, denote by B(x,r) the open ball for the metric d with
centre x and radius r, and by V(z,r) its measure |B(x,r)|. For a ball B of radius r
and a real A > 0, denote by AB the ball concentric with B and with radius A\r. We
shall sometimes denote by r(B) the radius of a ball B. We will use u < v to say
that there exists a constant C' (independent of the important parameters) such that
u < Cv, and v ~ v to say that v < v and v < u. Moreover, for Q C M a subset of
finite and non-vanishing measure and f € L (M, p), fQ fdu = Wll [ f du denotes
the average of f on Q.

We shall assume that (M, d, u) satisfies the volume doubling property, that is

(VD) Vix,2r) < V(x,r), VYxeM, r>D0.

As a consequence, there exists v > 0 such that

(VD,) V(z,r) < (i> V(z,s), Vr>s>0, z€ M,
s

which implies
d v
Viz,r) < (%) Viy,s), Vr=s>0, z,y € M.

Another easy consequence of (VD) is that balls with a non-empty intersection and
comparable radii have comparable measures. Finally, (VD) implies that the semigroup
(e7*?)¢>0 has the conservation property (see [44, 66]), which means that

(1.5) e Z1=1, Yt>0.

Indeed, in a rather subtle way, the above assumptions exclude the case of a non-empty
boundary with Dirichlet boundary conditions, see the comments in [42, p. 13-14].

We shall say that (M,d, u, &) is a doubling metric measure Dirichlet space if it is
a metric measure space endowed with a strongly local and regular Dirichlet form and
satisfying (VD).

1.2. HEAT KERNEL AND REGULARITY ESTIMATES. As in [29] and [11], a major role in
our assumptions will be played by heat kernel estimates.

The semigroup (e~*¥);~o may or may not have a kernel, that is for all ¢ > 0 a
measurable function p; : M x M — R, such that

et f(z) = / (e, ) f () duly),  ae. z€ M.
M

If it does, p; is called the heat kernel associated with £ (or rather with (M, d, u, &)).

tL

Then p¢(z, y) is non-negative and symmetric in z, y, since e ' is positivity preserving

and self-adjoint for all ¢ > 0. One may naturally ask for upper estimates of p; (see for
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104 K. Bernicor, T. Cournon & D. Frey

instance the recent article [23] and the many relevant references therein). A typical
upper estimate is
1

(z,y) S
V@DV (VD)

This estimate is called on-diagonal because if p; happens to be continuous then (DUE)
is equivalent to

(1.6) pe(z,x) <

(DUE) , Vt>0, ae. z,y € M.

1
. Wt>0,YzeM.
V(z,Vt)

Under (VD), (DUE) self-improves into a Gaussian upper estimate (see [45, Th.1.1]
for the Riemannian case, [30, §4.2] for a metric measure space setting):
d(z,y)
z,y) < ex (— .
pe(z,y) Vv P ol

To formulate some other assumptions, we will need a notion of pointwise length of

(UE) ), Vt>0, ae. x,y € M.

the gradient. The Dirichlet form & admits a “carré du champ” (see for instance [47]
and the references therein) if for all f, g € .7 the energy measure dT'(f, g) is absolutely
continuous with respect to . Then the density Y(f, g) € LY(M, u) of dT'(f, g) is called
the “carré du champ” and satisfies the following inequality

(1.7) IT(f.9)1> < Y(f, /)Y (g,9)-

In the sequel, when we assume that (M, d, u, &) admits a “carré du champ”, we shall
abusively denote [Y(f, f)]l/2 by |V f|. This has the advantage to stick to the more
intuitive and classical Riemannian notation, but one should not forget that one works
in a much more general setting (see for instance [47] for examples), and that one never
uses differential calculus in the classical sense.

We will also use estimates on the gradient (or “carré du champ”) of the semigroup,
which were introduced in [4]: for p € [1, +00], consider

(Gp) sup IVEIVe™ ™ ||| pmp < +00,

which is equivalent to the interpolation inequality

(1.8) VAR SIZflplfll,  YVfe2

(see [31, Prop. 3.6]). Note that (G,) always holds for 1 < p < 2. For more about (G,),
we refer to [4], to the introduction of [13], and to the references therein. This notion
was introduced in [4] to understand the stronger notion of boundedness of the Riesz
transform |V.271/2| (we refer the reader to [4] for more details about these two
notions and how they are related and to [15] for recent results in this area). Given
p € (1,+00), one says the Riesz transform is bounded on LP(M, p) if

Ryp) IV llly < ||$1/2f||p7 Ve,
and that the reverse Riesz transform is bounded on LP(M, p) if

(RR;) 1L fl, SNV, Y F € 2.
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SOBOLEV ALGEBRAS 105

If both estimates hold true, then
(Ep) IV £l =~ ||$1/2f||173 Vieg.

It is then clear, using (1.3) and (1.7), that (E,) implies A(1,p). One of the main
objectives of this work is to prove A(p,a) for 0 < a < 1 without assuming (E,)
or (Ry).

We can now formulate the LP version of the scale-invariant Poincaré inequalities,
which may or may not be true, depending on p € [1,+00). More precisely, for p €
[1,400), one says that (P,) holds if

P 1/p 1/p
(P,) <]le]{3fdu du) ST(J{BIVfI”du> . vieZ,

where B ranges over balls in M of radius r. Recall that (P,) is weaker and weaker
as p increases, that is (P,) implies (P4) for p < ¢ < +o00. Also, under (VD), (P2) is
equivalent to the Gaussian lower bound matching (UE), see [13] and the references
therein. For more about (P,), we refer to [48] and to the introduction of [13].

1.3. Maix resurrs. — The original approach by Strichartz to the Sobolev algebra
property in [65], and later also used in [29, 11], relies on the functional

Too 2 g0 \1/2
5.0 = ([ [J{B(mff(xndu} )

which measures the regularity of the function f by averaging its oscillations at all
scales (see Section 9 for more details). Note that for every f € .# C L2, f is locally
integrable and so the previous functional has a meaning. If one proves

E(p, @) 1Saflly =1L fllp, VfeZ,

then it is easy to see that A(p, «) follows.

In the present paper, we shall rather rely on the paraproduct approach, using a no-
tion of paraproduct associated with the underlying operator .£ and the corresponding
semigroup that was recently introduced in [12], [38], [14]. This requires slightly weaker
assumptions. On the other hand, Strichartz’s approach yields a stronger chain rule
(requiring less regularity on the nonlinearity). This is why we shall also study prop-
erty E(p, ) in Section 9.2. Note also that E(p, a) may be considered as a fractional
version of (E,).

Let us now recall some tools that have been studied in [13] (and previously, see
references therein), namely an inhomogeneous L? version of the De Giorgi property,
as well as some Holder regularity estimates for the heat semigroup.

Derinition 1.2 (L? De Giorgi property). For k € (0,1), we say that (DGg ) holds
if the following is satisfied: for all r < R, every pair of concentric balls B,., Bg with
respective radii » and R, and for every function f € &, one has

1/2 K 1/2
(f wrean) < (2) [(£ 1wrPan) "+ RIL a0 |
r Br
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106 K. Bernicor, T. Cournon & D. Frey

We sometimes omit the parameter , and write (DGz) if (DGg ) is satisfied for some
k€ (0,1).

For more details and background, see [13]. We just point out that (DGz) is implied
by the Poincaré inequality (P2).

Derinirion 1.3, For p,q € [1, +00] and n € (0, 1], we shall say that property (H} )
holds if for every 0 < r < /%, every pair of concentric balls B,, B i With respective
radii 7 and v/, and every function f € LP(M, ),
q 1/q
d,u)

- —tL ry . —tZL g —tZ
&) q-Oscp, (e f): <][BT e f ]ére fdu

p,q r

’7 -1/
S () 1Bal ™ 15,

with the obvious modification for p = oco.

We shall say that (HJ ) is satisfied if, for some () exponentially decreasing
coefficients and for all 0 < r < V%, every ball B, of radius, and every function
fe Ly, (M, p),

loc

50 —t T\ 1/p
(H} ;) q-Oscp, (e ff)S(%) ZW(J{(Bﬁﬁhﬂdu) )

>0

Then the following holds.

Provosirion 1.4. — Let (M, d, i, &) be a metric measure Dirichlet space with a “carré
du champ” satisfying (VD) and (DUE). We have

— The lower Gaussian estimates for the heat kernel

1 & (z,y)

V (2, VD) exp (- Ct
are equivalent to the existence of some p € (1,+00) and some 1 > 0 such that (H} )
holds;

~ (Hp,) implies (HI ) and (H} ) for every A € [0,7);

— Moreover, for every A € (0,1] the property ()
[1,+00] and will be called
@)= U NnmE,)=n U @,

pE[l,+oo] <A nN<A p€[l,+o0]

(LE)

) Spi(z,y), VE>0, ae z,ye M

(H? ) is independent on p €

N<A\TTp,p

We refer to [13, Th. 3.4] for the first part and to the appendix for the last two
statements.
We can now state our main results.

Tueorem 1.5. — Let (M, d, i, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (VD,) and (DUE). Then

(a) A(p, @) holds for every p € (1,2] and « € (0,1), and for every p € (2,4+00) and
ae (0,1-v(1/2-1/p));

JLE.P — M., 2016, tome 3



SOBOLEV ALGEBRAS 107

(b) Under (Gyp,) for some py € (2,+00), A(p, ) holds for every p € (1,po] and
a € (0,1), and for every p € (po,+00) and o € (O, 1- l/(l/po — 1/p));

(c) Under (Gyp,) and (DGg ) for some 2 < py < +o00 and k € (0,1), A(p, ) holds
for every p € (1,po] and o € (0,1), and for every p > py and o € (07 1 —/{(1 —po/p));

(d) Under (H") for some n € (0,1], A(p,«) holds for every o € (0,n) and
p € (1,400).

Since (Gz) always holds, (a) is nothing but (b) in the case py = 2. Statement (a)
is proven in Theorem 6.2 (for p < 2) and in Theorem 7.1 (for p > 2), Statement
(b) in Theorem 4.3 (for p < po) and Theorem 7.2 (for p > pg), Statement (c) in
Theorem 8.2, and Statement (d) in Theorem 9.2. Statement (d) had been announced
in [29, p. 333].

Remark 1.6. — An alternative method of proof for Theorem 1.5(a)—(b) is the follow-
ing: Instead of using extrapolation methods on Lebesgue spaces (see [18], [8], [17])
as we do here, it is also possible to use extrapolation methods on tent spaces. This
amounts to considering the boundedness of singular integral operators of the form

oo ds
T:TP%(M,pu) — TP*(M,u), TF(t,.)= Ko(t,s)F(s, .) -
0
with an operator-valued kernel K, (¢, s) as defined in (3.3). We refer to 7] and [40]
and the references therein for results of this kind. Combining this with the fact that,
under (DUE), the Hardy spaces HY, (M, 1) associated with .2 are equal to LP (M, ),
for p € (1,+00) (cf. [9] for Riemannian manifolds; the proof extends to our setting,

see for instance [25]), one obtains the desired results.

Exampre 1.7. — Let n > 2. Consider the connected sum M := R"#R" of two copies
of R™, that is the manifold consisting of two copies of R™ \ B(0, 1) with the Euclidean
metric, glued smoothly along the unit spheres. Then it is known that (DUE) is satisfied
and the Riesz transform is bounded on LP for every p € (1,n) (and unbounded for
p = n), see [24]. It follows from Theorem 1.5 that A(p,«) holds for p € (1,n) with
a € (0,1) and for p > n with a € (0,n/p).

Examrere 1.8. — Let (M,d, 1) be a doubling Riemannian manifold supporting the
Poincaré inequality (P2), and £ = A its non-negative Laplace Beltrami operator.
It is well-known that (DUE) holds (see for instance [58]). Then one knows from [3]
that (P2) yields (R,) hence (G,) for every p € (2,2 +¢) for some € > 0, and from [13]
that (Pg) yields (DGg ) for some s € (0,1). So we conclude that A(p,a) holds for
p€(1,2+¢] with a € (0,1) and for p > 2+ ¢ with a € (0,1 — k(1 — (2+¢)/p)).

We now state our results concerning the characterisation of the Sobolev space L{;
in terms of a quadratic functional.

Tueorem 1.9. Let (M,d, p, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (VD,). Then

(e) Under (DUE) and (H"), E(p, &) holds for every p € (1,400) and « € (0,n);
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(f) Under the combination (Gp,), (Pp,) for some pg > 2, E(p, ) holds for every
p € (2,p9) and a € (0,1).

Statement (e) is proven in Theorem 9.2 and Statement (f) in Theorem 9.3.

In Statement (f), one does not need to assume explicitly (DUE) but, according to
[13, Prop. 2.1], the combination (G,,) + (Pp,) for po > 2 does imply (DUE).

Note that, similarly to the Riesz transform problem (see [28, 4]), the case 1 < p < 2
is substantially easier in the above results than the case p > 2 .

ExamprLe 1.10. — Let us mention that our results are not bound to self-adjoint setting.
Consider R", equipped with its Euclidean structure, and a second order divergence
form operator L = —div(AV), where A € L>®(R™; #(C™)) and for some A > 0,
R(A(z)) = Al > 0 for a.e. x € R™. Then L is a sectorial operator on L?(M, ), and —L
generates an analytic semigroup (e=*%);so on L?(M, u). It is known (see [2]) that
the semigroup (e *F);~¢ and its gradient satisfy L? Davies-Gaffney estimates. From
the solution of the Kato square root problem [5], we know that the Riesz transform
VL~'/2 is bounded on L?(M, ). Let us assume that (e *),5¢ has a (complex-valued)
kernel p; which satisfies Gaussian estimates, that is, |p;| satisfies (UE) (which is
for example the case if A has real-valued coefficients, see [10]). Then there exists
g+ = q+(L) € (2,00] such that for every p € (1,¢+), (G,) and (R,) hold. See [2]. In
dimension n = 1, it is known that g1 = co. Moreover, for every p € (1,+c0), (RR,)
holds. The kernel p; satisfies a Holder regularity estimate (see [10]), so property (H")
holds for some 7 € (0, 1].

We leave it to the reader to check that, even if the operator L is not self-adjoint,
our proofs still hold in this situation. We deduce that A(p, @) holds (as well as a chain
rule property) for every p € (1,¢4+] and « € (0,1), and for every p > ¢4 and « € (0, 1)
with 0 < a < k + (¢+/p)(1 — k) and k = max(1 — n/q4,n). Moreover if p < g4 or
a < 1, then E(p, @) holds.

Section 10 is devoted to the proof of a chain rule inequality (which enables one
to control the stability of Sobolev spaces via the composition by a nonlinearity). In
particular it is proved (see Corollary 9.5 and Theorem 10.1):

Turorem 1.11 (Chain rule). Let (M, d, i, &) be a doubling metric measure Dirichlet
space with a “carré du champ”.

— Under the assumptions of (e) and (f) in Theorem 1.9, we have the optimal chain
rule: for F' a Lipschitz function with F(0) = 0, the map f — F(f) is bounded in LP
and

IE(lp.a S NENLipll fllp,a VfeGM) N,
— Under the assumptions of Theorem 1.5, for F a C? function with F(0) = 0, the
map f — F(f) is bounded in L2, N L>°.

Similarly, a paralinearisation formula (also called Bony’s formula) is also obtained
in this setting and we refer the reader to Theorem 10.3 for a precise statement.
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2. PRELIMINARIES, DEFINITIONS AND TOOLBOX

In this section, (M, d, u, &) will be a doubling metric measure Dirichlet space with
a “carré du champ”.

2.1. FuncrioNaL carcurus. — Since .7 is a self-adjoint operator on L2(M, i), it ad-
mits a bounded Borel functional calculus on L?(M, i). Under the additional assump-
tion of (VD,) and (DUE), it is known that % can be extended to an unbounded
operator acting on LP(M, u), for p € (1,4+00), with a bounded H* functional calcu-
lus on LP(M, 1) as shown in [35, Th. 3.1]. It also admits a bounded Hérmander-type
functional calculus on LP(M, u), see [35] and [34, Th.3.1]. We refer to [54, 1] and
references in [1] for more details on functional calculus. In the sequel, we will mostly
make use of H*° functional calculus rather than Hérmander-type functional calculus.
Note however that the different functional calculi coincide on common symbols.

Gathering Theorem 3.1, Remark 1 p.451 and (1.8) from [34], one obtains the
following estimate on imaginary powers of the operator £ (see also [62]).

Prorosition 2.1. — Under (VD,) and (DUE), for every p € (1,+00) and s > v/2,
one has

1L llp=p S (L+181)°,
for B eR.

2.2, OPERATOR ESTIMATES. The building blocks of our analysis will be the following
operators derived from the semigroup (e %% ).

Derinition 2.2, — Let N > 0, and set ¢y = 0+OO sNe™s %. For t > 0, define
(2.1) QW) =t L)Ne

and

(22) PN = o (t.2),

with ¢y (z) == cy' ;OO sVems 45 2> 0.

Remark 2.3. — Let p € (1,00) and N > 0.

(i) As a consequence of the bounded functional calculus for £ in LP(M, p), the
operators Pt(N) and QEN) are bounded in LP(M, p), uniformly in ¢ > 0.

(i) Note that PV = e~ and Q" = t.Ze~*. The two families of operators
(Pt(N))t>0 and (QgN))DO are related by

to, PN = t.2¢\ (tZL) = —Q™).
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Since Pt(N)f — fast— 0% in LP(M, p) (see the proof of Proposition 2.11 below), it
follows that

t
(2.3) PN = 1d + / oM &,
O s
iii) One can write PV = RN e=t/22 ith
t t
+oo
(2.4) RgN) = (3;,1/ (s.L)Ne(s=t/2Z %
t

By functional calculus, REN) is again a bounded operator in LP(M, u), uniformly in
t>0.

(iv) If N is an integer, then Q') = (—)NepttVoNe=t  and PN = p(tL)et,
p being a polynomial of degree N — 1 with p(0) = 1.

Derinition 2.4, Let p,q € [1,00] with p < ¢, and let » > 0. A linear operator T
acting on LP(M,pn) is said to have LP-L? off-diagonal bounds of order N > 0 at
scale r, if there exists C'y > 0 such that for every pair of balls By, Bs of radius r and
every f € LP(M, i) supported in By, we have

(][B Tflqdu)l/q\O (1+ EEB0)” (f; If”du>1/p-

Let us recall that we may compose off-diagonal estimates:

Levva 2.5. — Let p,q,r € [1,00] with p < q < r. Let S (resp. T) be two linear
operators satisfying LP-L (resp. L-L") off-diagonal estimates of order Ny > v/2
(resp. No > v/2) at scale \/s (resp. \/t). If s = t, then TS satisfies LP-L" off-diagonal
estimates of order N := min(Ny, No) > 0 at scale \/s = \/t. If p=q =1 with N > v
(and s #t), then T'S satisfies LP-L" off-diagonal estimates of order N —v/2 at scale
max(y/s, V).

Proof. — 1f s = t, consider balls By, By of radius /s and (B7); a collection of balls
of radius /s which covers the whole space and satisfies a bounded overlap property.
Then we have for every f € LP supported on B

(o) "< P (] )
5 ) I (] )

J

1B (] )"

where we used that N > v/2 to sum over the covering as detailed in [39, Lem. 3.6].
Let us now consider the case p = ¢ = r. Consider the case s > t (the other one can

be treated similarly). We are first going to check that T satisfies LP-L? off-diagonal

estimates at the largest scale v/s. Since Ny > v/2, by decomposing the whole space
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with a bounded covering at scale /s, we deduce that T is LP-bounded. So the on-
diagonal case of the off-diagonal estimates for T directly holds. Then fix two balls
By, By of radius +/s with d(By,B2) > /s and f € L? supported on B;. Consider
(B}); (resp. (B¥);) a bounded covering of By (resp. B;) with balls of radius v/7.
Fix j. The off-diagonal estimates for T at scale v/t yield, for every k,

1/p 2RI Ry — 1/p
@ (B], BY)\ N
(f, wrtspan) s (0o SEEN (L Gpean)
By BY

hence, by summing in k, and using the fact that for every indices j, k

d?(BI, Bk d?(B,, B
+ (i 1)21+ (i 1)’

1/p d2(B2,Bl) — N> 1/p
(]{%_Tflpdu) < (14 BBy ;(]{glfwcm) |

The doubling property yields

1

v/2
Bl 517 ()

so that

1/p 2 _ 1/p
d%(By, By)\—Nz 1, rs\v/(2p) /
Tf|? d < (14 222U By|~Vr(2 > Pd .
<]{eg| [l u> N( + ; ) | B1| (t) d Blklfl L

We then use Holder’s inequality in &k together with the bounded overlap property of
the covering (BY) to obtain

S ([ i) < o (), van) " s ([ iran)”

k By

Now the doubling property enables one to control the number of small balls Bf

e 3)"

Z( /| s du>1/p5 ()" ( / 1 Ifl”du>1/p-

k

required to cover By by

Therefore

Consequently,

<]£;g,‘ s du>1/p S (1 - @)wz G)V/Q (]{31 il du) l/p.

Since d(Bi, Ba) > /s = /1, we have

1/p 2 _ 1/p
d*(B->. B No+v/2

(f moran) s (14 SEENTE L Gppan)

Bz S Bl

which concludes the proof of the fact that T admits LP-LP off-diagonal estimates at
the larger scale v/s. Since No > v, we may apply the first statement of the Lemma
and conclude that T'S admits LP-LP off-diagonal estimates at the scale 1/s. O
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Lemma 2.6. — Assume (DUE). Let N > 0. For every t > 0, Q,EN) is an integral

operator with kernel kt(N) such that for allt >0, all 8 € [0,1] and a.e. x,y € M,
1 d*(x,y)\ N

2.5 kN (2, 4)| < (1 + &% ) .

eor e g v e U

Consequently, for every p,q € [1,+o0] with p < g, QEN) satisfies LP-LY off-diagonal
bounds of order N at scale \/t.

Let N > v/2. For every t > 0, Pt(N) is an integral operator with kernel
that for allt >0, all 0 € [0,1] and a.e. xz,y € M,

~(N) 1 dQ(x,y) -N
E: (x’y”sV(x,ﬁ)ev(y,\/i)l—e(“r : ) .

Consequently, for every p,q € [1,+o0] with p < ¢, Pt(N) satisfies LP-LY off-diagonal
bounds of order N at scale Vi

EEN) such

Remark 2.7. — Let N > v/2. The operator REN) introduced in Remark 2.3 is an
integral operator as well, with its kernel rt(N) satisfying (2.5). Moreover, for all p €

[1, +o0], RiN) has LP-LP off-diagonal bounds of order V.

Proof. — Observe first that by (VD,), one has for 6 € [0,1] and every x,y € M

(26) ; e—cd2(z,y)/t < 1 e—cdz(z,y)/Qt.
V(z, V1) TV (@, VOOV (y, V)0
As we already said, if NV is an integer, then QgN) = (—1)Nc]*\[1tN8,fVe_t$. By

[67, Cor. 2.7], its kernel admits Gaussian bounds and therefore in particular (2.5). In
the general case, consider an integer K > N. Then

) _ N K pN-K=tZ
0+°° sK=Ne

and by the integral representation £V~ = ¢ L % for some constant

c > 0, one may write

+oo I\Nd
gN) _ c//o (Sg)Kef(ert)f(i) 73

S S

Gaussian upper estimates for (£.2)" e~ and (VD) then yield a bound of the form
(2.6) for ((t + $).2)" e~ (=TDZ at the scale max(y/s, v/), hence

t K N d
(V) < 1 / S\E e (ayyjae (LN dS
i “’”’wa,ﬁ)ewy,\/{we[o(t) ‘ ()5
+oo
+/ efcd%w,y)/zs(E)N@
P s S
t —
< 1 [ecf(z,w/zt / (E)K N ds
~ V(QT»\/E)QV(% \/i)l_e 0 t S

v /+°° oo (z.9) /25 (E)N ds
" s s |
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Thus

1 2 d?(z,y)\ N
k(N) , < |: —cd” (z,y)/2t +(1+ ) :|’
| ¢ (@ y)| ~ V(a?,\/f)QV(y, \/i)l—e e ( 7 )

which concludes the proof of (2.5) for k:t(N). Integrating over the bound in (2.5) then
(N)
P

gives the second claim for

In order to obtain the assertions on Pt(N), we use Remark 2.3 (iii), which yields

Pt(N) = e*t‘ﬁ'p/‘lR,EN)e’t‘f/4 and so for every z,y € M

Y (9] / puyate, )| | B [oeya(y, ()| dia(2)

1/2
< ( [ s du(2)> ( i -)}(Z)|2du(2)>
S V(@ VI VRN [lasaV (y, VE) 12,

where we used (DUE) to estimate the L? norm of the heat semigroup. Consequently,
since R§N) is bounded in L?(M, ) uniformly in ¢ > 0, we obtain that

KM (@, 9)| S V(w, VO~V (y, Vi) V2.

For the diagonal part, when d(z,y) < v/t, we have by doubling V (z,v#) ~ V(y, V1)
and so the previous estimate implies the desired inequality.
For the off-diagonal part, when d(z,y) > v/t, we use the representation (2.3) and

1/2

integrate the previous estimate on k,gN) (the kernel of Q,EN)) in time. This gives

t
- d
EY (@, y)| < / |k§N><m,y>| -

/ Vi VO (H dz(%y))_N%

3 ”/2 dQ(x,y))*Nﬁ
S V(z \/)“’V (y, V)~ 8 s

<

S

—-N
V(z, V1) 9V (y, V)~ ( ) ’
where we have used (VD) and N > v/2.
The second statement for Pt(N) follows by combining the previous estimate with
the global L? boundedness of Pt(N). |

Prorositiox 2.8 (Davies-Gaffney estimates). — Let N € N. There exists a constant
¢ > 0 such that for all Borel sets E,F C M and every t > 0

1P |2y raey + IVEIVP pe(mysne(ry < e ERIL
1™ s2(m) s 20 + IVEIVQE | p2(my s 2y < e~ EFI/E,
If N > v/2 is not an integer, then for all balls By, By of radius v/t

N N d*(By1, Bo)\ N
IVEV PN 201280 + IVEIVQEN 212 S (14 ==2)
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Proof. — The first estimate is classical for Pt(l) = e~ (see for instance [67], except
for the term with the gradient, which was introduced in [4, §3.1] in the Riemannian set-
ting. For an adaptation to the present setting, see [13, §2]). The generalisation to Pt(N)
and QgN) with arbitrary N € N* is a consequence of the analyticity of (=% );>¢ in
L?(M, i), and the particular form of Pt(N), see Remark 2.3. Now for the second es-
timate. Lemma 2.6 yields that Pt(N) and QEN) satisfy L2-L? off-diagonal estimates
of order N. Since \/iVQEN) = QNﬁVe*t/z‘zQi;\;), and VtVe ' satisfies L2-L?
off-diagonal estimates of any order, we may compose these off-diagonal estimates and
Lemma 2.5 implies the desired result for VQ,EN). For VPt(N), we use the representation

VIVPY) = \/ive=t/22 RN of Remark 2.3, together with Remark 2.7. O

Lemma 2.9 (Off-diagonal estimates). Assume (DUE). Let N > 1 be an integer and
consider the operators Pt(N), ,EN) as defined in (2.1) and (2.2). For every t > 0,
every ball B of radius r and every p € [1,+0o0], we have

— if r </t with B := (\/t/r)B the dilated ball,
1/p
(f s 10 aran) s a0f, il
B >0 265
- 'Lf’f‘ 2 \/‘E)
() () v v
(firosr i) - <X aw (f imra)
B >0 2tB
— more generally, if r > \/t with po,p1 € [1,+00] satisfying p1 = po then
1/p1 v(1/po—1/p1) 1/po
r Po p1
(f, 1pose 10 an) 5 () S0 (f, 1man)
B Vi >0 2B

where () are exponentially decreasing coefficients.
For N > 0 not an integer, p € [1,00], t >0 and B a ball of radius \/t, we have

1/p
1N ey § 3 272N -0/ (][ f|”du> .
>0 2¢B

Proof. — For the first part, we use (since B C B)

1/p
N N N N
(%B|Pt( VP + 10 )fpdu> <P Fllpee sy + 1Y Fll ()

<UL Fll e ) 1195 Fll )
and then the proof follows from the pointwise Gaussian estimates of the kernel for
both operators Pt(N) and QEN), see [67, Cor. 2.7]).

For the second part, the ball B may be covered by a collection of balls of radius v/,
with a bounded overlap property. Then by using the LP off-diagonal estimates at the
scale v/t for operators Pt(N) and QgN), we obtain the stated inequality by summing
over this covering. The third part can be proved by interpolating between the second
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part and the L'-L> estimates (which corresponds to the case py = 1 and p; = 00)
which comes from (DUE) with doubling.

The last statement is a consequence of the kernel estimates for QgN) shown in
Lemma 2.6. O

2.3. Quabraric FuncrioNars. — Combining Corollary 1 with Lemma 2 from [66]
yields the following statement, which does not even require (VD).

Prorosition 2.10. — For every p € (1,400), consider a function f € LP(M,u) N 2
solution of Zf =0 on M. We have

— if |M| = 400 then f =0;

— if |IM| < +oo then f is constant.
In other words, if we denote Np,(L) :={f € LP NP ; Lf =0}, then N,(£) = {0}
or Np(Z) ~ C and in particular, it does not depend on p and so will be sometimes
denoted N(.ZL).

Note that, under (VD), |M| < 400 if and only if M is bounded.

Prorosirion 2.11 (Calderén reproducing formula). Let p € (1,400). Let N > 0,
and consider the operators Pt(N), QgN) as defined in (2.1) and (2.2). Suppose (VD)
and (DUE). For every f € LP(M, ),

(2.7) Jim PN f = in LP (M, 1),

(2.8) Jim PV f =P f in LP(M, p),

and

(2.9) F= QT A Paa S i LM p),
0

where Py f = 0 or Pn(g)f is constant depending whether M is unbounded or
bounded. For every f € Ro(L), one has

oo dt
N
(210) 195 = [ 1et s 5

Proof. — For p = 2, we have the decomposition L?(M,u) = Ro(Z) & N(&). If
feN(ZL), then Pt(N)f = fforallt >0, and if f € Re(.¥), then lim;_, Pt(N)f =0
([32, Th. 3.8]). The Convergence Lemma (see e.g. [1, Th. D] or [53, Lem. 9.13]) implies
for every f € L*(M, )

f=1lim P f = lim PV — lim P4 Py f

Feo dt
=, QEN)fT + PNy S,
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where the limit is taken in L?(M,u). The last equivalence then follows from the
self-adjointness of QEN) and Fubini, as for f € Ry(.¥)
+oo +oo
| = ([ @ L) =
For general p € (1,400), we use that under (VD) and (DUE), .Z has a bounded H>
functional calculus in LP(M, u) according to [35, Th.3.1]. This in particular implies

that Pt(N) can be extended to a bounded operator in LP (M, u), with its operator norm
bounded uniformly in ¢ > 0. Combining this with the strong convergence of Pt(N)
to Id for t — 0+ in L?(M, ) gives by standard arguments (2.7) on L? N LP. Similar
arguments apply to (2.8) and, by approximation of the improper integral, (2.9). O

Let us now define some suitable sets of test functions. Let us recall that € :=
Go(M)N Z.

Derinrion 2.12. — For p € (1,400), we define the set of test functions
ISP =SP(M, L) ={feenlP;Ighe I’NLP, f=Lgand h=Lf},

and
s = U "
pE(1,400)

For every p € (1,+00) and o € (0,1), under (DUE) the set .7 is dense in L2 N L.
This can be seen as follows. Denote .F2 := {f € €; £*/2f € LP(M, ;1) } and recall
that by definition LENL> is the closure of .Z¥ for the corresponding norm. Clearly .77
is included in #2. It is therefore sufficient to check that .#” is dense in .F#2.

Let us detail this point. For f € #P, Proposition 2.11 yields that for N > 1 > «

= [ Qg

(note that Py(e)f = 0 by definition of €) converges to f with respect to the norm
|.£/2 .||, Since every function f € € is uniformly continuous, the previous Calderén
reproducing formula with (DUE) also yields that f. converges to f in L. So we
conclude that f. converges to f for the norm of Lg N L. It now remains to check
that f. is a sequence of .#P.

First we easily see that for f € #P, we have f. € # N LP and also f. € (M), so
fe € €N LP. Moreover, one can write f. = Zg. and h. = £ f., where

< dt < dt
go= [ 20 wd h= [ 2Mr T

Note that by (DUE) and the assumption f € L? N LP, one can check that g.,h. €
L2 N LP, with their norms depending on ¢ > 0. That ends the proof of the fact that
for every f € ZP, the sequence (f:)e>0 is a sequence of .#? converging to f in the
norm of L2 N L.

The same argument also shows that for every p € (1,+00) and « € (0,1), under
(DUE) the set .7 is dense in LE,.
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We state some results on square functions that we will need in the following.

Prorosirion 2.13. — Let N > 0, and consider the operators Pt(N), §N) as defined

n (2.1) and (2.2). Assume (DUE).
(i) Let p € (1,40), and let o > 0. The horizontal square functions, defined by

gN<f>:=</0 |QtN>f12dt)  feI(M.p).

and

oo 1/2
Inalf) = (/ |(t.2)° P(N’f|2dt) . feLP(M,p),

are bounded on LP(M, ).
(ii) Let p € (1,2]. The vertical square functwns defined by
dt

(2.11) Gnf —< ViR g ) . fer (M),
and

~ dt
(2.12) Gnfi= (/ |\/VQ§N)f|2 ) ; feLr(M,p),

0

are bounded on LP(M, ).

(iii) Assume in addition (Gyp,) and (Pp,) for some py € (2,+00). Then Gy is
bounded on LP(M, ) for every p € (1, po).

(iv) Let p € (1,400). If N € N or N > v/2, then the conical square function,
defined by

1/2
I f (@) i= (/F()|Q(N)f |m) . ferr(Mw),

is bounded on LP(M, ). Here, T'(x) denotes the parabolic cone
I(z) := {(y,t) € M x (0,+00); d(z,y) < Vt}.

Proof. — For the result on the horizontal square function g, see [55] and references
therein. The result on gy with N an integer also follows from [55]. For arbitrary
N >0, see e.g. [32, Th. 6.6].

The result on vertical square functions in L?(M, 1) is a consequence of integration
by parts and (2.10). For p # 2, we refer to [15, Th. 3.6], where indeed the combination
(Gp,) and (P,,) is shown to imply the boundedness of the Riesz transform in LP for
every p € (1,po] (which is stronger than the boundedness of Gy).

For results on conical square functions of this kind, we refer to [9, Lem. 5.2, Th. 8.5]
for the case p € (1,2]. In the present paper we only use the case p € [2,+00) which
is easier and can be proven as in [6, §3.2], that is, by using Lemma 4.4 below and
interpolating with L2, where one can reduce the problem to the horizontal one. O

In fact, the Poincaré inequality (P,,) is not necessary in (iii) if one allows a loss
on the Lebesgue exponent.
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Prorosition 2.14. — Let N > 0, and consider the operators Pt(N), ,EN) as defined

n (2.1) and (2.2). Assume (DUE) and (G,,) for some py € (2,+00]. Then for every
pe (2,]70) and every f € Lp(Ma ,LL),

IGNFllo S NG Fllp S 11l

Proof. By writing

PN f = / QM FE 1Py,
one obtains N
N\ 1/2 ds
vivrios| < [ () v
t

Then Hardy’s inequality implies the pointwise inequality

GNfs(/O VivQ™ f|““) ,

which gives the first desired estimate.

Interpolating (G,,) with the L? Davies-Gaffney estimates stated in Proposition 2.8
yields, for p € (2,po), that there exists constants such that for every ¢ > 0 and every
pair of balls By, By of radius v/¢,

_t9 2
Ve ™ o By rr(ms) S €7 PLP/E

By combining this with (DUE), which self-improves in (UE), we deduce that

2
Ve ™ | 11 By 1o (B S |Br| /P ~emed BB/t

In particular, from [52, Th.2.2] we deduce that the family (vVtVe™%);s¢ is
Ry-bounded in LP, for every p € (2,pg). Since Q,EN) = 2Ne_t3/2Q£72), and using the
LP boundedness of the vertical square function gy, this yields

(s 4) | <[ ez t)
’ p 0

| )"

S Wy
which concludes the proof. O

p

p

We shall also need the following orthogonality lemma, for instance in the proof of
Lemma 7.6.

Lemma 2150 — Let N > 0. Consider QgN) and Q, = (tL)N2e~ /DL 5o that
QEN) = Q?. Assume (DUE). Then for every p € (1,+00) one has

too g\ Y2
’ 5 H(/ |Q F | t)
0

400 QgN)Ft dt

)

0 P
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where Fy(z);= F(t,x), F: (0,400) x M — R being a measurable function such that
the RHS has a meaning and is finite.

Proof. — Let g € o (M, ). Then, by Fubini, Cauchy-Schwarz and Holder,
Hoo dt oo L~ L dt

’</ QgN)Ft a9>‘ = / (QeFy, Qig) —

0 t 0 t

too 1/2
(] @nes)

too 1/2
<|([ " @med)

where in the last inequality we have used the fact that @t = 2N/ QQS\;/ 2 and the
second assertion in Proposition 2.13. g

N

too g\ 2
(/ |th‘2 t)
0

91l
p

p p’

We will also need the Fefferman-Stein inequalities for the Hardy-Littlewood max-
imal operator (see [36] for the discrete version and [43, Prop. 4.5.11] for the transfer
method from discrete to continuous versions):

Prorosirion 2.16. — Let 1 < p < 400 and 1 < ¢ < min(p,2). Then the L1-Hardy-
Littlewood mazimal function satisfies the following discrete L?-valued inequalities

H(Z |e//l[|fn|q]l2/q>l/2 p < H(Z Ifn|2>1/2

neZ nez
for (fu)n € LP(M, (*(Z)), and the continuous version

+oo dr\"* veo dt\Y?
([ eawre= ) | <[ ([
0 » 0

for (Fy); € LP (M, L?[(0, +00); dt/t]).
2.4. CARLESON puaLITY. — For every x € M, denote by I'(x) the parabolic cone of

)

p

)

P

aperture 1 with vertex z, i.e.
I(z) == {(y,t) € M x (0,+00); d(y, ) < Vt}.

For every measurable function F' on M x (0, +00) and an exponent p € (1, +00), the
LP-Carleson function 6, (F) is defined by

e =sw(f ([ " P dt)m du(y))l/p, v e M,

B>z t
where the supremum is taken over all balls B in M that contain x. Let us point
out that the case p = 2 corresponds to the classical maximal function over Carleson
boxes. For every measurable function F' : M x (0,00) — C, we denote by N, (F) its
non-tangential maximal function, which is defined as

N.(F)(x):= sup |F(y,t)|, x € M.
(y,t)el (=)
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120 K. Bernicor, T. Cournon & D. Frey

We will need the following Carleson duality (see [27] for the original proof in the
Euclidean setting and p = 2).

Tueorem 2.17. — Let (M,d,u) be a doubling metric measure space. Suppose p €
[2,4+00). For every e > 0 (with e = 0 if p = 2), there exists a constant C > 0 such
that for all measurable functions F,G : M x (0,00) — C,

(/M (/;oo |F(x, )| |Gz, 1) f)m du(m)>1/p < CIN(F)I, 16p42(G)| -

The original proof for p # 2 was developed in a Banach space valued setting in
[50, §8], see also [49]. We give a proof in the scalar-valued setting.

Proof. — The case p = 2 corresponds to the classical Carleson duality inequality and
is standard. So let us focus on the case p € (2,00). We aim to control

+o0o ) 5 dt p/2 1/p 400 ) , di 1/2
([ ([ reoriceor §) aw) =] [ ireorceor §
M 0 0 p/2
+oo dtd 1/2
= s ([ [T R oR G e T
ner/2’. n=0 \Jm Jo
17l (p /2y =1

So fix such a normalised non-negative function h € L/ 2’ For 7 > 0, consider
Q, :={xeM; N(F)(x)>>7}.

Let (Bj); be a Whitney covering of this open subset. Then it is rather classical, by
the usual geometry of the Carleson theorem that there exists some numerical constant
C' > 1 such that

(2.13) {(a,t) € M x (0,00); |F(a,t)]> > 7} c UT(CBy)
J
where for B = B(z,r) a ball of M, T(B) denotes the tent above it defined by
T(B) := B x (0,r].
So for 7 > 0, we get

oo dt du(x
[ [ tapeon 66 age) 42
M JO

Cr;
> ] dt du(x)
S 1., © o0 (7) |Gz, )| h(z) — =22,
j/CB,./o fretpoy (T G, D) hlz) —
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We use Holder’s inequality along = € C'B; with exponents r := (p 4 ¢)/2 and its dual,
to have

e dt du(z)
/M/o ey |G ) h(z) ———

t

S Z(]é ny " e Cf)rduu))l/rx;gf& () (B,

Then using the fact that (B;); is a collection of balls included in Q, with bounded
overlap property, we get

+oo dtd X ! 7’
[ [ taror 16607 0 S < S g @)1 [ ()
J

J

S W@ [ ()" an

T

By writing |F(z, t)|” = lF(m oI’ dr, we obtain that

Jroo
// xt||G( )|h()dtdﬂ()
+oo oo ] )
= /M/ / 1{0<T<‘F($,t)|2} |G((E,t)‘2 h(m) Ld,u()

t
<y / / A W)Y dyds.

By integrating over 7 and the definition of the level set €2, we conclude to
dt dp(z) ST
[ [ Feor e o T < o, @, [ v (i)
'\ 1/
S 1% (G) % INL(F) 2 || (- (7))

S NG (G2 INL(F)I2,

where we used that the maximal operator is bounded in L®/2"/"" gince r > p/2. O

(p/2)

3. ParaPrRODUCTS

We define paraproducts associated with the operator .£. Some versions of such
paraproducts have already been introduced and studied in [12, 38, 16, 14]. We are
going to use here a slightly different version that is more adapted to our purpose.

From now on, let D be a large enough integer (D > 4(1 + v) for example should
be sufficient for this section, where v is as in (VD,); the choice of D may depend
on other parameters as well in the following, but this is of no real importance), and
denote P, = Pt(D) and Q; = QgD) from Definition 2.2. For g € L (M, p), define the
paraproduct HEJD) on . by

(D)( ) _ [ dt
(3.1) 7 (f) =,(f) = Qif - Pig i fes.
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129 K. Bernicor, T. Cournon & D. Frey

For every p € (1,400) and f € /P, the integral is absolutely convergent in LP (M, u):
with f = Zg and h = Zf for some g, h € L?> N LP, write Q;f = 2DQ§/D2_1)QE})2f and
note that this yields

1 . _
1Q:f 1l S 1QELA 1y S min (¢ gll, ¢lll)-

Combining this estimate with the uniform boundedness of (P;)¢~q in L™ (M, 1) gives
the absolute convergence.

Lemma 3.1 (Product decomposition). — Let pe(1,400). For every f, g€ SP+N(Z),
we have the product decomposition

(3:2) frg=14(f) +1s(9) + Pn(2)(f)Pn(2)(9)  in LP(M, p).
Note also that 1y (f) = y(f — Pniey(f))-
Proof. — By writing
fr9—Pf -Pg=(f—-Pf) - g+Pf (9— Pg)
it follows from (2.7) and (2.8) that in the LP sense
f-g=lim Bf- Py,
50
Pnwe)f Py = tiigloo Pif - Pg.
By definition of P; and @, and using the fact that t9; P, = —Q;, we then have

fg=lim (FRf - Pyg) - Jim (P.f - Pig) + Pn(2)f - Prniorg

+oo
__ / 0, (P.f - Pug) dt + P [ - Prieyd
0
=TI, (f) + 1 (g) + Pn(o)f - Pn2)g O

Cororrary 3.2. — From the nature of N(Z) (see Proposition 2.10), the function
Pniey(f)-Png)(9) (is equal to 0 oris a constant function) always belongs to N(ZL).
So if the bilinear map (£, g) — Iy(f) is bounded from (Zp, || |lp.a) X L™ to L2, then by
Definition 2.12 and density, I1; admits a continuous extension on Lg and the previous
product decomposition yields A(p, «).

Let a € (0,1) and g € L=(M, ) be fixed. The boundedness of I, in L is equiv-
alent to the LP-boundedness of the operator .£*/?I1,(.£~*/2.). Using the definition
of the paraproduct, Definition 3.1, and the reproducing formula, one may write

d dt

“+o0 “+o0
zera el = [ [ K T

where the operator-valued kernel K, 4(s,t) is given by
(3.3) Ko g(5,0)() = QL% (Qe.2~%(.) - Pog),
and P; and ); are defined in Section 3.

JLE.P — M., 2016, tome 3



SOBOLEV ALGEBRAS 123

We split the paraproduct into the two terms IT, = IT} + II2, with

+oo
I} (f) ::/O (I —P)[Q:if- Ptg} &

/+°°/ Qs [Qf - Ptg] ds dt

and

dt

+oo
I2(f) = /O PiQuf - Pyl &

An important fact for our study is that under (DUE) the second term IT? is bounded
on every Sobolev space L2 (M, %, i) with o € (0,1) and p € (1, +00).

Prorosition 3.3. Let (M,d,pn, &) be a doubling metric measure Dirichlet space
satisfying (DUE). Let a € (0,1), p € (1,+00) and g € L>(M, ). Then IIZ is well-
defined on /P with for every f € /P

5 () llpa S 1 llpallglloo-
Proof. — The L2-boundedness of Hg is equivalent to the LP-boundedness of
L2 (L.
Let f € LP(M, ) and h € LP (M, ). Then

|<$a/2H§($*a/2f),h>| — ‘<$a/2 /O+OO P, [Qtjfa/Qf.Ptg] dt h>‘

+oo
- / (2P, [Qu2 2 f - Pug], h> @

0

oo dt
_ / (12)72Quf - Pug, (12)*/2P) &

— e —a/2 a/2 dt
=\ [ ezt Pee) - 42) R dute) T

+oo
ol [ [ 202 Qut @) (02)°7 Pib(o)| dute) T

where we have used the uniform boundedness of P; on L°°(M, ). Now, by Fubini
and Cauchy-Schwarz,

‘ dt

‘<$a/21—[2( a/2f) >

+oo
< 9l / / (12)Quf (@) - (12)/Pon()| 5. ()

<l [ ([ T2 0 >|2‘“) (/0+m|<tz>a/2pth<x>|2Cf)l/2du<x>

= C||g||oo<gD—a/2(f)v §D,o¢/2(h)>7
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124 I. Bernicor, T. Cournon & D. Frey

for some ¢ > 0, where gp_,/2 and gp o 2 are the horizontal square functions from
Proposition 2.13. Proposition 2.13 yields that both gp_< and gp ¢ are bounded on
LP(M, ) for every p € (1,+00).

By Hoélder’s inequality, we then conclude that

(ZoPz (2= ), W) S llgllooll Fllplls
which by duality gives the LP-boundedness of .Z*/2I12(.Z~*/2.). 0

So from now on, to study the Lg—boundedness of the paraproduct Il,, we only have
to focus on the first part of the paraproduct and prove the LP-boundedness of

+oo t d d
zormyz et = [ ([ Ko )

That means that we may restrict our attention to the study of the operator-valued
kernel K, (s,t) in the range s < t, which requires extra assumptions in order to get
suitable bounds.

4. BOUNDEDNESS OF THE PARAPRODUCTS FOR 2 < p < pg UNDER (Gy,)

Let us introduce an L?-valued version of (R,), which we will denote by (R,): for
every measurable function (F});~o with values in L?(M, u),

+oo 1/2 +oo 1/2
H(/ |%Ff|2 dt) < H(/ \ft|2 dt)
4 t ~ t
0 D 0

where # := |V.£~1/2| is the Riesz transform. By applying (R,) to F;, = V2P f,
for f € L?(M, 1), one sees that, for any p € (1, +00), (R,) implies the LP-boundedness
of the vertical square function G for any N > 0. In turn, the LP boundedness of G
implies (Gy), for 2 < g < p (see [2, Step 7 of Th.6.1]). On the other hand, apply-
ing (R,) to Fy; = flj(t), for f € Co(M) yields (R,). In the Riemannian context,
where .Z is given by the Laplace-Beltrami operator and V is the Riemannian gradient,
% derives from the linear operator V.¢~1/2. Therefore for any p € (1, +00), (R,) im-

plies back (R,) by a general and well-known argument, see for instance [43, Th. 4.5.11].
However, in our Dirichlet form setting, the Riesz transform is defined as a sublinear

)
p

operator (since we only have a notion of length of the gradient), so it is not clear
that (R,) implies (R,,) in this generality.
We first remark that the LP-boundedness of the Riesz transform for p € (1,2]

(obtained in [28]) can be extended to a vector-valued setting:

Prorosition 4.1. Let (M,d,pn, &) be a doubling metric measure Dirichlet space

with a “carré du champ” satisfying (DUE). Then (R,) holds for every p € (1,2].

Proof. — We refer the reader to [28] for the proof in the scalar case, showing (R,)
for every p € (1,2] by using a Calderén-Zygmund decomposition. By repeating
this proof with a vector-valued Calderén-Zygmund decomposition (see [37]), it
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then yields that the Riesz transform % := |V.271/2| is an operator bounded on
LP(M, L?[(0,+00); dt/t]) (which is (R,)) for every p € (1,2). O

Let us then observe that (R,) can be dualised.

Lemma 4.2, — Let (M,d,p, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let p € (1,+00). Assume that (R,) holds. Then
the following L?-valued (RR,) inequality, which we denote by (RR,/), is valid: for

every F': M x (0,+00) = R such that Fy = F(.,t) € 9 fort >0,

too 1/2 +oo 1/2
H ( Az dt) < H ( [ wEeor dt)
0 t P’ 0 t

In particular, (RRy) holds for every q € (2,+00).

p’

Proof. — For every G : M x (0,400) — R, we have, denoting G(.,t) by Gy,

“+o0
/ (LR, Gy) &
0

?:

teo dt
= / (VE, V.2712G,) -

0

o0 dt\'? [ e at\'"?
<[ ([ Twred) ([ 1@erT)
M 0 0

oo PR oo PRYE
| g) O e )
0 13 0 13
By (R,), we get

oo dt oo dt\ " too )’
/ (LYV2F,G) — S H (/ |V F,|? ) (/ |Gy |? )
0 t 0 t 0 t

Taking the supremum over all functions G € LP(M, p; L?((0, +00), dt/t)) with norm 1
yields the result. The last assertion follows as a combination of the above with Propo-
sition 4.1. 0

dt

+oo
/0 (ZLF,27'7G,) "

’

p p

p’ p

Our main result of this section is the following;:

Tueorem 4.3. — Let (M, d, i, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let « € (0,1).

(i) There exists Do := Do (v) such that for D > Dy, the paraproduct (g, f) — Hg(f)
is well-defined on L (M, ) x P and satisfies

(4.1) Iy ()ll2,0 S [1f]2,0
Moreover, A(2,a) holds.

19l Vies"r ge L™
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(ii) Assume in addition (Gp,) for some py € (2,+00], and let p € [2,po). Then
there exists Dy := Dqo(v,p) such that for D > Dy, the paraproduct (g, f) — IL4(f),
well-defined on L™ (M, ) x P, satisfies

(4.2) g (N)llp.a S 1 llpallglloe VeI geL™.
Moreover, A(p,a) holds.

A(2,a) and A(p, «) follow directly from the product decomposition (3.2) and (4.1)
and (4.2), respectively. See Corollary 3.2. A(2, a) was already known as emphasised in
the introduction. However, the more precise estimate (4.1) will be used in Sections 6, 8,
and 9.

Proofof Theorem 4.3. — By Proposition 3.3, it only remains to prove the estimates
for the first part of the paraproduct, namely

“+o0
IL(f) ::/0 (I—P)[Q:f - Ptg] i

- [ [air g ® ‘ff

too oo dt ds
= / Qs [Qtf - Ptg] .
0 s
By Lemma 2.15, one obtains
ool +oo dt|? ds\*?
el < |(f @ [T e ra ) =0
0 s P
where @t is as in Lemma 2.15. Then, write
+oo _ +o0 dt 2 d 1/2
I = H (/ sl—a QS(SX)_(I_O‘)/Z/ /2 (Qtf - P,g) - S)
0 S S P

Thanks to (DUE), Q(s.2)~(1~%)/2 is bounded by the Hardy-Littlewood maximal
function which satisfies a Fefferman-Stein inequality (see Proposition 2.16), therefore

Feo +oo ds
< -« $1/2 . P ) >
([ ([

+o0 d 1/2
([ twmas o)

because Hardy’s inequality implies the pointwise inequality

+00 +o0 1/2
([ ([ e o)
0 s

+oo 1/2
S; </ 51_0{|-=g1/2 (st : Psg) ? dS) .
0 S

p

b

P
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Then by Lemma 4.2 and p € (2, +oc), (RR,) holds so for Fy = s(1=*)/2(Q,f - P.g),

one obtains
oo ds 12
r<|[([ @ ror %)
0

= [I59=27219(@Quf - o)l g

p

P
This splits into two terms I; and I, according to whether the gradient acts on Q,
or P;. For the first term, using the uniform boundedness of Ps;g on L and, in the
last step, the boundedness of G(P+(1=2)/2) on [P stated in Proposition 2.13 (i) and
Proposition 2.14, one obtains

L =12V Qu(s2) 2.2 ) - 1P,

(ds/s)|],

= ||Is' v @P=ern 22 Py,

(ds/s)]|,

s [l 2vQP-e o L

[F]
P
= [|GPH=R 2221 lglloe S 1227 Fllp llglloo-

As for I, using the Carleson duality stated in Theorem 2.17, we have for every € > 0
(withe=0if p=2)

too ds\'?
([ wasmerer)
0

We apply Lemma 4.4 below (choosing ¢ = p+¢ < pg) to show that the last expression
can be bounded by a constant times HX“/Qpr llg|| o - Finally, we have shown that

e 2 2 o ds e
([ 1erur vsvrge ©)
P 0 §

SN 2QDN, [€ree(s*V Pog) |-

p

|21y, S 12 Fllp 19]lo- O
It remains to show the following.

Lemmva 4.4, — Let (M,d,p, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let o € (0,1).

(a) Let p € (1,400). Then
IN((s2)~*2Qs )l S 111l

for all f € LP(M, ).
(b) Let q € [2,+00). If g > 2, assume in addition (Gyp,) for some py > q. Then

163(V3|V Psgl) oo S l19lloo
for all g € L (M, ).
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Proof

(a) According to Lemma 2.6, the kernel ks of the operator ((9.,?)_"/262S
QED*“/Q) satisfies estimates of the form (2.5) of order D — /2. Thus, for x € M,

N.((s2) Q) (@) = sup  |(s2)*Quf(y)|

(y,s)€l(x)
< swp /|k v, 2| ()] duz)
(y,s)€T(z)
—+oo
1
< s

s D—«/2
W 2 T ) (@=var) /sj@(y,@) TR dntz)

+oo 2]1,

S sup

s D—a/2
(y,5)eT () jz::o V(y,274/s) ((2j71\/§)2> /B(y,Qj\/E) )] dpz)

1
S osup sup———~— / |f(2)] dp(z) S A f (),
(y.5)eT () jeN V (¥, 27/3) B(y,29/3)

where S; (B) =2/B~\27"'Bif j > 1 and So(B) = B. Here we have used (VD,) and
D — /2 > v/2. The assertion in (a) follows from the boundedness of the uncentred
Hardy-Littlewood maximal operator .# on LP(M, p).

(b) Fix a ball B C M. We have to estimate

o= (f.(] N d)/ du(m)l/q.

To this aim, we split

9=glap + Zgﬂsj(B)
523

First using the LI-boundedness of the square function G'py(1_q)/2 stated in Propo-
sition 2.14, we have

1/q
A(glyp) < (][ (Gpt(1-a)/2(914p))? dM)
B

S |B|_1/q ’|GD+(17a)/2(g]l4B)Hq
< B~ 90l Loamy S N9l

On the other hand, interpolating (Gy,) with the Davies-Gaffney estimates from
Proposition 2.8 yields L9 off-diagonal estimates, therefore for j > 3 and every integer
N>1

1/q j 2, —
27r(B N
(f Wevrasmal du@) < (14 EEE) pg) .,

S

. 5 \N_..,
SEY () 2 el
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for s < 7?(B). Hence, choosing N > v/4, for q > 2

r?(B) . 2/q ds 1/2
atsma < ([ (£ VivPLsme@ ) )
0

r2(B) 1/2
< 9~ (2N-v/q)j / ( 5 )2N ds lgll
- 0 r?(B) s >

S 2N g
~ o0

Gathering the above estimates, uniformly with respect to any ball B, we have

(4 (/:(B) VEV Pl d)/ dum)w <Nl

which yields the claim. O

5 ()FF-D[ACOI\AL ESTIMATES ON THE KERNEL OF PARAPRODUCTS

We recall that K, , denotes the operator-valued kernel of the paraproduct, and
that this kernel depends on a parameter D, see (3.1) and (3.3).

In order to derive off-diagonal estimates on the kernel K, ,, we are going to
assume LP2-LP2 off-diagonal estimates on the gradient of the semigroup for some
pa € (2,400): for every pair of balls By, By of radius v/t and every f € LP2(M, )
with supp f C Bo,

§ 1/p2 ) 1/p2
e (f vive s pa) g eerer (e a) T

Note that this estimate can be obtained by interpolating between (G,) for p > p and
the Davies-Gaffney estimate from Proposition 2.8.

Turorem 5.1. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with
a “carré du champ” satisfying (DUE). Let 1 < p1 < 2 < pa < 400, a € (0,1) and
g € L>®(M, ). Assume (5.1). Then for s < t, the kernel K, 4 satisfies the following
LP'-LP2 off-diagonal estimates: given N > v/2, there exists Dy = Do(N,v) > 0 such
that for every integer D > Dy we have

1/p2 (1—a)/2 d2(B;y. Bo)\ - N 1/p1
S )
(f 1ot an) 5 (3)7 (0 HEED () gl
B, Ba

for all balls By, Bs of radius V.

One can obtain a more precise result if one assumes in addition a De Giorgi prop-
erty.

Turorem 5.2. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let 1 < p1 <2< pa < 400, a € (0,1) and g €
L>(M, p). Assume (5.1) and that (DGs ) holds for some k € (0,1). Then for s < t,
the kernel K, 4 satisfies the following LP*-L> off-diagonal estimates: given k' € (k,1)
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and N > v/2, there exists Dy = DO(N,I/,])Q,K?) > 0 such that for every integer
D > Dy we have

s\(-a)/2 i\~ /2,  d2(B,, B 1/
ig(ostlmaay  (£) () B (f i a)

t s
for all balls By and By of radius Vt.

The rest of this section is devoted to the proof of Theorems 5.1 and 5.2. We will
need two lemmas.

The first one is a localised version of the fact that, for p > 2, (RR,) holds under
(DUE) (see [28]).

Lemwva 5.3. Let (M,d,u, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Fiz p € [2,4+00) and N > (v + 1)/2. Then, for
all 7 > 0, every ball B, of radius r, every bounded covering (B.); of M by balls of
radius r, and f € F,

1/ o 1/2
(N) ¢1p < (B, Bi)\—(V (V+1)/2)( 5 )
(f reisean) " S S0 )

Proof. — Let g € 2 (M, ) be supported on B,.. By duality, we have
(VLD f.9) = (f,2272Qg).
By (1.2) and (1.7), it follows that
(VZQ 1) < [ IV71192 20 gl du
ZHlVleLz(B Q)
Write V.i”*l/QQfév) = rVef’”z‘f/Q(7’292”)]\"1/267’”23)/2. By interpolating (G,) for

1 < ¢ < p', which holds since p’ < 2, with L? Davies-Gaffney estimates from Proposi-
tion 2.8, we know that rVe "%/2 satisties LV -1 off-diagonal estimates of exponen-

(5.2)

9|HL2(B¢)'

tial order. Now
(r{%) -1/2, —r22/2 —oN~— 1/2Q(N 1/2)

r2/2 ’

hence by Lemma 2.6, this operator satisfies LY.LV off-diagonal estimates of order
N —1/2. By Lemma 2.5 and using N > (v 4 1)/2, one obtains

1/2 Ve 1/p’
_ d(B,, Bi)\—2N+1 ,
(5.3) (]{3 |ve 1/2Q£§>g|2du) < (14 2B By (]{B gl” du) :

r

The claim now follows from (VD) and (5.2). O

Proof of Theorems 5.1 and 5.2. — Let us start with Theorem 5.2, which is slightly
more difficult. First note that it suffices to prove the desired estimate for a ball By of
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radius /s, since if B; is of radius v/t then for every ball B, of radius \/s contained
in By, we have
2 2y
(1+ d (B;Bz)) ~ (1+ d (32332))'

So consider By a ball of radius /s and By a ball of radius v/#. By choosing Q. such
that Q% = Qs, it follows that

Ka,g(57 t)h = @ska,g(sv t)étha

where f(a’g = @SXQ/Q(@tof—a/Q( .) - P.g) is of the exact same nature as K, 4 (with
the intrinsic constant D being replaced by D/2). Since @S (resp. @t) satisfies LP2 — [
(resp. LP1-LP?) off-diagonal estimates at scale /s (resp. v/t) at order D/2, by the
composition of off-diagonal estimates (see Lemma 2.5), the expected result will follow
from the following LP2-LP? off-diagonal estimates:

(5.4) (ﬁ | Ry (5, )P du)l/m

()T BB (] e

for all balls By and By of respective radii /s and v/ and every function h supported
on Bs.

So it remains us to check (5.4). Fix such balls B;, By and function h supported
on Bs. By definition

Raog(s.tih=(2)""02)20,(2)"0-2(Qut2) %  Pug).

Therefore, with Lemma 5.3 (for p = po > 2 and N = D := (D/2) — (1 —)/2 >
v+ 1/2), one has

~ 1/p2 (1—a)/2 d?(By, B;)\ ~(D~(+1)/2)
S 1, D4
[ P2 < (2
(5.5) < 1|Koé7g(s,t)h| du) N(t) % (1—1— S )

1/2
x ( ) w%v@t(tz)-a/zh-Ptg>|2du) 7

B;

where (B;); is a bounded covering of the whole space with balls of radius 1/s. Then
by distributing the gradient, two terms appear. First using the property (DGa ), it
follows for every ball B; that

<][§ WEV(Qu(t.L)/2P)|? dﬂ> 1/2

NI/Q " 1/2 /1//2 ~
<(3) (][ lﬁwczt(tx)“”h)'”“) +(2) 1)) e

B;
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132 K. Bernicor, T. Cournon & D. Frey

where B; = (v/t/1/3)B; is the dilated ball of radius v/#. Then by writing
\/ivét(toip)fa/2 _ 4(Dfo¢)/2\/iVef(t/4)$Q§Z/2—a/2)’

since v/t Ve~ (/Y< satisfies L?-L? off-diagonal estimates at scale /f at any order and

Qiﬁ/Q_a/Q) satisfies LP'-L? off-diagonal estimates at scale v/t at order (D — «)/2,

we deduce by Lemma 2.5 that \/EV@t(t.iﬂ)’a/Q also satisfies LP'-L? off-diagonal
estimates at scale v/ at order (D — «)/2. Moreover Q;(t.%£)'~/? satisfies LP*-L>
off-diagonal estimates at the scale v/t of order D/2+1—a/2 > D — /2. So we obtain

N 1/2
(][ Nivczt(tz)—“/zhﬁdu)
B;

S BB ()

Similarly, one has

<]{§ IVt V P,g|? du) v §<é)ml/2 (1 + 7d2(3i’§"’))w (]{3

’

t\K'/2
S (5) ol
S

So coming back to (5.5), we obtain that for a large enough parameter D, it follows

. 1/172
(f Ry (s, )| dﬂ)
By

< (f)(lfoé)/2 (E)K'/2 Z(l . dZ(Bl,Bi))*(E*(VJrl)/?)

t S - S
d2(B ;Ei —(D—a)/2 1/p1
« (1+ TE2ED) (f, e a) ™ .
B2

Since B; is the dilated ball of radius /¢ from Ei, we then deduce that

1/P1
e du)

2

(1 N d2(B§,§i)) N (1 N d2(B§,§i))

and so, since s < t,

d2(32,32)> - (1 . d2(32,§i)) (1 . dQ(Bl,EZ-)).

1
(1+ < :

Hence as soon as D is large enough so that

C:=C(D) =min{D — (v+1)/2,(D - a)/2} — (v +1) >0,
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we have

. 1/p2
(f, 1Rasts.0mpan)
B, ~

()" SRR (e ) )

9

1/p1
< (f ) ol
B2
s\ (1=a)/2 s\ K'/2 d?(By, Bo)\—C 1/p1
< (- - P St 4 P1
GG B T (L an) ol

where we used that (B;) is a bounded covering at scale /s (which is also the radius
of B;) to bound the sum over the covering. Since C' = C(D) can be taken as large as
we want according to a large parameter D, we deduce the statement (5.4), which as
we already have seen, concludes the proof of Theorem 5.2.

For Theorem 5.1, the situation is simpler because we already have the exponent ps
on the left hand side, and balls and operators can be considered at scale v/t. Indeed,
by summing the estimates of Lemma 5.3 along a covering of balls of radius /s, we
get for s < t and By, B balls of radius v/t

1/p 2 ~(N—(2v+1)/2) 1/p
(f vZa@rran) " 5 (14 HEE) (f, wrran)
Bl B2

d2(B;. Bo)\ —(N—(2v+1)/2) 1/p
< (1+=5) (f. wran) .
B>

We then conclude as previously, using the Leibniz rule on the gradient. The result then
follows by composing LP? off-diagonal estimates at the scale /%, see Lemma 2.5. O

6. ThE case 1 <p <2

This section is devoted to the study of A(p,«) with 1 < p < 2. Our main result is
the following.

Tueorem 6.1. — Let (M, d, i, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Then property A(p,a) holds for every p € (1,2)
and every o € (0,1).

According to the product decomposition formula (3.2) and Corollary 3.2, Theo-
rem 6.1 is a consequence of the following.

Tueorem 6.2. — Let (M,d, p, &) be a doubling metric measure Dirichlet space with
a “carré du champ” satisfying (DUE). Let p € (1,2) and « € (0,1). There exists
Dy = Do(v) > 0 such that for every integer D > Dy, the paraproduct (g, f) — HEC,D)(f)
defined in (3.1) satisfies

P Sl ol Ve, ge L
and A(p,«) holds.
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Let o € (0,1) and g € L (M, p), let s,t > 0. Recall the operator K, 4(s,t) defined
in (3.3) by
Ko g(s,t) = Qs L*(Qu?~/?(.) - Prg),

so that
a/2 —a/2 oo a/2 —a/2 oo e dt ds
L, (& f)= QL 1y (&L f Ko g4(s, t)f——7
0
and
_ +oo Foo ds dt
germyztn) = [ Qe iy / Kagls0f 20

We refer the reader to Section 3 for the definition of H;, which is the remaining part
of the paraproduct that we have to study (see Proposition 3.3).

In the sequel, we describe how the off-diagonal estimates of the kernel K, 4 as
obtained in Section 5 can be used to obtain boundedness of the paraproducts by
means of an extrapolation method.

We recall the extrapolation tool for p € (1,2).

Proposition 6.3. — Let T be a bounded linear operator on L?(M, ). Assume that T
satisfies the following off-diagonal estimates: there exist integers N > v/2 and
N > v/2 such that for every t > 0 and every pair of balls By, By of radius r =/t

d(B1, By)\ =N
(6.1) HTQ?EN)HL%BQ%L?(BZ) N (1 + #)

Then for every p € (1,2), T is bounded on LP(M, ).

Remark 6.4. — The same proof yields that 7" is bounded on the weighted space LP(w)
for every Muckenhoupt weight w € A, N RH 3/, (we refer the reader to [8] for details
about this class of weights).

Proof of Proposition 6.3. — We refer the reader to [17, Th.5.11] and to [17, Th.6.4]
(for the weighted part) for a proof of this result. The second assumption of
[17, Th.5.11] is satisfied as a consequence of the kernel estimates for Pt(N) estab-
lished in Lemma 2.6. Notice however that instead of (6.1), the first assumption of
[17, Th.5.11] reads as

(6.2) |T(I - P

d(B1, Bo)\—N
N))HL2(31>—>L2(BQ) S (1 + #)

for the choice Bg = I—Pt(N). Following Step 2 of [12, Cor. 3.6], it is known that under
the assumption that 7' is bounded on L?(M, ), (6.1) implies (6.2), thus (6.1) is suf-
ficient to conclude. Equivalently, the desired result can be obtained as a combination
of [39, Prop. 3.25, Lem. 4.12 and Cor. 4.14]. O

Provosirion 6.5. — Let (M,d,u,&) be a doubling metric measure Dirichlet space
with a “carré du champ” satisfying (DUE). Let o € (0,1). Assume (5.1) for some
p2 € [2,400). Then there exists Dy = Do(v) such that for every D > Dy and
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every g € L™ (M, 1), the paraproduct H(D) t= H1 satisfies the following off-diagonal

estimates: for every r > 0 and every pair of balls By, By of radius r,

a/2 1 —a/2 (N) d(BhB?) v
©3) 20122 |y ey S (1 T)
Remark 6.6. — Up to considering a larger parameter D, we may have off-diagonal

estimates at any order. We chose the order v for convenience. Such a proposition also
holds for the second part H; of the paraproduct and is indeed easier (as shown by
Proposition 3.3, this second part is far more easy to handle with than the first part).

Proof. — Let a € (0,1) and g € L* (M, ). Consider the operator
_ a/2717l —a/2
T =PI (L)

Let us fix balls By, By of radius 7, a function f € L?(M,u) supported in By, and
consider an integer N > 2v + 1.
We have

+oo ds dt
o= [ [ 2ra, [er e p L8
By the definition (3.3) of the kernel K, 4,

Kagy(s,t) = Qs ZL*(Que **(.) Pg),

ds dt
(N)f // ’gstQ(N)f**
0<s<t
If r2 < t, then write

2
r
QtQ£2 Q(D)Q(N) ( - ) §D+N)efr2$’

we get

so that
2

N -
Ka,g(s,t)Qijzv)f = c(%) Ko (s, t)Qt/z) —r ,s,ﬂf’

with Ko 4(s,t) = Qs L%2(Q1/0Z~/%(.) - Pig).

Let s < t. Abbreviate € := (1 — a))/2 > 0. Notice that Theorem 5.1 equally applies
to I?ayg. Thus, for large enough integers D and N, I?a,g(s,t) satisfies LP2-LP2 off-
diagonal estimates in v/ of order N with extra factor (s/t)°. On the other hand,
Lemma 2.9 yields LP?-LP? off-diagonal estimates in /¢ for both Qt/2 and e~ of
arbitrary order. Choose N > v. By Lemma 2.5, we can combine these off-diagonal
estimates and obtain

| Kasls. 012" 11

e (N) 22 ‘

< ("
Lr2(By) < t ) HK ag\® t)[Qt/2 /]
2

< () (1 EEEEY T

t t t

L2 (B,)
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By integrating in s € (0,t) and in ¢ > 72, one obtains for N > N

/+ Oo /0 | Kaots. 0@ 1]

If otherwise r? > t, then write

t\D
QY = Pl = (L) e,

~

ds dt d?(By, Bo)\—N
R e ) I F P P

LP2 (Bl) S ?

so that
N AN~ N) —tg
Ka,g(svt)QEz )f = C(ﬁ) Ka,g(svrQ)Qiz/)ge tjf-
We therefore apply in this case Theorem 5.1 to I~(O¢7g(s, r?). Using the same arguments
as above and taking into account r2 > t, we obtain for large enough integers D and N,

: )D( : )6(1 + @)7ﬁ||f”m(32)llgllw.

Lr2(By) ™ (r2 r2

[ oo (s 01Q2 1)

Integrating in s € (0,¢) and then in ¢ < 72 yields

[

Summarising the above, we have obtained

ds dt d?(By, Ba)\—N
Bd 1+ TP ) e

Koo, 0)1Q12 1]

Lr2(By) s t ™

N d*(By, B2)\ N
64 ITQE Dlaresy S (1+="5"2) Il gl

where D, N, N are large enough integers depending on v and py. This ends the proof
of (6.3). O

Proof of Theorem 6.2. — The boundedness of
(9. f) — Ty(f), L®(M,p) x LE(M, L, n) — L2(M, L, )
is equivalent to the boundedness of
(9:.f) = LI, L2 f L2(M, ) x LP(M, p) — LP(M, p).
We have already seen in Proposition 3.3 that it only remains to study the operator
T := 2P, (L),

and prove its boundedness in LP for p < 2.

This is done by the extrapolation argument from Proposition 6.3: indeed by Theo-
rem 4.3, we already know that T is L?-bounded and Proposition 6.5 with L? Davies-
Gaffney estimates yields that (6.3) holds for p; = 2. We may also apply Proposition 6.3
to T' and obtain its LP-boundedness for p € (1,2]. |
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7. BOUNDEDNESS OF THE PARAPRODUCTS FOR P = pg UNDER (Gp, ) ViA
EXTRAPOLATION

The main results of this section are the two following ones.
Tueorem 7.1. — Let (M, d, i, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let o € (0,1) and let p € (2,+00) with 1 —a >

v(1/2—1/p). Then there exists Dy = Dy(v,p) > 0 such that for every integer D > Dy,
the paraproduct defined in (3.1) satisfies

Mg (e S M1 Npa 11910 Vfes ge L™,
and A(p, ) holds.

Turorem 7.2. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE) and (Gy,) for some py € (2,+00]. Let o € (0,1)
and let p € [pg, +00) with 1 —a > v(1/po—1/p). Then there exists Do = Do(v,p) > 0
such that for every integer D > Dy, the paraproduct defined in (3.1) satisfies

Iy (Mo S M lpa 191l VfesS" gel™,
and A(p,a) holds.

Using either L? Davies-Gaffney estimates (which correspond to (5.1) for ps = 2)
in combination with Theorem 4.3, or the fact that (G,,) implies (5.1) for every
p2 € [2,po) in combination with Theorem 4.3, the two previous theorems will be
a direct consequence of the following one.

Turorem 7.3. — Let (M,d,u, &) be a doubling metric measure Dirichlet space with
a “carré du champ” satisfying (DUE). Assume (5.1) for some ps € [2,400) and let
p>pa, a € (0,1) with 1 —a > v(l/py —1/p). There exists Dy = Do(v,p) > 0 such
that for every integer D > Dy, if the paraproduct defined in (3.1) satisfies

(181G (WP [ | g 1771 Vfesr, gel™,
for all B € (0,1), then
g (N0 S NN 0 19l Vfes? gel®™,

and A(p, ) holds.

We are going to prove the previous theorem as an application of the following
extrapolation result ([4], [8, Th.3.13]).

Prorosition 7.4. Let T be a linear operator and S a sublinear operator. Let
p2 € [2,+00), and assume that T is bounded on LP2(M, u). Assume that T satisfies
the following off-diagonal estimates: There exists an integer N > 1, an exponent
D € (p2,+0) and an exponent N > v/2 such that for every pair of balls By, By of
radius 7 =/t > 0, we have

Bla BQ)>7]’\7

d(
(7.1) HTQz(SN)HLpz(Bl)HLPZ(Bﬂ S (1 + r
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and

1/p2

_ 1/p
(r2) (f, e npa) s (g atst)
B z€B
If, for some p € (p2,P), S is bounded on LP(M, ), then T is bounded on LP(M, ).

Remark 7.5

— The assumptions in [4], [8, Th. 3.13] are stated in terms of LP? off-diagonal esti-
mates for T'(1 — Pt(N)) instead of (7.1). As explained in the proof of Proposition 6.3,
the LP2 boundedness of T' allows us to deduce from (7.1) such LP2-off-diagonal esti-
mates for T'(I — Pt(N)).

— For p € (p2,P) as above, T is also bounded on the weighted space LP(w) for every
Muckenhoupt weight w € A, /,, N RH @/, (we refer the reader to [8] for details about
this class of weights).

As we have already seen in Proposition 3.3, in order to prove Theorem 7.2 we only
have to study the LP- boundedness of the operator
. /2771 ( cp—ar/2
T =L (L7),

with
+oo
Hgly(f) 3:/0 (I = P)[Pig-Quf] %

We recall that the kernel K, 4 is defined as
Kag(s,t) = Qu2(Qu?™**(.) - Pug),

oo pt ds dt
T:/ /Kag(s,t)—s—.
0 0 ’ s t

As a direct application of Lemma 2.15, we have the following reduction.

hence

Lemwva 7.6. Define the quadratic functional

wn:(lm

where Qg = (Q:)'? and IN((s,t) = @SXQ/Z(@tof—a/Q( .) - Pig), so that

Ka,g(57 t) = és[?oz,g(sy t)@t-

Then for p € (2,400), the boundedness of U on LP(M, p) implies the boundedness
of T on LP(M, i), and we have

t

oo _ . 2 1/2
[ Rassn@en | )

1T llp=p S NUllp—p-

We are now going to prove Theorem 7.3, based on the extrapolation method in
Lebesgue spaces of Proposition 7.4.
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Proof of Theorem 7.3. According to Lemma 7.6, we only have to prove the bound-
edness of the square functional
o0 +oo dS
vy= ([ ][ Basts0@n § ) ,
0 s S
which will be done by applying Proposition 7.4.
By Proposition 6.5, we already know that (7.1) holds for H; and the same proof

allows us to prove also (7.1) for the square function U (which is even easier). It remains
to check (7.2).

Fix a ball B of radius r and some integer N > D satisfying N > v+ 1. If D is
large enough, then we may also consider

Ko g(s,t) = Q. L°(Q1.L~*(.) - Pig),

where Q, = (Qs)Y/2. (We may choose D € 4N for convenience). Notice that then both
Ka g and QS satisfy the same off-diagonal estimates as K, 4 and @, respectively. By
definition, we have

Koy = Q.K,
If s <t <72, then
7.3 PO = (122 P = (272 )R 12
() Q1 2 —( ) € 2 = 2 Qr2/2 r2 € >
where R(N) -2 P(N) as defined in Remark 2.3, and R( ) satisfies the same
off-diagonal estimates as P Consequently,
2t

Rl 0P = (2) et D1

Then, from Lemma 2.9 we know that @S satisfies LP2-LP off-diagonal estimates

at scale r with an extra factor (r?/s) (/2)(1/p2=1/p)

. Moreover, Theorem 5.1 yields
that IA(a,g(s, 72 /2) also satisfies LP2-LP? off-diagonal estimates at scale r with a factor
(s/rQ)(l_a)/Q. Lemma 2.9 implies LP2-LP2 off-diagonal estimates at scale r for ©T2/2,
Rg\’) and e *Z. All of these off-diagonal estimates are of an order which can be
chosen as large as we want, up to choosing D sufficiently large. By composing all

these estimates according to Lemma 2.5, it follows for a large enough D,

_ N
(]{3 (Rag(5. 1) P4 )f]”du>

t\D/ s\ Q-a)/2=(v/2)(1/p2—1/P) 1/p2
< [ = - ; P2
(=) () (ing 2 (1772)) " gl
First applying Minkowski’s inequality and then integrating over s < ¢t < r? gives for
1—a>wv(l/ps—1/p)

(ATaTe

dt|?

r d p/2 1/p 1/pa
[ Rastst@r 01 F) ) )5 (ing ) ol
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If r2 < s < t, then similarly as above, Lemma 2.9 and Theorem 5.1 yield for p > psy
and for large enough D (with N an exponent eventually varying from a line to the
next one

1/p

)
( If?a,g(s,t)[étP,fév)fnpdu)
B

(»/2)(1/p2—1/P) = ~ ~ 1/p2
(TS (f 0 @ A )

s _
7>0 2B

s\ (1—a)/2=(v/2)(1/p2—1/P) s ~ 1/2
<(3) {22 " (]éengtPfé”deu) }ngnw

>0
5\ (1=)/2=(v/2)(1/p2~1/p) iR ~ o\
< (%) S (L 1@t dn) gl
t >0 2¢B

where B = (v/t/r)B is the dilated ball, and we used L? off diagonal estimates for PT(;fV )
in the last step.
By Minkowski’s inequality, integrating over s € (0,t), and Holder’s inequality, we
get for 1 —a > v(1/ps — 1/P)
2 g6\ 1/2
)

—+oo —+oo . . _ 1/5
(/2 / (]{B|Ka,g(5at)[QtPgV)prdﬂ> %

([T s dpdt\?
S| ([ @) il

>0

< (inf 1 (P?)@) " gl

1/p2

< (inf G2 (5)]@)) " lglle

where ¥/, is the conical square function associated to ét, see Proposition 2.13.
If s < r2 < t then by Lemma 2.9, for p > ps

_ N
(]{3 Ry (5, [0, PY )f]pdu>

r \v(1/p2—1/P) iy N _ 1/pa
S (ﬁ) 22 w <]£jB|Ka»g(57t)[QtPT(éV)prQ du> _

Jj=20

By repeating the same argument as before, we obtain

o0 o0 1/p 2 1/2
~ = = dt|” ds
(/ / (][ ‘Ka,g(sat)[QtPT(z{V)pr dp) - >
0 s B t S
1/p2

S (inf A n2(0™1@)) " lgloos
as soon as 1 —a > v(1/ps — 1/p).
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Gathering the above estimates, we obtain that the square function U satisfies for
D> py with 1 —a >v(1/p2 —1/p)

1/p2

1/p
(£ 10D ) < ol (i 120011
B z 1/p2
+ llglloe (inf . (1£17)) ",

where @y /5 is the conical square version. Since the conical square function is bounded
on every LP-space (see Proposition 2.13), we may then extrapolate by using Propo-
sition 7.4. We deduce that U is bounded on LP for every p € (p2,p). This holds for
every p > po and « € (0,1) such that 1 —a > v(1/pa — 1/p) so we conclude that U is
bounded on LP for every p > po such that 1 — a > v(1/p2 — 1/p), which then implies
the Lg—boundedness of the paraproduct II. O

8. BOUNDEDNESS OF THE PARAPRODUCTS FOR D = Do UNDER (Gp,) AND (DG2) via
EXTRAPOLATION

In this section, we prove stronger results under the additional assumption of a De
Giorgi property. The proofs are, as in the previous section, based on L? extrapolation
techniques.

Tueorem 8.1. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with
a “carré du champ” satisfying (DUE). Let 2 < pg < 400 and assume (Gp,) with
(DGa,x) for some k € (0,1). Then the paraproduct defined in (3.1) satisfies for every
a€ (0,1 —k) and p € (2,+00)

g (N0 S NN 0 19l Vfes? gelL™.
Therefore A(p, ) holds.

As a consequence, we obtain our main result of this section.

Turorem 8.2. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Let 2 < py < 400 and assume (Gy,) with (DGa )
for some r € (0,1) (and also k < v/pg, else the result is implied by Theorem 7.2).
Then for p € (1,400) the paraproduct defined in (3.1) satisfies: for every a € (0,,)
with
{ 1) pr < DPo
Yp =
1—r(1—=po/p), ifp=po.
then

1Ty (f)
Therefore A(p, ) holds.

a5 M llpa ll9lloo Vies? ge L™

We postpone the proof of Theorem 8.1 to the end of this section, and we now prove
Theorem 8.2 as a consequence.
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Proof of Theorem 8.2. The case p < pp has already been studied in Theorem 4.3,
so we only focus on the case p € [pg, +00). Fix g € L*°. For z a complex number with
R(z) € (0,1), define

z . gz/QHg(g—z/Q).

Theorem 4.3 shows that T is LP-bounded for every a € (0,1) and every p € (2, pp).
Then by combining with imaginary powers of ¢, which are LP-bounded (see Propo-
sition 2.1), we deduce that for every a € (0,1) and 8 € R, T is LP-bounded
and

Zup(l +1B)ENT sy S Cas

for some constant C? and any s > v.

Moreover, Theorem 8.1 shows that T is LP-bounded for every a € (0,1 — &)
and every p € (2,+00). Then by using Proposition 2.1 we deduce that, for every
a € (0,1 —k) and B € R, T*T%¥ is LP-bounded and

sup(1 + | B)) 1T+l -p < Ca,
BER

for some constant C! and any s > v.
We then conclude the proof by applying Stein’s complex interpolation method
([63, Th.1]) to the family (T%),. O

Proofof Theorem 8.1. — By interpolating assumption (G,,) with L?-L? Davies-
Gaffney estimates, (5.1) holds for every ps = p; € (2,pp). We reproduce the same
reasoning as done for Theorem 7.3, relying on the extrapolation result Proposition 7.4.
So as previously, according to Lemma 7.6, we only have to prove the boundedness
Kag(s, t)[fo] P
S

of the quadratic functional
+oo 2 ds\ /2
o= )
which will be done by applying Proposition 7.4.
Fix a ball B of radius r, and consider U [ng ) f] for some large enough integer
N> D)2.
If s <t < r? then as in (7.3)

2t\ D
QP = (55) QupRY)et,

too dt

and consequently

Ragl0. 0P 1 = () Ko DAY ),

Hence, combining what was done for Theorem 7.3 and Theorem 5.2 gives
t\D/ g\ (Q—a—r")/2 1/2
|Rag (5. QP Al ey S (55) () (inf 20F)@) gl

By integrating over s < t < 2, one obtains

72 2 2 1/2
y

r (N @ @ < (: 9 1/2
[ swlRa s 0@rn ) ) s (i a2)@) ol
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If r2 < ¢, then Theorem 5.2 (with x’ € (k,1)) similarly yields

S%p{[?mg(s,t)[e”zfm < (;)(1—(!—#/)/2 [Z 9—tM <][ B

£>0 2B g

N 1/2
QthQdM> }ngnw,

where E\/{ = (V/t/r)B is the dilated ball and M a large enough integer. By integrating
for s <t and using Cauchy-Schwarz inequality, we get as soon as 1 —a — ' > 0

too| pheo Lag . dt]Pds\?
([ swlfassre2n G| £)
0 s B S
oo o dpdt)'?
< 2—€M/ ][ 2 o
ST @)

>0
1/2
< (i A 1n2(HP@) gl

where %n/5(f) is the conical square function associated with @t f, see Proposition
2.13.

Conclusion: by combining the previous estimates we obtain that the square func-
tion U satisfies

1S o) S gl (inf 2% 1) P12

1/2 1/2

+ llgllo (inf 2(1112)(@))

rEB
as soon as 1 — « > £ (in which case there exists & < k with 1 — a — &’ > 0).

We can then apply the extrapolation result Proposition 7.4. Since ¥y /o(f) is
bounded on LP according to Proposition 2.13, we obtain that U is bounded and there-
fore T on LP(M, ) for every p € (2,+00). All these computations require 1 — k > «,
which is the main condition. (]

9. THE CASE p > 2 VIA OSCILLATION

Dervition 9.1, Let o > 0 and p € [1,00). For f € LL (M,p), « >0 and z € M,

loc
we consider the quadratic functional

sosta) = ([ [ Osesen (] %) "

r

where for a ball B, p- Oscp denotes the LP-oscillation defined by

p 1/p
o Osci(f) = (fB F~4 fan du) .

We are going to prove the two following results.

Taeorem 9.2. Let (M,d, pu, &) be a doubling metric measure Dirichlet space with a
“carré du champ” satisfying (DUE). Assume (H") for some n € (0,1]. Let o € (0,7)
and p € (1,400). Then the paraproduct defined in (3.1) satisfies

Iy (Nl pe S M Np0 191l Vfes? gel™.
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It follows that A(p,«) holds. Moreover E(p,a) holds for 1 < p < min(2,p) and
a € (0,m).

Turorem 9.3. — Let (M,d, u, &) be a doubling metric measure Dirichlet space with a
“carré du champ”. Assume the combination (Gp,) with (Pp,) for some py € (2,+00).
Then for p < 2 closed enough to 2, every p € (2,p9) and o € (0,1), E(p, ) holds.

Remark 9.4. Under (Gy,), in the considered range p € (2,po) and o € (0,1), it
is already known that the paraproducts are bounded in the Sobolev space and so
A(p, ) holds (see Theorem 4.3).

Let us observe that for two test functions f, g, every ball B and every exponent
p = 1, one has

p-Oscp(fg) < p-Osca(f)llglloc + [ fllocp- Oscr(g),
and for every Lipschitz function F
p-Oscp(F(f)) < |Flluipp- Oscs(f)-

Consequently, as soon as the Sobolev norm Lg is characterised by a quadratic func-
tional S? for some p € [1,+o0], property A(p, ) is satisfied and the following sharp
chain rule holds.

Cororrary 9.5. — Under the assumptions of Theorems 9.2 or 9.3, for p and « in their
respective ranges, and every Lipschitz function F, the map f — F(f) is well-defined
in (P, |.|lp,e) and satisfies

IEp.a S NF llLipll f

We will see in Proposition 9.10, that such a characterisation of Sobolev norms

- Vfe.sn

(through quadratic functional) cannot hold in a systematic way, since some of them
require the Poincaré inequality (Ps).

Here the sharpness refers to the fact that we only require a Lipschitz control of
the nonlinearity F. We refer the reader to Section 10 for a chain rule under weaker
assumptions on the ambient space (M, d, i, &) but more regular nonlinearities F'.

We are going to simultaneously prove Theorems 9.2 and 9.3 in the two following
sections: in Section 9.1 the statements concerning paraproducts and in Section 9.2
the statements concerning the functionals S¥. Theorem 9.2 is the combination of
Propositions 9.6 and 9.8, whereas Theorem 9.3 follows from Proposition 9.9.

9.1. BOUNDEDNESS OF PARAPRODUCTS VIA OSCILLATION. — We first recall that according
to Lemma 7.6, to prove the boundedness of the paraproduct it is enough to prove the
LP-boundedness of the square function

2) 1/2

o= ([ Rest0i@n

where @s = (Qs)"/? and IN{(&U = @sfa/z(@t.f’a/z( .) - P.g), so that
Ka,g(sat) = ésga,g(syt)@t-
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Prorosition 9.6. Let (M,d,pn, &) be a doubling metric measure Dirichlet space
with a “carré du champ” satisfying (DUE). Assume (H") for some n € (0,1]. Then
for every ae < X <'n, the kernel K, 4 satisfies for s <t the pointwise estimate

s

A—a)/2
t) (D) (xo) Vo€ M.

Rag(51)l](0) < lglloo

Proof. — Let zo € M. We have

Ro g0z = (2) " Gus2)2(@ut2)2h - Pg)(ao).

Consider B,/ the ball of centre zo and radius \/s. Then by linearity
|Qs(s2)*2(Qu(t£)~*"* - Prg)(wo)|

< \Qs<sf>a/2 (@ a2 uan) - nole)

Bs

+ Qt(t«iﬂ)aﬂhd#"Qs(s«iﬂ)a/z[Ptg](xo)L

Bys
which gives us two terms I and II.

The second term is the easiest, since Q,(s.2)*/?P, = (£)P+a/2e=sZ (t.£)P+o/2p,,
so due to the L>®-boundedness of e =5 (t.£)P+/2 P, we deduce that

II < (ﬁ)D+a/2
~ A\t

Qtuf)a/?hdu]ngnm
Bys

< ()" amaoll

where we used Lemma 2.9 (item 1) in the last step.
For the first term I, we use the LP°-L>° off-diagonal estimates for @, (Lemma 2.6)
and we get

(9.1) TZ |glloe Y 27 PH/220 B |1 /Po
>0
X ||Qu(t.L)~/?h — Qi(tL)~*?h

Bys

LP0(2¢B 5)

Since (H7) self-improves into (H} ) for A € (a,7) (see item 2 of Proposition 1.4), one
has with Q;(t.2)~*/? = 2De’(t/2)$QE/D2_O‘/2) that for every integer k € {0,...,¢}

o s\ M2 —a
o0 O (Qu(t2)~/21) £ 2 (2) Sg{;(][ Q5 /Z)hdﬂ)
Jz

B(0,29V/7)
A/2
t >0

][,~ Ihldu>
QJBﬁ

< 2’“’\<§>/\/2//1[h}(a:0)

(D-a/2)

where we have used Lemma 2.6 to estimate pointwise the kernel of Q, /2
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Since
Qi(t2)"*/*h — Qi(t2)*h
B\/g LPO(QZB\/E)
L
(t.L)~h 7][ Qi(tL)~/%h
=0 2FB /5 LPo (2B 5)
L
2B, /5|"/70 00- Oscyrp , (Qu(tL)~ @/2p),
k=0
it follows that
- —a s\ /2
HQt(tf) Ph—4  QutL) h < 20\2€Bﬁ|1/po(g) A [h](x0).
B\/g LPO(QZB\/E)

Finally, since D > v +1 (so D+ a/2 > 1> X)

15 (5) ol (320202 ) oo

>0

< ()" gl o).

Hence
~ s

Koy )0)w0) £ (2) " gl 1](0). 0

We can now conclude the proof of the statements about paraproducts in Theo-
rem 9.2.

Proofof Theorem 9.2. — We use Proposition 9.6, so that we have the following point-
wise bound of the square function U (as soon as o < \):
ool ptee g\ (A-a)/2 ot
v stal([ [ C)T aan

2>1/2
smm([ﬂ mm2“>4

By using the Fefferman-Stein inequality (see Proposition 2.16) and the LP-boun-

dedness of the horizontal square functionals (see Proposition 2.13), we deduce that U is
LP-bounded, which implies (see Lemma 7.6) the L2-boundedness of the paraproduct.
O

9.2. CHARACTERISATION OF SOBOLEV NORMS VIA S, The following statement can be
found in [29, §2.1.1] and [11, §5.2]. The proof works in our setting.

Prorosirion 9.7. — Assume (DUE). Let p,p € (1,+00) and a > 0. Then, for all
fesr,

[£llp.o S 1156 ()l
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The proof of the reverse inequality in [11, §2.1.2] uses pointwise gradient estimates.
We are now going to observe that the weaker assumption (H") is in fact sufficient, as
noted already in [29, p.333]. Without loss of generality, we assume N (%) = {0} in
the following.

Prorosition 9.8. — Assume (H") for some n € (0,1]. Fiz o € (0,n), p € (1,400)
and let p < min(2,p). Then for all f € P,

£ llp.a = 1SEH) -

Proof. — Due to Proposition 9.7, it only remains to prove that

1Se (Nl < 1£1lp,a-

We first decompose the identity with the semigroup as

- +ooa iy B +o0 iy dt
f== [ e rna= [ et

+oo ontl
- > [ ezer g
e —o00 on t

and define the piece at scale 2™ as

2n+1

fn = / (tL)e < f %.

271.
Then fix x € M and a scale r > 0. We have

2n+1

dt
p- OSCB(m,r)(fn) < / p- OSCB(Jc,r) [(tg)eitgf] 7
2"

Using (H7), which implies (ﬁg’p) for some A € (a,n) (see item 2 of Proposition 1.4)
we know that if r < v/t then

p-Oscpon [(tL)e 4 f] < (%) (4 2L)e VD ) ().

So if r < 27/2 then we deduce by the Cauchy-Schwarz inequality that

2'n.+1

A @ 2 dt 1/2
(92)  p-Osepn(fa) S (r27/2) (/ |4, [(t2)e” 2 f] (2)] t) :
Moreover, if 27/2 < r, we use

P- OSCB(:J:,T) [(t"zﬂ)e_tff} 5 ‘%P [(tg)e_tgf] (x)

which yields

2n+1

1/2
(©3) b Oscrer () S ( [ alene fwp Ufst) '
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Then it follows that

toor 2dr
P 2 _ aliPey -
sefar = [ [ Osenen (]
+oo 1 2 dr
< . -
N/O [1;2 Tap OSCB(CE,T) (fn):| , .
Using (9.2) and (9.3), one has
+o0 1 ontl dt 1/2 2
st [ ([ e en@p ) | T
on 2 "
oo 1 Ve 2 dt\'*1? dr
A —(t/2)Z at dr
+/0 Lgn s (r2 ) </n )//{p[(tf)e f] (x)‘ t) } -

Using Schur’s lemma (or see [29, p.300]), for a < A,

27L+1

< dt
SP 2 < no —tZ 2 bt
OIS / L, [(:2)e 2 f @)
neZ
2 ()22 2 dt
—na (t _
sz [ e ) T
nEZ
which implies
) 2 +oo _t¥ 2 dt
sefars [ Ltz o) 5
Then by Proposition 2.16 it follows that for every p > p (since 2 > p)
Foo P 2 dt 12
2t < | ([ ket P )
P
too 1/2
< tog/p —tZ
() st ) |
S 1L - 0
The same proof holds when replacing the oscillation assumption (H") by a Poincaré
inequality:
Prorosirion 9.9. Assume (Gp,) with the Poincaré inequality (P,,) for some

po € (2,+0). Let a € (0,1), p€ (1,2) and p € [2,po). Then, for all f € SP,
£ llp.a = I1S6(H)lp-

Proof. — First, using the combination (Gy,) and (P,,) as detailed in the proof of
[15, Th. 3.4] with [15, Rem. 3.5], we know that we have the following inequality: for
every p € (1,2), every ball B, of radius r > 0 and h = (t.£)e *? f,

1/po 1/p
(][ |h — ][ h dp|Pe du) Sr <][ |Vh|”du> +7° ||$h||L°°(4BT) :

B,
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Writing Lh = t.£%e 2 f = e~ /DLt L2~ M/2DZ § with LP-L>® off-diagonal esti-
mates of e~ #/2<  we deduce that

1Ll e a,) S f A[(E2)2 D2 f (),

We then repeat the exact same proof as for Proposition 9.8, with the following
estimate on the oscillation,

p-0scp(a, [(tL)e ™ f]
< (ﬁ)e///p[\/iwtf)e—(t/”ff](af) + (W

Hence, we have a pointwise estimate

) [(12)2 D2 )

tl+a

oo 1/2
Sef(z) s ' | A, VIV (L) [)(2) + | ,[(12)2e 7 f ()| i :
0

The proof is then completed by taking the LP-norm of both sides of the previous
inequality and using Proposition 2.16 as well as the LP-boundedness of the vertical
square function (which is a consequence of the combination (G,,) with (P,,), see
Proposition 2.13 (iii)) and of the horizontal square function. O

Prorosition 9.10. — Assume (VD,). Let p,p € (1,+00) with p < p, v < p, and let
a € (v/p,1). Assume that for every f € /P, we have

£ llp,o0 2= 158 ()l
Then (Hf{;y/p) holds, and also (Ps).

Proof. — Let r < /t, and let B,,B /7 be two concentric balls of respective radii r, V.
For every x and s > 0, denote the ball By(z) = B(z, s). Then for h = e f, we have
for s € [r, 2r]

(9.4) p-Oscp, () (h) < p-Oscp, (2)(h)-
So

2r ds 1/2
Y 2 o
- Oscp, iy () < 7 ( [ 57 Osei o] ) <1580 (@),

S

Consequently,

(]{3” O 0 ) R (J[Bf S20@) du) ) "

< (f s ey v

S Bl T PISE ()
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So using the assumption and the analyticity of the semigroup on LP, we get

1/p
(][ P'OSCwa)(e”f)Pdu(x)) S Byl TP e
B

r

< () 1Bl 151

which yields in particular (since B, C B, )

1/ a—v
(£, posenwe“rran) " < (2) " Bar w15l
. Vi

Since for x € B,, the two balls B,.(x) and B, have equivalent measures, we deduce
by doubling that

_ roNevio
p-Osean, (72N S () 1Bl

for every r < /t, which is (H,‘},;”/P). Then Proposition 1.4 yields (P3). O

10. CHAIN RULE AND PARALINEARISATION

This section is devoted to the proof of a chain rule in our abstract setting. That is,
we show stability of Sobolev spaces with regard to the composition of functions with a
regular map. We follow the same approach as in [26], which relies on paraproducts. In
the sequel, we establish a paralinearisation result. This is a deeper and more general
result than the chain rule, but requires more regularity on the nonlinearity.

Tueorem 10.1 (Chain rule). — Let (M, d, u, &) be a doubling metric measure Dirichlet
space with a “carré du champ” satisfying (DUE). Let F € C?*(R) be a nonlinearity
with F(0) = 0. Let a € (0,1) and p € (1,+00]. For a function f € LE(M,. L, )N
L (M, ), we have
F(f) € L2(M, 2, 1) 0 L=(M, 1)

in the following situations:

(i) ifp<2and a € (0,1);

(i) if 2 < p < po, @ € (0,1) and under (Gy,) for some py > 2;

(iii) f 2 < ¢, 0 < a <1 —k and under (G,) with (DGy ).

More precisely, we have the following estimate: for every L > 0 there exists a con-
stant C := C(F, L) such that for every f € LE (M, L, u) N L>® (M, u) with || flle < L,
there holds

IENlpa < Cllfllp,a-

Remark 10.2. — In Section 9 and in [29], [11], under certain extra assumptions (in
particular a Poincaré inequality), Sobolev norms are shown to be equivalent to the
LP-norm of some quadratic functional. Then the chain rule is a direct consequence,
and holds for every Lipschitz map F'.
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Under the weaker assumptions of Theorem 10.1 we do not expect to have such a
characterisation in general (see also Proposition 9.10), and the paraproduct approach
requires more regularity on F' in order to obtain the chain rule.

Proof. — Consider first a more regular function f € (7 + N(£)) N LE. Fix a
large enough integer D, and consider the approximation operators P, @); and the
paraproduct IT associated with this parameter as defined in (3.1). We represent the
nonlinearity as

F(f) = lim F(P.f) = lim_F(P.f) + F(Py)(/)):

where the limit is taken in LP(M, n). This is a consequence of Proposition 2.11 and
the fact that F' is Lipschitz, since then

IF(f) = F(Pllp S If = Pefllp — 0, t— 07,
and similarly

IF(Pniz)(f) = F(P)llp S 1Py (f) = Pfllp — 0, ¢ — +oo.

From this decomposition, we deduce

+oo
Fi == [ GFR b+ FPaan ()

+oo

- Qtf-F’(Ptf)%+F(Pw<x>(f))~

According to Proposition 2.10, Py () (f) is equal to 0 or to a constant (depending if
the ambient space is bounded or not), therefore

F(Pn)(f)) € N(Z).

Consequently, in order to estimate F'(f) in the homogeneous Sobolev space, we only

have to control the first term
—+o0

(10.1) Fe= [ af FEnt

0
The representation (10.1) does not exactly match the definition of a paraproduct.
However, in the study of paraproducts in the previous sections, we only used the
following three properties of the term H (¢, z) = Pig(x):

(a) Uniform boundedness sup;q [ H (¢, )|lco S |9]|oo;

(b) L?-L? (vesp. LP-LP) gradient estimates of VH(t,-) at the scale v/t in case (i)
and (iii) (resp. (ii));

(c) L2-L? (resp. LP-LP) global estimate for the square function ||V H (¢, M2
in situation (i) and (iii) (resp. (ii)).
We refer the reader to Theorem 6.2 (whose proof relies on Theorem 5.1) for case (i),
to Theorem 7.2 for case (ii) and to Theorem 8.1 (whose proof relies on Theorem 5.2)
for case (iii).

By (10.1), following the same proof as for the paraproduct, we will have shown
that F(f) € L2, (and so F(f) € L) as soon as we will have checked that the quantity
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H(t,z) := F'(P, f(z)) satisfies properties (a), (b) and (c¢). Since f € L>®(M, ), P, f is
uniformly bounded, and since F” is continuous, also F'(P; f(x)) is uniformly bounded,
hence property (a). Due to the chain rule,

VH(t,z) = F" (P f(2)) VP f,

and since also F"(P;f(x)) is uniformly bounded, we deduce that VH(t,-) satisfies
the same Davies-Gaffney estimates as VP, f, hence property (b) is checked. A similar
reasoning holds also for property (c).

In this way, repeating the same proof as for the paraproduct gives that F(f) € Lg
Consequently, we get that for every f € (.7 + N(£)) N LE, one has F(f) € L?, and

(10.2) IEPlp.a S SULF iz L)

where ¢ is some non-decreasing function. We already know that
(P + N(L))NLENL>®

is dense in L, N L. This allows us to extend the map f ~— F(f) on the whole Banach
space LP N L*: indeed for (f,), a Cauchy sequence, we easily check that F(f,) (and
50 (F(fn))n) still is a Cauchy sequence in L2 N L | since

+o0 +o0
FUD~Flh) = [ Q=) PR G [ Qubn B (Pub) = (Pef)] T
and the two previous quantities can be bounded by the same reasoning as previously.
Using that F” is continuous and so is uniformly continuous on a bounded interval
containing all the values of the sequence (f,(z)),, we let the reader check that the
quantity F'(P;f,) — F'(P;fm) still satisfies properties (a), (b) and (c), involving a
control in terms of || fn — fiulljrpe-

In this way, f — F(f) can be extended on the whole Banach space L?. N L> and
(10.2) remains valid on the whole space. O

Turorem 10.3 (Paralinearisation). — Let (M,d, u,&) be a doubling metric measure
Dirichlet space with a “carré du champ” satisfying (DUE). Assume uniform volume
growth (also called a local Ahlfors reqularity): there exist constants c1,co such that for
every x € M and every radius r € (0,1], one has

B
(10.3) 1 < w < oo

Let F € C3(R) be a nonlinearity with F(0) =0, and let a € (0,1), p € (1,+00) with
ap>wv. Let f € LP.(M, %, )N L>(M, ). Then there exists Do := Do(v, p) such that

for D > Dg, we have the paralinearisation

F(f) 7HF'(f)(f) € Lg(M,Diﬂ,,LL) mLp

oz+p(Ma$7,u) mLoo(Mv.u’)

in the following situations:

(i) ifp<2 (andv <2), a € (0,1), 0 < p<min{l — a,a — v/p};
(ii) fp>v,0<a<l-v/p,0<p<min{l—(v/p)—a,a—v/p} and under (G,).
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Remark 10.4. We let the reader check the following (easy) extension (also valid
for Theorem 10.1): consider a regular function F' : M x R — R such that both F'(z, -)
and V,F(x,-) satisfy the assumptions of Theorem 10.3. Then the result still holds
with the following paralinearisation formula:

xr +— F(J?,f(.]?)) _HatF(m,f(a:))(f)( ) Lp ﬁLg+meoo.
Proof. — Using (10.1), one may write

F(f) =p ) (f) + R
with the remainder
+oo Lo dt
R:= Quf - [F'(P.f) — PF'(f)] sy + F(Pniey(f))

0

As previously, the second term is bounded and belongs to any Sobolev space (since it
is equal to a constant). So we only have to focus on the first part and as previously,
we are going to check that the quantity H (¢, z) := F'(P.f(z)) — P[F'(f)](z) satisfies
more “regular” properties than (a), (b) and (c). Using the mean value theorem, one
obtains

[H(t,2)| < [F'(Pf () = F'(f ()| + [F'(f(2)) = PLF'())()]
S NF ool (1 = P)[f1(@)] + [(1 = P[F"(H))()]-

Then for the function h = f or h = F'(f) belonging to Lg (due to the previous
Theorem applied to F’), we have

t ds o o
0 Bl < [ 101 5 ([ )2l ) I

t
s(/ of2g-viwds )nhnp,
0

SR,

lp.a

as soon as a > v/p. So with implicit constants depending on f, we deduce that
1H (¢, oo S 2277720,
instead of (a), which is better for small ¢ < 1.
Similarly, we have
VH(t, ) = F'(P.f)VP.f — VPF'(f)]
= (F"(Pf)VPf = F"(f)VPf) + (F"(f)VPf = VE[F'(f)]).
As previously, the first term satisfies properties (b) and (c) with the extra coefficient
t/2=v/2? The second term is more difficult: we aim to take advantage of the fact that

£ F'(f) € L N LE C LS, with any exponent 0 < s < a — v/p (see Lemma 10.5).
Let us write

(41, ¢2) == (F"(f)VPipr — VP[¢a]) .
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— For the diagonal part, we use the global L?-boundedness, shown in Lemma 10.6
below,
IVEVPZ ™ |amn S 72,
Therefore, we have for every ball B of radius v/t
B2 £, U F ()l z205) S €202 flloo + 12°2F () 0)
STV g+ I1E (F)llpa)-

— For the off-diagonal part, we use Lemma 10.7 below to obtain L2-L? off-diagonal
estimates: for every ball B, By of radius v/t with v/t < d(B, B;)

L (L1, 22 f,. L7 21, L*F ()|l 12(s)
= |F"(f)V(P, — 1)L (U, L2 f) + V(P — 1)L (15, L F' ()]l 12(5)

_ d(B,B 2\ M
5 t(s 1)/2 (1 + %) [llgs/2f||L2(Bl) + HXS/QF/(JC)HL?(BQ} 7

where M can be chosen arbitrarily large.

This proves that H(t,) satisfies (b) with an extra factor t*/2. By the same reasoning
we obtain that H(t,-) satisfies (c) with an extra factor t*/2, which yields the L?-L?
global estimate for the square function |t=5/2VH(t, ')HL2((0,1},?) in situations (i)
and (ii).

So finally, for ¢ < 1 (which corresponds to the situation where the previous in-
equalities are improvements), we obtain that the quantity H (¢, ) satisfies Properties
(a), (b) and (c) with an extra factor t*/2, with s < a — v/p.

Then coming back to the proof of boundedness of the paraproduct, this gain allows
to prove that the remainder term

RelrnIP,  NL>,

as soon as s > 0 and «a + s in the range allowed by the proof (o + s < 1 in case (i)
and a+ s < 1—v/pin case (ii)). O

Levmma 10.5 (Sobolev embedding). — Let (M,d, u, &) be a doubling metric measure
Dirichlet space with a “carré du champ” satisfying (DUE) and the uniform volume
growth (10.3). Then for a > 0, p > 1 with ap > v, we have

LE(M,.&, ) N L>(M, p) C L (M, %, p),
for any exponent 0 < s < a — v/p.

Proof. — Let f € L® N L. Then
1
2P f = / LRt L)e f% + 2527 ],
0

For the second term, using the L>-boundedness of .£*/2¢=< f (due to the decay of
its kernel, see Lemma 2.6) we have

”58/26_3][”00 S lloo-
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For the first term, we use
12°2(tL)e™ flloo S 1L 2e ol fllpa
SO |,
where we used the pointwise estimate of the kernel of (t.2)'T(=®)/2e=tZ (due to
Lemma 2.6) with the uniform control of the volume (10.3). We then conclude by
integrating this estimate. O

Levva 10.6. — Let e € (0,1). Under (G,) for p > 2 we have
IVEVZL 2Py S 872

Proof. — We decompose

+oo d
\/chfa/ZPt:/ \/{55675 Ptils .
0 gl—e/2

Then we use that for s < t, by (G,) we have
||\/iveisgpt”p—>p = H\[VPfe Sg”p—m ||\/£VPpr—>p HB*S“%IIp—m SL
For s > t, (G,) yields

. . £\1/2
IVEVE™ Bl < IVEVE |y [ Pellp S (5) -

We conclude the proof by integrating these inequalities. O
Leyya 10.7. — Let € € (0,1). Under (G,) for p > 2, we have for all balls By, By of
radius \/t with d(By, B2) > v/t
. . d*(By, By)\—M

IVEVZ= (B, = D)l ysamion < 072 (14 TERPDY T
where M can be chosen arbitrarily large (depending on Py).
Proof. — For e = 1, this corresponds to off-diagonal estimates for the Riesz transform,
see [4, Lem. 3.1]. The exact same proof still holds for ¢ € (0, 1]. O

ApPENDIX. ABOUT THE p-INDEPENDENCE OF (H}) )

In this appendix, we study in more detail the p-independence of the property (Hgm)
for p € [1,+00] and n € (0,1] and prove the two last statements of Proposition 1.4.

All of this appendix is valid in a more general setting than the one presented in
the introduction. It is enough to consider a metric measure space (M, d, u) satisfying
(VD), endowed with a semigroup (e~*f);~¢ acting on LP(M,u), 1 < p < +oo. For
1 < p < +00, let us write the LP-oscillation for u € LY (M, p) and a ball B a ball by

p-0scatr) = (17 f fdul”du>l/p

00-Oscp(f) :=esssup | f —][ fdul.
B B

if p < 400, and
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Recall that we denote by .# the Hardy-Littlewood maximal operator, and by .,
the operator defined by ., (f) := [ (|f|P)]*/?, f € LL.(M,u), p € [1,+00). We set
Moo (f) = flloos | € L(M, ).

In [33], gradient estimates for the heat semigroup are studied in the Riemannian
setting, but the proofs rely only on the finite propagation speed property, therefore
extend to the setting of a metric measure space with a “carré du champ”. More
precisely, it is proved that, under (VD) and (UE), the condition
(A1) sup sup | B(z, VOI'"VVEVpi(z, )]l < +oo

t>0 zeM
is independent of ¢ € [1,4o00] and is in particular equivalent to Gaussian pointwise
estimates for the gradient of the heat kernel. Since for ¢ = p/

sup [|[VE[Vpe(,)lllg = [VEIVe™ [lpoo,
zeM

this property can be thought of, at least in the polynomial volume growth situation
V(x,r) =~ r¥, as follows: the quantity |v#|Ve *F|||,- does not depend on the
exponent p € [1,4o00].

Even if the full version of this result in [33] is really non-trivial, it appears that a
localised counterpart is indeed very easy: more precisely, the property

(A.2) sup Vt|Ve  f(z)| S () (@)

is p-independent. This fact directly follows by writing Ve & = (Ve~(#/21) ¢=(t/2)L
with a semigroup e~ (*/2)L satisfying all LP-L9 off-diagonal estimates (since the heat
kernel satisfies pointwise Gaussian estimates), so that for every p,q € [1,400] with
p < q, we have

My(e™ ) (@) S Ay (f)(2).

The estimate for p > ¢ follows from Hélder’s inequality. In other words, the localised
property (A.2) is much easier to prove than the full “global” version (A.1).

The inequality (H}] ,) is the Holder counterpart of the LP - L> Lipschitz regularity
property of the semigroup (A.1). Following the previous observation (and the results
of [33], which can be extended to the situation of Holder regularity instead of gradient
estimates), it is natural to study the p-independence of (Hg’p) and to do so, we recall
the localised versions of (H}] ) (already introduced in the introduction).

Derinirion A1, Let (M,d,u, L) as above satisfying (VD) and (UE). Let p,q €
[1,+00] and 7 € (0,1]. We shall say that (HJ ) is satisfied, if for all 0 < r < v/, every
ball B, of radius, and every function f € LY. (M, u),

loc

(T5,) ¢ Osen, () S () inf A(5)(2)

Note that (HZ, ) = (HZ ). With the help of this definition, we can prove the
following “almost” p-independence of (H}] ).
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Turorem A.2. Let (M,d,u, L) be as above and satisfying (VD) and (UE). Let
n € (0,1]. The property (ﬁ;”p) is independent of p € [1,+o0]. The property “(H;"p)
for every A < n” is independent of p € [1,+0o0].

The above theorem will be a direct consequence of self-improvement properties of
(H7,) and (HJ ), which read as follows.

Prorosirion A3, — Let (M,d, u, L) be as above and satisfying (VD) and (UE). Let
p,q € [1,400] and n € (0,1]. Then

(i) (Hp,) = (H{ ) = (H] ,);

(i) (Hp,) = (H},);

e 7)\

(iii) For every A € [0,n), (H} ) = (H; ).

Remark A4, As a consequence of Proposition A.3, the property: “there exists
n > 0 such that (H} ,) holds” is independent of p € [1, 4-o0].

Remark A5, All results of this appendix remain true in the context of sub-
Gaussian estimates.

Proof of Proposition A.3. — Let us start with (i). First, we follow [13, Prop. 3.1] (which
relies on a Meyers argument to improve oscillations estimates), and the same proof
allows us to improve (ﬁg’p) into (ﬁg,oo). Then, if ¢ > p, we obtain from Jensen’s
inequality

inf A,(f)(z) < inf Z,(f)(2),

zEBﬁ zeBﬂ
therefore
(H) ) = (H, ) = (H,,)

4,00 a.q
Now let us focus on the case ¢ < p. Consider ¢ > 0 and set s = ¢/2. Let B, be a ball
of radius r < v/t and B = (V/t/r)B, the dilated ball of radius v/t. If r < /5, we
apply (H] ) to e L f. which yields

—2sL —2sL AT —sL
(A3) esssup e f(x) — e f(y)!fi(%) b (e ().

Using (UE) together with ¢t = 2s, we then obtain
esssup [ f(w) — e L f(y)] S (2-) " _imf A(N)(2),

z,yEB, Vt/ zeBy
which is (H{ ). The case /s < 7 < V't is a direct consequence of (UE), since we
have r ~ v/t and so
ess Sup e f (@) — e f(y)] < 20le”F flle s,
z,yc By
—tL .
S lle fHLoc(Bﬂ) < Zel%fﬁ///(f)(Z%

which yields (HY ).
Now for (ii). Assume (HJ] ) for some p € [1,400]. First, note that for ¢ = 2s

inf . ,(e*" )(2) < Bzl Plle*  fllp + sup [e P (@) S 1Byl P s
z€B /5 z€B /5
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8 K. Bernicor, T. Cournon & D. Frey

where we used (UE). By applying the above estimate to (A.3), we can obtain (H}] )
from (HJ ) with the same reasoning as in the proof of part (i). (Hj,) then easily
follows.

Let us finally prove (iii). Assume (Hj ) for some n € (0,1] and p € [1, +-oc]. Let B,,
B, /; be a pair of concentric balls with respective radii 7 and Vt, where 0 < 7 < V/t.
Then we know that
r\" _
) 1B
Let us split f = Ze>o fls,(B ), and define for £ >0

I(f) = p- OSCBT [e_tL(f]lse(Bﬂ))} ,

where S¢(B, ) stands for the dyadic annuli

p- OSCBT(e*th) < (

Se(B ) :=2""B ;N 2'B 4.

We have (H ) for every A € [0,7)], therefore, for £ <1,

0= G (f

For ¢ > 2, we similarly have

(A4) 100 < (\%)7724”/? <]£

Moreover, using again (UE), we have

1/p ) 1/p
(A5)  I(f) <2 <][ |e_tL<f]lSe(Bﬁ))dru"de> Se ! (][ prdu) :
BT 2¢ vi

t

p 1/p< AN
L ) < (5) a4,

1/p
Ifl”du) .

‘B

which yields

1/p
p
<][ ‘@_tL(fﬂse(Bﬁ))dM‘ dM) < e (fs, ) llL=(B,)

_ .
< e (fLoym )=z S e (][
253\5

1/p
|f pdu) :

By interpolating between (A.4) and (A.5), we get for every A € [0,n), with ¢y a
constant depending on A,

15 (Z) e %Bﬁ ) "

By summing over ¢ > 0, we obtain

(o |er= g, e

which is (H) ). O

pdu)l/?ZI(ﬁ)s(;i)A inf ., (f)(2),

z€B
>0 Vi
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