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L2-TYPE CONTRACTION FOR SYSTEMS OF
CONSERVATION LAWS

BY DENTS SERRE & ALExTs F. VAsseEur

Asstract. — The semi-group associated with the Cauchy problem for a scalar conservation
law is known to be a contraction in L. However it is not a contraction in LP for any p > 1.
Leger showed in [20] that for a convex flux, it is however a contraction in L? up to a suitable
shift. We investigate in this paper whether such a contraction may happen for systems. The
method is based on the relative entropy method. Our general analysis leads us to the new
geometrical notion of Genuinely non-Temple systems. We treat in details two examples: — the
Keyfitz—Kranzer system with rotationally invariant flux, for which the L2 contraction holds
true, — the Euler system of gas dynamics, for which it does not.

Résumii (Contraction de type L2 pour des systémes de lois de conservation)

On sait que le semi-groupe associé au Probleme de Cauchy pour une loi de conservation
scalaire est contractant dans L', mais qu’il ne ’est pas dans LP si p > 1. Leger a montré dans
[20], pour un flux convexe, une propriété de contraction dans L? moyennant une translation.
Nous examinons ici la possibilité d’une telle propriété pour les systémes. Notre analyse nous
conduit a la notion géométrique de systeme Vraiment pas Temple. Nous traitons en détail deux
exemples : — le systéme de Keyfitz et Kranzer avec flux isotrope, pour lequel la contraction a
lieu, — le systeme de la dynamique des gaz, ol ce n’est pas le cas.

1. INTRODUCTION

Let us consider a strictly hyperbolic system of conservation laws
(1) Opu+ Oy f(u) =0, u(t,z) € R™.

We denote Aj(u),r;(u),?;(u) the jth eigen-(value, vector, form) of the differential
df(u). In particular, we have ¢; - r, = 0 for k # j.

When n = 1 (the scalar case), it is known that the semi-group associated with
the Cauchy problem is L!-contracting: if vy — ug € L'(R), then the corresponding
solutions u and v have the property that the difference v(t) — u(t) remains space-
integrable for every time ¢ > 0, and ¢ — ||v(¢)—u(t)]|; is non-increasing. The Kruzhkov
semi-group is not a contraction in L? for p > 1, unless the equation is linear. However
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9 D. SerrE & A. K. Vasseur

Leger proved recently [20] that if f is convex and if v is a pure shock wave, then
the L2-contraction is valid up to a suitable shift. Specifically, there exists a Lipschitz
curve t — h(t) such that ¢ — |Ju(t) — 75,y v(t)||2 is non-increasing.

The contraction part in Kruzkhov’s analysis follows from the property that the
function (u,v) — |u — v| is a convex entropy with respect to either of the variables u
or v. This is not true any more for (u,v) — |u—v|P if p > 1 and this is the reason why
the semi-group is not LP-contracting. When dealing with systems that are not linear,
we don’t have such bi-entropies (except for the useless affine functions), and therefore
we don’t expect a contraction property. Instead, several research papers make use of
the so-called relative entropies to prove uniqueness and/or stability results.

It has been first used by Dafermos [13, 12] and DiPerna [15] to show the weak-strong
uniqueness and stability of Lipschitz regular solution to conservation laws. (see also
Dafermos’ book [14]). The relative entropy method is also an important tool in the
study of asymptotic limits to conservation laws. Applications of the relative entropy
method in this context began with the work of Yau [33] and have been studied by Chen
& Frid [7, 8, 9, 10] and many others. For incompressible limits, see Bardos, Golse,
Levermore [1, 2], Lions and Masmoudi [22], Saint Raymond et al. [16, 26, 23, 25]. For
the compressible limit, see Tzavaras [30] in the context of relaxation and [5, 4, 24] in
the context of hydrodynamical limits. In all those papers, the method works as long
as the limit solution is Lipschitz.

Relative entropies n(ulv) are convex entropies of u, and dominate somehow the
quantity |u — v|?. However they loose the symmetry u <— v, and previous results
need special assumptions about v (typically Lipschitz regularity).

This paper is part of a general program initiated in [31] to apply this kind of method
where v is a given shock. It is based on the uniqueness result of DiPerna [15] (see also
Chen & Frid [9, 10] and Chen & Li [11] for asymptotic stability). Following the work
of Leger for the scalar case [20], an application to the stability of extremal shocks
for systems has been performed in [21] (see Texier and Zumbrun [29] and Barker,
Freistiihler and Zumbrun [3] for interesting comments on this result). Finally, a first
application of the method to the study of asymptotic limit to a shock can be found in
[18]. In this paper we are investigating systems for which shocks are not only stable,
but also induce a contraction up to a shift.

In the present work, we shall assume that v is a pure shock, taking constant values
ug, u, on each side of the line z = o (uy, u,)t.

We therefore assume that (1) admits a strongly convex entropy 7, of class C? with
entropy flux ¢, the adverb strongly meaning that D25 > 0,,. We always assume that
admissible solutions of (1) satisfy the entropy inequality

(2) Oyn(u) + Ozq(u) < 0.

In particular, shocks (ug,u,) of velocity o satisfy both the Rankine-Hugoniot relation
and an inequality

flur) = flue) = o(ur —ue),  qur) = q(ue) < o(nur) —nlue))-

JE.P. — M., 2014, tome1



LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 3

As usual, the relative entropy is the expression

n(alb) := n(a) —n(b) — dn(d) - (a —b),

and the relative entropy-flux is(")

q(alb) := q(a) — q(b) —dn(b) - (f(a) — f(b)).

While n(alb) is strictly positive for a # b, we have n(a|b), q(a|b) = O(|a — b|*) when
a — b.
Notice that admissible solutions satisfy

(3) Om(ula) + dpq(ula) <0

for every constant a.

We are interested in the stability of a shock wave (ug, u,.) with respect to 7. Because
we feel free to shift a solution at each time, we speak of relative stability. Let us give
first a heuristic of our method. If u is a solution with the same values wug, at infinity,
we compute at each time the minimum of

h 0o
h— E(u(t); h) ::/ n(u\w)der/ n(u|u,)dzx

— 00 h
and consider the evolution of this minimum as time increases.
Because n(u,|ug) > 0 and n(ug|u,) > 0, we have
lim E(u(t);h) = +o0.

h—+o0

Since h — E(u(t); h) is continuous, the minimum is achieved at some finite h = h(t),
where we have

d d
— E<0<< — E.
dhlp -0 dh|p )40
These inequalities translate into
n(u—|ug) <nlu—lur),  nuglur) < nlugfue),

where ug = u(t, h(t) £ 0). The function h(t) where the minimum is reached may be
discontinuous and even non unique. For this reason, we shall construct the function h
in a slightly different manner. We will show that it still verifies a slightly relaxed
condition for almost every time ¢t > 0:

(4) n(u—|ue) — n(u—_|u,) and n(us|u,) — n(us|ug) have the same sign.

In the sequel, we shall make use of the following notation: if F' is a function of wu,
then

Fr:F(UT), Fg:F(Ug), [F] :Frng, Fi:F(ui).

There are two regimes:

(1)We point out that the definition of q(alb) does not mimic that of n(a|b).

JE.P. — M., 2014, tome 1



4 D. Serre & A. F. Vasseur

Smooth case. The solution u(t) is continuous at h(t), that is u_ = u,, which we
denote u below. Then (4) amounts to writing n(u|ue) = n(ulu,). This is equivalent to
the linear constraint

() [dn] - u = [dn - u —n].
Because of the strict convexity of 7, we have
(6) [dn] - [u] >0
and therefore (5) defines a hyperplane II in the phase space, which separates strictly
the points uy and u,.; for instance
[dn] - ur = [dn - w =] = 1 = ne — dne(ur — ug) 2 0.

Sharp case. On some time interval, the solution is discontinuous at « = h(t). Then
(4) is completed by the Rankine-Hugoniot condition

Flug) = Flus) = olu_uy) (us —u_)
and the entropy inequality. The condition (4) rewrites
(7 min ([dn] - u, [dn] - uy) < [dn - w—n] < max ([dn] - u_, [dn] - uy).
This expresses that u_ and u are separated by the hyperplane II.

Tie pissteaTion rRaTE. — Following [21], we consider the rate of dissipation of E for
a given function h verifying (4):

gEaone) =5 ( [ " ) do + [ ) iz )

—00 h(t)

h(t) +oo .
— [ omtuuydo+ [ duntulu) de+ bt fur) = )
—o0 h(t)

h(t) +o0 .
< —/ 9xq(ulue) dz — / Azq(ulur) dx + h(n(u—|ue) —n(us|ur))
—00 h(t)
< q(utlup) = qlu|ue) = h(n(utlur) = nluue)) =: D(ug,sus),
where we have used (3). Notice that the difference between < E(u(t);h(t)) and
D(ugr;uy) is only due to the entropy dissipation through shock waves in wu(t), away

from = = h(t). Because they may just not be present, we feel free to call D(ug,q;uL)
the dissipation rate of E.

In what we have called the smooth case, we have u_ = u, (denoted as u); because
of (5), the rate D reduces to

Dy (ue,r;u) = q(uluy) — q(ulue) = [dn - f —q] — [dn] - f(u).

On the contrary, if u_(t) # u, (t) on some time interval, then necessarily h(t) =
o(u_,uy). Then the dissipation rate becomes

Dra(ug,r;us) = qluylur) = q(u—fue) — o (u_, up)(n(uglur) —nlu—fur)).

JE.P. — M., 2014, tome1



LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS J

An alternative formula, which exploits Rankine-Hugoniot, is
Dry =dn-f—q —oldp-u—nl+q —q- —o(ny —n-) = [dn] - (f — o).

A periNirion. — We say that a given admissible discontinuity (we,u,) (a shock or a
contact discontinuity) is relative-entropy stable if the dissipation rate D is always non-
positive. This means on the one hand that Ds,, (ug,; u) < 0 for every u € II (i.e., sat-
isfying (5); and on the other hand, that Dry(us,;us) < 0 for every admissible
discontinuity (u_,uy) satisfying the constraint (7).

We show in the next section that if (us, u,.) is relative-entropy stable, then the quan-
tity infy, E(u(t); h) remains smaller than E(u(0);0). Indeed, we show the existence of
a function t — h(t) such that F(u(t);h) is non-increasing in time.

COMPATIBILITY WITH THE ENTROPY CONDITION. — We show here that the relative-
entropy stability (in short, RES) contains a formulation of the entropy condition
when the shock (ug,u,) is weak. To do so, we employ the so-called entropy variable
z = dn(u). Denoting n* the convex conjugate function, we have u = dn*(z) and
(D?1)~! = D?»*. Finally, we know that the scalar function M(z) := z - f(u) — q(u)
satisfies f(u) = dM(z). Then Dy, = [M] — dM - [z], where the constraint is
dn* - [z] = [n*]. This suggests to evaluate Dy, at the special point @ € II given by
the formula

1
7= / dn* (02, + (1 — 6)2) db.
0

Then the RES implies that dM(Z) - [2] > [M], where Z = dn(a).
When the shock strength is small, Z is close to z,¢. Developing dn*(0z, + (1 —0)z,)
to the second order at Z, we find that
1 1 _ .
zZ= g(zr + zp) + ﬂ(D%*) D3n* - [2]92 4+ O([2]%).
Likewise, a Taylor expansion of M at Z gives

1
Dem(ztr:2) = §D2ME ((zr —2)%% = (20 — 2)¥?)

DM (2 D — (2 D)%) + O((2]Y).
We now have
(20 = 2)° = (21 = )% ~ 71

and

(2 —2)%% — (20 — 2)®% = [2] ® (2 + 20 — 27)
~ _%[z] ® (D)D" - [2] 2.

This yields
24D (20,03 Z) ~ DPMz[2]%% — D2Mz([2], (D*") ' D% - []92).

JE.P. — M., 2014, tome 1



6 D. SerrE & A. K. Vasseur

We come back to the original variable u. In the course of the computation, we use the
fact that df is D?n-symmetric, and we obtain

24Dsm(zé,r; 2) ~ DQ%([UL szﬂ[u]®2)'

According to Lax [19], we know that [u] ~ erg(@) for some index k and a small e.
Then we derive

24D gy, (20,43 Z) ~ €3 D277(7“;€,D2f7",§2)‘E = Sd\g - T,

with the normalization D?n(rg,rx) = 1 = {; - rp. Thus the RES tells us that
ed\g - 7, < 0, which is clearly compatible with the entropy condition. For instance, if
the kth field is GNL at @, the entropy condition is equivalent for the small shock to
ed\ -1, < 0.

The rest of the article is organized as follows. In Section 2, we show that RES
ensures that the infimum of E(u(t); h) over h is a non-increasing function of time (see
Theorem 2.1). In Section 3, we recall Leger’s result that scalar shocks are RES if the
flux is either convex or concave (see Proposition 3.1); the relative stability fails other-
wise. Section 4 is devoted to the Keyfitz-Kranzer system with rotationally symmetric
flux ¢(Ju|)u; we show that shocks are RES if and only if p¢ is convex (or concave)
and ¢ is decreasing (resp. increasing) (see Theorem 4.1). However, the RES of con-
tact discontinuities needs only strict hyperbolicity (Theorem 4.2). Section 5 concerns
general strictly hyperbolic systems. We focus on whether the rate Dy, achieves a
non-positive maximum over the hyperplane of constraints; we did not analyze that
deeply the rate Dy, which behaves in a more non-linear way because of the Rankine—
Hugoniot constraint over the pair (u_,u, ). Whether a characteristic field belongs to
the Temple class or not turns out to be crucial. We are led to the apparently new
notion of Genuinely Non Temple field (Proposition 5.4). In the case where the char-
acteristic field associated with the shock admits a Riemann invariant w (the field
is rich), we show that GNT amounts to saying that a level set of w has a non-
degenerate curvature (Proposition 5.5). In the case of an extreme shock, we even find
that the maximality D, is equivalent to a convexity property of this level set (Propo-
sition 5.9). Section 6 begins with the observation that RES is intrinsic, in the sense
that it is invariant under an Euler—Lagrange-type transformation. When dealing with
examples taken from continuum mechanics, this allows us to perform calculations in
Lagrangian coordinates, where the system looks simpler. Sadly, we find that shocks
are not RES in the cases of p-system or full gas dynamics. Finally, the appendix
provides a detailed proof of Lemma 1.1.

We point out that the drift chosen here is not the only possible one. For instance,
Leger [20] used a different one. Also, we need a different choice to conclude in Section 2
below. But the one that minimizes E(u(t) : h) is optimal in the sense that if some
drift 7(t) makes ¢ — E(u(t); h(t)) decay, then ¢ — inf, E(u(t); h) decays too. Thus
the non-positivity of D is also a necessary condition for the relative stability, whence
the terminology RES.

JE.P. — M., 2014, tome1



LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 7

2. CONSTRUCTION OF THE DRIFT h

This section is devoted to the following theorem.

Turorem 2.1. — We consider (ug,u,) a relative-entropy stable discontinuity. Then
for any u € BVioc(RT x R) N L>®(RT x R) solution of (1), (2) with

E(u(t =0),0) < 0,

there exists a Lipschitz function t — h(t) such that E(u(t),h(t)) is a non-increasing
function.

Note that the result does not depend on the L* norm of u, nor on the BV}, norm
of u. The boundedness of u only ensures that h is Lipschitz, and the BV}, norm
ensures that u_ and w4 are well-defined. This condition can be relaxed by imposing
some strong traces on the solution u (see [21]).

Proof. — Recall that II = {n(u|u,) — n(u|us) = 0}. If u & II, we define

[q(ulur) — q(ulue) — €]+

n(ufur) —nulue)
where [-]+ = max(0,-). If instead u € II, then we set V. (u) = 0. Using that (ug,u,) is
relative-entropy stable, we have that for any € > 0, V. € C°°(R). Indeed, the function
is smooth outside of II. And on II, g(u|u,) — q(u|us) — € < —e. Hence, Ve (u) =0 on a
neighborhood of I1.(?)

Consider now u € BVjo.(RT x R) N L=(R* x R) solution to (1), (2), such that

E(u(t =0),0) < co.

Ve(u) =

We construct (in the Filippov sense) a solution to
he = Ve(u(t, he)),
h(0) = 0.
We have the following lemma (see [21]):
Lemma 2.2, — There exists a Lipschitz function h. such that:
he(0) =0,
hellzoe < [IVellzes,
he € I(Ve(u(t, he(t)=)), Ve(u(t, he(t)+))), for almost any ¢t > 0,
where I(a,b) is the interval with endpoints a and b. Moreover, for almost every t > 0,
flug) = fluz) = he(ur —u_),
q(us) = g(u) < he(ny —n-),

)¢ (ug, ur) is strictly relative-entropy stable, that is inequalities are strict in the definition, then
we can directly take e = 0.

JE.P. — M., 2014, tome 1



8 D. SerrE & A. K. Vasseur

which means that for almost every t > 0, either (u_,uy, he) is an admissible entropic
discontinuity or u_ = u4.

The proof of this lemma can be found in [21]. It is based on the Filippov flows and
was already used by Dafermos. We give a version of it in the appendix for the reader’s
convenience.

For almost every time ¢ > 0 such that u_ = u, we have

he = V(us).
For those times ¢, thanks to the definition of V., we have
D(ug,,us) < e

Now, for almost every time t > 0 such that u_ # wu,, we have two possibilities.
Either u_ and uy are separated by II. In this case D(ug,,us) < 0, thanks to the
lemma and the definition of relative stability. Or, u_ and w4 are not separated by II.
In this case, Ve(u_), Ve(uy), n(u—|ue) — n(u_|u,), and n(uy|ue) — n(us|u,) have the
same sign. And so, he € I(Ve(u—), Ve(uy)) has also the same sign. Then, using that
(u—,uy,h) is an entropic discontinuity, we have for both v = u_ and v = uy
D(uf,rauﬂ:) < Q(vlur) - q(”v“fﬁ) - he(n(v|ur) - 7](“\”@))7
= q(vlur) — q(v,ue) — |h6‘ [n(vluy) —n(v|ue)l.

Consider this inequality for the value of v such that |V (v)| = inf(|Ve(u_)|, |Ve(uy)]|)-
For this value v we have

lhe| = [Ve(v)],

and so

D(ugr, us) < q(vlur) = q(v,ue) = [Ve(o)] n(v]ur) = n(vfur)],
= q(lur) = q(v, ue) = V() (n(v]ur) = n(vfur)),
=e€— [qg(v|u,) — q(v,up) — €]- <e.

Therefore, for every t > s > 0
B(u(t), h(1)) < te + E(u(s), b (5)).

Note that ||Ve|| = is uniformly bounded with respect to e. Hence, up to a subsequence,
he converges, uniformly on bounded sets, to a Lipschitz function h, and E(u(t), he(t))
converges to E(u(t), h(t)). At the limit, we have

E(u(t), h(t)) < E(u(s), h(s)),

whenever t > s > 0. O

JE.P. — M., 2014, tome1



LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 9

3. THE SCALAR CASE

The case of a scalar equation has been treated by Leger [20]. Even if we don’t
pretend to originality, we provide (for the sake of completeness) a proof that the
dissipation rate is non-positive under natural assumptions.

Without loss of generality, we may assume that u, < uy. We limit ourselves to the
solutions given by Kruzkhov’s theory, and therefore we have the Oleinik inequality
that the graph of f lies below its chord between u, and wu,.

Tue smootn case. — We ask ourselves whether

Dy = [0/ f — q] = [n']f(w).
is non-positive whenever u € II, that is when
/ J—
d
In other words, we ask whether
/! !/
f<[w7 : n}> < L , q ,
] (]
Since every convex function 7 is an entropy (in the scalar case), it is natural to ask
for a relative stability for every such 7. Because " (u)du may be any non-negative

measure, the above inequality amounts to saying that

i Jute) < [ s

for every probability measure v over [u,., u¢]. This Jensen-type inequality is equivalent
to saying that f is convex over [u,, ug].

Tue piscontiNuous case. — We therefore assume for the rest of this section that f is
convex, not only over (u,,uy), but globally. If uy # u_, we thus have uy < u_ and
[n'] < 0. So, the constraint (7) is that

[un’ — n]
']
The velocity of the shock (u_,uy) is given by
ol

Uy —u_’

Uy < <u_.
o

and we have

Dry =qy —q- —o(ny —n-) +[0'f —d — olun’ —n] = ['|(f — ou)+.

Up to the use of a moving frame, we may assume ¢ = 0, that is f = f_, which we
denote f. This amounts to replacing f — ou by f and ¢ — on by q. We then have

Dra=qy—q-+['f—a —[f= (/ _—/ [>fn”du+(né—ni—n’_+nir)f~

JE.P. — M., 2014, tome 1



10 D. SerrE & A. K. Vasseur

This rewrites as Dry = e(I)A(I) + €(J)A(J) where I,J are disjoint intervals such
that

TUJ = ((ug,us) U (up,ue)) N ((ug, us) N (ur, ug)).
The sign €(I) is +1 if I C (u4,u—) and —1 otherwise. Finally,

/ fo'du—F /

Because f is convex, A(I) is negative if I C (u4,u_) and positive otherwise. In all
cases, €(I)A(I) < 0 and we receive D < 0
In conclusion, we have the

Prorosition 3.1 (Leger [20]). Let us assume that f is a conver fluz, and n
is a convex entropy. Let (ug,u,) be an admissible shock of the conservation law
ur + (f(u))y = 0. Then the dissipation rate D is non-positive:

e when u is given by (8), then Dsy, <0,

o when (u_,uy) is another admissible shock, then Dry < 0.

Of course, the proposition remains true if f is concave instead. This amounts to
changing x into —x.

Tue Keyritz—KRANZER SYSTEM WITH A SYMMETRIC FLUX
Let ¢ : Y — R be a smooth function over a planar domain. The Keyfitz—Kranzer
system writes
9) Opu + Oz (d(uw)u) = 0.

We concentrate here on the case where the flux f(u)=@(u)u is rotationally symmetric:

o=¢(p),  u=pe”,
and we choose a half-space domain U, for instance that defined by u; > 0. We denote

9(p) == pf(p).

The following facts are well-known (see Keyfitz & Kranzer [17])

e The wave velocities are p = ¢ and A = p¢’ + ¢. They are associated with Rie-
mann invariants 6 and p, respectively. The u-field is linearly degenerate, with contact
discontinuities satisfying [p] = 0. The A-field is genuinely nonlinear whenever g” does
not vanish; the A-shocks satisfy [0] = 0, together with p, < p,; in the convex case.

We point out that the system is strictly hyperbolic if ¢’ does not vanish, an as-
sumption that we make from now on.

e Fach sub-domain of the form

{ul0 € [01,6] and p € [p1, pa]}
is invariant under the Riemann solver®). It is therefore invariant for the semi-group
(St)t>0 constructed through the Glimm scheme.

(3)The lack of convexity of such domains is compensated by the linear degeneracy of the p-field.

JE.P. — M., 2014, tome1



LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 11

e The Riemann solver does not increase the total variation of § and p. Therefore
(St)t=0 is TVD in terms of these coordinates. This has two important consequences:
— on the one hand the semi-group is globally defined for data of arbitrary large total
variation, — on the other hand, we may apply Bressan & coll’s theory, which tells us
that (S¢)¢>0 is unique among the TVD semi-groups; see [6].

e The system decouples formally into a scalar equation

(10) Oep + 9x(g9(p)) =0,
and a transport equation
(11) 010 + ¢(p)90 = 0.

Actually, it is known that when u is an admissible solution of (9), then its modulus p
is an admissible solution of (10).

e The entropies of the system are the functions of the form u — e(p)+ pj(6). Keep-
ing track of the rotational invariance, it makes sense to choose an entropy depending
upon p only. Then it is convex if and only if ¢’ > 0 and e” > 0.

In this section, we study the relative stability of an admissible discontinuity for
(10), which may be a shock or a contact. In both cases, we shall prove that the
dissipation rate D is always non-positive. For both situations, this requires studying
three positions: the “smooth” one and the “discontinuous” one when (u_, u4 ) is either
a shock or a contact.

For the sake of simplicity, we choose the entropy n(u) = §|u|* = p?, for which

1
dp-u—n=gp®  dn-fu)=q=pglp) —alp),  d =pd'(p)
We leave the reader verifying that the conclusions hold the same when n = n(p) is

another convex entropy.

4.1. RELATIVE STABILITY OF A sHOCK WAVE, — If shocks are going to be relatively stable
in the sense that D < 0 in all situations, then in particular they must be relatively
stable when the initial perturbation is purely longitudinal, meaning that 6 = cst
at initial time. But then 6 remains constant for all time and our system reduces to
the equation (10). We have seen in the previous section that this relative stability is
equivalent to the global convexity (or global concavity) of g.

We therefore assume that g is a convex function. For a shock wave we have 6, = 6,
and 0 < p, < py.

A necessary condition. — In the smooth case, we have

Dgm = [pg — q] — ¢(p)[u] - u,

where u obeys to the constraint

(12) (] - u = [1p2].

This gives us
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12 D. SerrE & A. K. Vasseur

where p is any value larger than or equal to (p) := 1(p¢+p,) (apply Cauchy—Schwarz
to (12)).

In order to find a necessary condition upon the flux, we assume that every shock
is relatively stable. Since [p?/2] < 0, this tells us that

Let us fix a number p > 0 and write that Dg, < 0 for every (pg, p,) satisfying (p) = b,
and for every p > (p). Passing to the limit when the shock strength vanishes, and
using (pg — q)’ = g as well as [p?/2] = (p)[p], we obtain that

?(p) < 9(p),

whenever p > p. In other words, it is necessary that ¢ be decreasing (¢’ < 0, to ensure
strict hyperbolicity) in order that all shocks be relatively stable.

We therefore make the assumption in the remaining part of this stability analysis(®),
that ¢’ < 0. Then the smooth case is easy: the constraint ensures that ¢(p) < é({p}).
Because of [p?] <0, there follows

Dy < [pg —a] — g((p))[p],

where the right-hand side is non-positive thanks to the Jensen inequality:

g({p) =g (pzipr /pp[ pdp) < pfipr /ppl g(p)dp = [pg[p_]q].

Finally, when ¢’ < 0 and g is convex, Dy, is non-positive.

When (u—,u4) ts a shock. — We turn now to the first discontinuous case, when the
auxiliary discontinuity is also a shock. The dissipation rate

Dry = Do+ cDq

is linear in ¢ := cos(6+ — 0,¢), with D1 = —[p](g — op)+. We point out that, because
all states belong to the same half-space U, we have ¢ € (0, 1].

To determine the sign of D1, we observe that because of the Lax shock inequality
o < ¢, we have

(g—op)r=9g_ —op_>g_—p_g =—-p>¢_ >0.

Therefore D1 > 0 and Dryg < Do + D;.

Because the latter value Do+ D; is that obtained for 81 = 6, ¢, it corresponds to the
scalar case, which we know is relatively stable (see Section 3). Therefore Do+ D1 < 0
and there follows Dgry < 0. This rules out the shock-shock case.

(41f we had assumed g concave, then the condition would be ¢’ > 0.
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LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 13

When (u_,uy) is a contact. There remains the case where the auxiliary disconti-
nuity is a contact. Then p; = p_ (denoted p). Let us denote now ¢y = cos(fy —0,¢),
which belong to (0,1]. The constraint
1
min([u] - u-, [u] - uy) < [50°] < max(fu] - uss [u] - uy)

recasts as

(

min(c_,cq) < (o) < max(c_,cy).
p

In particular, we have p > (p).
Thanks to p. = p_, we have

_ Loy _ Ly
Drr = [pg — 4] U[Qp} = [pg —dl ¢Oﬁ{2p}-
Because of p > (p), ¢/ <0, and [p?] < 0, there follows

Drusr < [pg — a) — 6(4o)) [ 5] = Iog — al ~ [Ala((n))

where we have seen that the right-hand side is non-positive. We deduce again that

Drp <0.
In conclusion, we may state the

Tueorem 4.1. — Let us assume that g is conver and ¢’ <0 (or as well g is concave
and ¢' > 0). Then the shocks (ug,u,.) are relative-entropy stable, in the sense that the

dissipation rates Dy, /| Dry are non-positive.

4.2, RELATIVE STABILITY OF A CONTACT DISCONTINUITY. We now assume that (ug, u,)

is a contact discontinuity, that is [p] = 0. It turns out that the strict hyperbolicity

suffices to carry out the calculations; in particular, we don’t need genuine nonlinearity.
In the smooth case, the constraint is

which means that § = (6). Then
Dy = [dn - f —q] = [dn] - f(u) = [pg — ¢] — [u] - $(p)u=0—0=0.
When, (u_,uy) is another contact, we have
Dru=q+ —q- —o(ny —n-) +[dn- f —q/ —oldn-u—n] —[dn] - (f —ou)x
=0+ lpg—dl — o[ 37| ~ (6~ oJu)s
=04+0-0-0=0,

because of 0 = ¢.
When (u_,uy) is a shock wave, the constraint is

min([u] - u_, [u] - uy) < [%pﬂ =0 < max([u] - u_, [u] - uy).
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14 D. Serre & A. K. Vasseur

Because u4 and u_ are colinear with the same orientation, we deduce again that
[u] - ux = 0. There follows

Dru =q4y —q- —o(ny —n-) +[dn- f —q/ —oldn-u—n]—[dn] - (f — ou)+
=40 —a- — ol —n) + oo —al — o [56°] ~ (6~ o))

2
=q¢+—q-—0o(m —n-)+0-0+0<0,

where we have used the Lax entropy condition. In conclusion, we have

Turorem 4.2. — Let us assume that ¢' does not vanish (strict hyperbolicity). Then the
contact discontinuities (ug,u,) are relatively stable, in the sense that the dissipation
rates Dg,, / Dru are non-positive.

~ A
5. GENERAL SYSTEMS; A STUDY OF Dsm

We go back to a strictly hyperbolic system of the general form (1). The analysis
of Dy, leads us to maximise

w— [dn - f—q] —[dn] - f(u)

over the hyperplane IT defined by [dn] - u = [dn-u —n]. We distinguish two situations,
whether this function attains its supremum or not. In the latter case, the supremum
is obtained as u € II tends to the boundary of U; because OU plays the role of infinity,
it is unlikely that Dy, remain bounded, in particular be non-positive.

We therefore focus onto the first situation: let @ € II be a maximum of Dy,
over II. Then [dn]df (@) is parallel to [dn], meaning that [dn] is an eigenform of d f ().
When (ug,u,) is a k-shock of small amplitude, we expect that u be close to u,
(see Proposition 5.4 below); then [u] ~ erg(u) with |e| < 1, and [dn] ~ eD?*ngri(u) =
el (w), where we have normalized D?n(ry,7) = £xrr. The separation between the
eigen-directions thus implies that £ (@) is the eigenform parallel to [d7)].

The case of a Temple field. — We anticipate that the search of a (local) maximum
of Dy, over II is better done under the assumption that the kth characteristic field
is genuinely not Temple. To make this evident, let us consider the opposite case,
where this field is of Temple class. This terminology means that ¢ is parallel to the
differential dwy of some function wy whose level sets are hyperplanes. Then wy is a
called Riemann invariant, and it satisfies formally dywy + A0 wi = 0.

When the restriction of Dy, to II admits a critical point @, the hyperplanes II and
{u|wg(u) = wg(w)} both contain @ and have the same normal ¢x (@) at this point.
Thus they coincide. Now, at every other point uw € II, the normal remains the same,
namely [dn]. But because II is a level set of wy, the normal has to be colinear to
dwy (u), or to £ (u), and therefore [dn)] is an eigenform of df(u) for every u € II. This
implies that D, remains constant over II!
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Prorosition 5.1. Suppose that the kth characteristic field is of Temple class, and
that (ug,u,) is an admissible discontinuity of the kth family. Then

o cither Dy, is constant over I (non-generic),
e or it does not have any critical point over Il (generic).

5.1. Tue NON-GENERIC CASE IN A TEMPLE SYSTEM. Suppose that n = 2 and both
characteristic fields are Temple (we say that the system is of Temple class). The
characteristic curves are lines. Assuming that they are not parallel to fixed directions,
each line L, has an equation u; + aus = h(a). Conversely, when u € U, the equation
h(a) — uy — aus = 0 has two roots w(u) < z(u) which are the Riemann invariants.
Following Chapter 13 of [28], the convex entropies of the system have the form

z(u)
nW%=/()W1+mu—hMDdM@,

where f is any non-negative measure. Denoting R, S and T functions of a such that
dR = dp, dS = adp and dT = h(a)dy, n is given in closed form by the formula

n(w) = (R(z) — R(w))ur + (5(z) = S(w))uz — T'(2) + T'(w)
and its differential is
dn = (R(z) — R(w))duy + (S(z) — S(w))dus.

We have dn-u —n =T(z) — T'(w). For a k-shock, the opposite Riemann invariant is
constant and therefore (up to a constant sign)

[dn] = [R(wk)]duy + [S(wk)]dug, — [dn-u—n] = [T(wg)].
The equation of the line of constraint II is therefore
[R(wi)Jur + [S(wk)]uz = [T(wg)].

In the non-generic case of Proposition 5.1, this line is characteristic, which means

[T(wy)] [S (wg)]
(13) o =" (o))

The equation (13) amounts to writing (say that wy = 2)

f;ﬂ(a) / h(a)du(a) = h(% / adu(@))-

If this is going to be true for every convex entropy, that is for every positive measure p,
then h has to be affine. This amounts to saying that all the lines L, intersect at some
point; this point may lie at infinity, in which case the lines are parallel.

In conclusion, the non-generic case of a Temple system, the one for which Dy,
is constant over the line of constraint II, happens precisely when the characteristic
lines L, of one family are converging or are parallel. This rules out the so-called
Leroux system

Opur + 0y (urug) = 0, Opus + Oy (ur + u3) =0,
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16 D. SerrE & A. K. Vasseur

but it is consistent with the system of electrophoresis (where actually n > 2)

a;U;
8tuz+8z ;nZ :0, m = E Uj, ui(x,t) > 0.
i

When an n x n Temple system is non-generic in the above sense, then
Dsn = Dgspm(w) over II, where u is the intersection point of II with the seg-
ment [ug, u,]. Because this segment is contained in a characteristic line L, and this
line is an invariant subset, the calculation of Dy, (%) actually occurs in the relative
stability analysis of the shock, when considering disturbances that take values only
along L. This is nothing but the relative stability of the shock, as a solution of
a scalar equation (the system restricted to L), which we know is true when the
corresponding field is genuinely nonlinear. Under this GNL assumption, we deduce
that Dg,, (@) < 0, and therefore Dy, < 0 over II. We summarize this analysis into

Prorosirion 5.2. — Suppose that the system is of Temple class. Suppose that the kth
characteristic field is genuinely nonlinear and non-generic as described in Proposi-
tion 5.1. Then given a k-shock (u¢,u,), we have Dgy < 0 for every u € I1.

Let us instead consider the rate Dy when the shocks (ug, u,) and (u—,u4) corre-
spond to distinct families. Then wy(u_) = wg(uy); but because II is a level set of wy
that separates u_ from w,, we are actually in the limit situation, where both u.
belong to IL: [dn] - ux = [dn - uw — n]. We then have

Dru=qy —q- —o(my —n-)+[dn- f—q] —oldn-u—n] —[dn] - (f — ou)x

=q+ —q-—0omy —n-) +[dn- f—q] —[dn] - fux)
< Dsm(ui) <0,

g
g

where we have used the Lax entropy inequality and then Proposition 5.2. In conclu-
sion, we state

Prorosition 5.3. — Suppose that the system is of Temple class. Suppose that the kth
characteristic field is genuinely nonlinear and non-generic as described in Proposi-
tion 5.1. Then given a k-shock (ug,u,) and a j-shock (u_,uy) with j # k, we have
Dru(ug, ur;u_,uy) <0.

5.2. CrrricaL roINTS OF Dy, oveR IT; GeENUINELY NON-TEMPLE FIELDS. — We are there-
fore interested in critical points u of Dy, over II. As explained above, this means that

(14) [dn] - w=[dn-u—nl, [dn] is an eigenform of df(u).

We perform a local analysis, which covers the case where the shock strength is small
and u is close to ug. Recall that in this situation, the strict hyperbolicity implies
that the second part of (14) is that [dn] is parallel to £ (u). We thus rewrites (14) as

(15) [dn]-u=I[dn-u—n] and [dg]-r;(u)=0, Vj#k.
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LQ-TYPF, CONTRACTION FOR SYSTEMS OF CONSERVATION LAWS 17

Let us recall the local description of the kth Hugoniot curve Hy(@). The Rankine—
Hugoniot equation f(v) — f(u) = o(v — @) can be recast as an eigenvalue problem:

(A(v,@) —o)(v —7) =0, A(v,u) = ; df(sv+ (1 —s)u)ds.

The matrix A(v, @) is a smooth function of its arguments. At v = T, it coincides with
df(@). Because the latter has real, simple eigenvalues, this is also true for A(v,u)
as long as v remains in some neighbourhood V(u) then the eigenvalues/-vectors
\j(v,a@) / rj(v, W) are smooth functions®. Then the Rankine-Hugoniot relation
amounts to saying that o is an eigenvalue \;(v,u) and v — @ is colinear to r;(v, @).
The curve Hy(u) is thus defined implicitly as a parametrized curve € — v(e) by

v ="u+ erg(v,a).
Thank to the implicit function theorem, v(e) is well-defined for e small enough, with
dv
de
Let us now rewrite (15), using the same trick as for Rankine-Hugoniot, where
ug = u and u, = v(e). For instance,

v(0) =, = ri(7).

e=0

1
(16) [dn] = [U]Tz(ufaur)7 Z(UEuur) = / D2n5u1+(1—s)ur ds,
0
and
1
[d77 U= T’} = m(“h Ug) : [u]7 m(ura ’U,g) = / (S’U,g + (1 - S)UT)TDQFOsuH-(l—s)uT ds.
0

Then (15) can be recast as
(17) (i 2)ugur s = (M- 71)upu,  and (ng)ue’ur”(u) =0, Vji#k

After these preliminaries, we may define a non-linear map

o r;fEu —m- T
(e,u) — N(e,u) == (T,{Z?‘j(u), V) # k;)

)

we=v(€),ur=0
where the arguments of ¥, 7, and m, the quantities that do not depend explicitly
on u, are (v(e),u). Then (15) is equivalent to

(18) N(e,u) =0.

When € = 0, we know that ¥ = D?n; and r, = r(%); because the eigenbasis of df
is orthogonal relatively to D27, we deduce that rk:.FZ reduces to a kth eigenform of
df(w), say £1(u). Likewise, m reduces to u! D?5y. Therefore

- b () - (u — )
N(0,u) = <ek<u>orj<u>, Vi # k) |

(5)Here we need a choice of the eigenfield. It can be specified by a normalization, say that TJTX]T]- =

1 where X(v, %) is given as in (16) below.
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8 D. SerrE & A. K. Vasseur

By construction, we have A (0,%) = 0. Differentiating at this point, there comes

fk(ﬂ)~h )
0:@) - (dar; - h), Vi£k)

In order to apply the Implicit Function Theorem, we make the assumption

(DuNom)h = (

(GNT) D.Noz is non-singular.

When (GNT) is fulfilled, the IFT tells us that the equation (18) is locally uniquely
solvable as a smooth function e — w(e). This u(e) is therefore the unique critical point
of Dy, over II, close to @, when the shock is given by uy = @ and u, = v(e).

Prorosirion 5.4. — Suppose that the system (1) is strictly hyperbolic. Denote Hy(uy)
the local Hugoniot curve, tangent at ug to v (ue).

If (GNT) is satisfied at ug, then for every u, € Hy(ug) NV (V a suitable neighbour-
hood of ug), there exists a unique point u € W (W a suitable neighbourhood of uy)
such that

o u € II, where Il is the constrained hyperplane defined by (5),
e the restriction of Dgp, to Il is critical at u.

This point u is a smooth function of u, along H(uy).

Geometrical interpretation of (GNT). — A vector h is in the kernel of D, Ny 7 if h € £3
and £, - (dr;j - h) = 0 for every j # k. Because ¢, - r; = 0, we have

O (dr; - h) = —(Dly - h) - ;.

Therefore, the second part of the kernel condition is that Dfy - h is parallel to ¢x.

The situation is especially clear when the kth characteristic field is rich. This
means (see Chapter 12 of [28]) that ¢ derives from a Riemann Invariant wy, say that
lr, = adwg where « is a positive function. For instance, every 2 x 2 system is rich.
Then h belongs to the kernel if and only if dwy, - h = 0 and D?wy(h,r) = 0 for every
linear combination r of the r;’s, that is for every r such that dwy - r = 0. In other
words, h belongs to the kernel of the quadratic form

2
D wk‘ker dwy *

The condition (GNT) thus expresses that this kernel is trivial. This amounts to saying
that the second fundamental form of the level set {w) = wy (W)} at @is non-degenerate.
Because the Temple property would be that this second fundamental form vanish
identically, we say that the system is Genuinely Non Temple at w.

Prorosition 5.5. Suppose that the system (1) is strictly hyperbolic, and that the kth
characteristic fields admits a Riemann invariant wy in the strong sense (that is dwy
is an eigenform of df associated with A\ ). Then (GNT) is equivalent to the property
that the second fundamental form of the level set {wy, = wy(uw)} is non-degenerate
at u.
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Comments. It is remarkable that this condition, which originally was associated
with a prescribed convex entropy (because II and Dy, do depend upon the choice
of 1), actually depends only on the geometry of the characteristic fields. — When the
kth field is not rich, the form ¢; defines a non-integrable field of hyperplanes. When
n = 3, this is just a contact structure. If there is an ambient Riemannian metric, this
is a so-called a CR manifold (though it is not a manifold!), to which a curvature can
be attributed. Then (GNT) amounts to saying that this curvature is non-degenerate.
Although we do have a Riemannian structure, that inherited from D?7, the one under
consideration here is the flat metric of R™. Mind that this flat metric is defined up
to a linear change of coordinates, so that the curvature is not well-defined; but its
(non)-degeneracy is intrinsic in that it does not depend upon the reference frame.

5.3. LOCAL MAXIMALITY AT THE CRITICAL POINT. Recall that among the critical points
of Dy, over II, we are really interested in maxima. We have seen in Proposition 5.4
that under (GNT), and if the shock strength is weak enough, then Dy, has a privileged
critical point, which we denote U. A natural question is thus whether U is a local
maximum. For this we calculate the Hessian of Dy, at U in the direction of II. The
global Hessian of Dy, is —[dn|D? fy.

Let us assume genuine nonlinearity, so that [u] ~ —ery where € > 0 and dA; -7, > 0.
Then —[dn] ~ eD?nry, = ely. Because U is the critical point, we know that [dn] is
colinear to ¢(U). Therefore we do have

—[dn] = (e + O(¢*))k (U).
This shows that the Hessian of Dy, at U is positively proportional to
Qu = 6D fu.

Now, we are interested in the restriction of Qy to the subspace £;,(U)*, the direction
of II.

Lemma 5.6. Under (GNT), the restriction of the quadratic form Qu to £, (U)* is
non-degenerate.

Proof. — Starting from the identity €5 (df — Ax) = 0, we have
D2 f +Dl(df — \i) = £ @ d)\g.
If h,k € Z,Jc-, this gives
06.D%f(h, k) + (Dly - h)(df — A\p)k = 0.

Suppose now that h € ker Qu/, that is £,D? f(h, k) = 0 (with u = U) for every k € (.
Then we find (D{y, - h)(df — A\x)k = 0 for every such k. By strict hyperbolicity, df — A
is an automorphism of Eﬁ and therefore this tells us that Dfy - h is parallel to ¢;. By
(GNT), this implies h = 0. O
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Thanks to Lemma 5.6, Dy, achieves a local maximum if and only if the restriction
of Qu is negative definite, which amounts to saying that the restriction to ¢;- of the
quadratic form

Ry (h) == (D, - h)(df — Ap)h

is positive definite.

About normalizations. When carrying calculations about some specific system, it
may be boring to follow all the normalizations of the eigenfields. This is not needed
actually, if we express the final result in terms that are invariant under the flips
ry <— —r or £ «— —{;. When the kth field is GNL and GNT, the necessary
condition for Dy, to achieve a local maximum at U is that the quadratic form

be negative definite over ker ¢j.

5.3.1. The rich case. — When the kth characteristic field admits a Riemann invariant
(in the strong sense) wg, we may replace ¢ by dwg. We point out that because
[wg] ~ —edwy, - 71, and dwy, has the same orientation as ¢, we have

(19) [wk] < 0.
Lemwva 5.7. Let the indices (i, 7, k) be pairwise distinct. Then
Dka(ri,rj) =0.

In particular, the signs of the the principal curvatures of the level set of wy are equal
to the signs of the numbers D*wy(r;,7;) for j # k.

Proof. — Because of D*wy((df — M\p)h, k) = —dwy, - D2 f(h, k), the form
(h, k) = D*wy((df — Ag)h, k)
is symmetric over éé‘:
(by - h =y - k = 0) = D?>wp((df — M\p)h, k) = D>wi((df — M)k, h).
Taking h = r; and k = r;, we deduce
(A — Xj))D2wy(r4,75) = 0. O
Instead of Ry, we may now consider the form
Ryy(h) := D2wy((df — M)h, k), hok € 0F,

which has to be positive definite for local maximality. Because of Lemma 5.7, Ry; is
diagonalized in the basis (1;);-x, and we have

2
Ry (r) = (Aj — A)D wy(rj, 7).
Its signature is therefore related to the principal curvatures of the level set

{uwk(u) = wi(U)}:
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Prorosition 5.8. If the critical point U is a local mazimum of Dy, over 11, then the
principal curvatures of the level set of wy at U have the same signs as the differences
Aj — A when j runs over 1,.... k-1, k+1,...,n.

The situation is even better when (ug,u,) is an extreme shock, that is when either
k =1 or k = n. For instance, if £ = 1 then all the A; — Ay are positive, and the
local maximality implies that the restriction of D2w; to ker dw, is positive definite.
This is exactly saying that the level set of w; is convex at U, with convexity turned
toward wu,. When instead k = n, we find that the convexity turns toward wu,. We
point out that in this situation, the necessary condition is also sufficient, because
the positive (or negative) definiteness of the tangential Hessian of wy does imply
Ry, (r;) > 0, which means positive definiteness of Ry;. Let us summarize these results.

Prorosition 5.9 (Extreme shocks; rich case). — Let k equal either 1 or n. We as-
sume that the kth characteristic field is Genuinely non linear, Genuinely non Temple
and is associated with a strong Riemann invariant wy. The latter is oriented so that
(dAg - 1) X (dwg, - 1) is positive. Let (ug,u,) be a shock of small strength and U be
the critical point of Dy over II mentioned in Proposition 5.4. Then the following
statements are equivalent to each other:

e the restriction of Dgy,, to II achieves a local maximum at U,

o the level set {u|wg(u) = wi(U)} is convex at U, and its convexity is turned
towards u, (ifk=1) orug (if k=n).

e the numbers D2wy(r;,r;) for j # k are positive if k = 1 (respectively negative
fork=mn).

6. EXAMPLES AND COUNTER-EXAMPLES

6.1. Tue eFrFEcT OF AN EULER LAGRANGE TYPE TRANSFORMATION. — The phase space U
in which u(t, z) takes its values is usually a convex, strict subset of R™. It is therefore
contained in a half-space. Because we are free to choose linear coordinates (uq, . .., uy),
we may assume that U is contained in {u|u; > 0}.

When it is so, the first conservation law Jyu; + 0, f1 = 0 is the compatibility
condition for the existence of a function y such that

Oy = U1, Oy = —f1,

which may be use to design a change of variables (x,t) — (y,t), because of
dy Ndt = urdx Adt # 0. Remark that in gas dynamics, with u; = p, the density, then
(z,t) — (y,t) is the transformation from Eulerian coordinates into Lagrangian mass
coordinates. It is shown in [27] (see also Wagner [32] for the system of gas dynamics)
that there is a one-to-one correspondence between weak entropy solutions u of (1)
and weak entropy solutions v of

(20) drv + D,9(v) = 0,
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where v1 = 1/u1, g1 = —f1/u1 and
uj uj

szu*l, gj:fj_;lfl
otherwise. We point out that the image V of U under u — v is again convex, for if
a-u > «a over U, then

ai + agvy + - + apvn 2 avy,
and conversely.

If (1) admits an entropy-flux pair (7, ¢) in which u — 7 is strongly convex, then

(20) admits the entropy-flux pair (® := n/u1,Q = ¢ — fin/u1), in which v — @ is
strongly convex. Our main observation is the following.

Prorosition 6.1. — Let u,u € U be given, and v,v be their images under the Euler—
Lagrange type transformation. Then we have

n(u|z) = uy ®(v|v).
Cororrary 6.2. — Under an Euler—Lagrange type transformation, we have
| twte.pmde = [ @i
where J and J' are in correspondence through x — y(x,t).

Proof. — Every function h(u) = H(v) satisfies the following identities:

oh oh 0OH
— = —uvdH - —=u— (j=2).
8u1 U1 v 8’LLj U1 a’l}j (j )
From the above, we obtain dn - v —n = —9®/0v;, and conversely
OH an

— = —uidh - u, do-v - = ——.
81}1

This yields the following calculations

n(ula) = n(u) —dn(@) - u + dn(@) - a — n(a)

= uy ®(v) — uy (®(0) — dB(V) - T) — > ;T % - g—i(@)
2 J
=uy (P(v) — ®(T) — dP(D) - (v — 1))
= u1 ®(v[v). O

These properties show that if some meaningful statement about the dissipation rate
is true in the original formulation (system (1), variables ¢, z, ), then it is also true in
the modified formulation (system (20), variables ¢,y,v). And conversely. This applies
to various questions, like those about its sign or its critical points. We illustrate this
principle with the constrained hyperplane defined by (5):

[dn] - u=[dn-u —n].
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With the formulae above, the right-hand side is nothing but —[0®/0v;], while the
left-hand side rewrites as

d—do- ; .

uy [ v] 4+ g:u] [vl o,

Gathering these expression in (5) and dividing by u;, we end up with
[d®] - v =[dP - v — D].

Finally, we obtain that the Euler-Lagrange type transformation sends the u-hyper-
plane of constraints onto the v-hyperplane of constraints.

6.2. Tue p-system. — Let us consider the well-known 2 x 2 system
(21) Oy + Opun = 0, Opug + Ozp(ur) = 0.

It is strictly hyperbolic if p’ > 0. We assume genuine nonlinearity, namely that p”’
does not vanish. This is a situation where (GNL) implies (GNT).

The wave velocities are Ax = £+/p’(u1). The eigenvectors, eigenforms and Rie-
mann invariants are

re=p" <j};) ; le=p" (£VP' 1), wy = (sgnp”) (Uz + /“1 \/WCB) ;

where the factor p” or its sign have been chosen in order that d\, - v, €5 - 7 and
dwy, - T, are all positive.

. 2, _ 410"
With D w4 = i\/ﬁ

(duy)?, we have
|p//‘3
v

With the notations of the previous paragraph, this gives

D*wy (rs,15) = £

D2w; (rq,7m2) <0, DQ’U}Q(Tth) > 0,

which are the exact opposite of the third statement in Proposition 5.9. We deduce
that in the p-system, the critical point of Dy, furnished by Proposition 5.4 is actually
a local minimum instead of a maximum.

This analysis tells us that the supremum of Dy, is obtained when letting the
point u tend to one of the extremities of the line of constraints II. As a matter of fact,
IT has an equation of the form

ouy + uz = cst,

where o is the shock velocity. This implies that along II,

2

Dgm = cst + [ua](o?uy — p(uy)).

It is well-known that when the system is GNL, that is when p” keeps a constant
sign, then [ug]p”

along II. If (m, M) denotes the domain of definition of p, we have supy Dg; = +00,
2

is negative. We infer that D, is a strongly convex function of u;
unless 7 +— p(7) — o7 is uniformly bounded. The latter instance is unlikely; for
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instance, if (m, M) is unbounded, this and the convexity/concavity of p would imply
that p is affine, contradicting the genuine non linearity.

Comments. — System (21) models either one-D elasticity or isentropic gas dynamics
in Lagrangian coordinates, when w4 is the specific length and us the material velocity.
Thanks to the previous paragraph, we know that this counter-example translates
into another one about the Eulerian form of isentropic gas dynamics. — It is a bit
astonishing that for every genuinely nonlinear equation of state, the L2-stability of
shock waves in the p-system is not handable by Leger’s technique. The reason for
this is subtle: the same differential quantity p” determines simultaneously whether
the fields are linear or not, and whether they are Temple or not. This is no longer
true for general systems, as the Temple property and the Genuine nonlinearity are
distinct properties. Thus we should not take this example as an argument to reject
Leger’s technique.

6.3. Non-1sENTROPIC GAS DYNAMIcS. — One-D full gas dynamics obeys to a 3 x 3 sys-
tem, whose extreme (acoustic) fields are not integrable (i.e., they are not rich). Thanks
to Paragraph 6.1, we are free to choose between the Eulerian and the Lagrangian for-
mulations to carry out the calculations. The latter looks easier to deal with. We thus
consider the system

8t7' — &Ev = 0,
Opv + 0q(7,e) = 0,

1
at(§v2 + e) + 0. (qu) =0,

where 7 is the specific length and ¢ the pressure. We have

—v
u= v v flw =1 q
%112 +e qu

The wave velocities are 0, ¢ with ¢ = \/qq. — ¢,. The corresponding eigenfields are

de _1
rog = 0 , ry = +c
—qr qtwvc
and
bo=(q—v1), li=1(g tc—qevqe).

In other words, we have ¢+ = dq + cdv, and
dr-ro =¢q,, dv-rg=0, derg=-¢q,, dr-rp=-1, dv-ry==c, dery=gq.
Remark also
dg-ro =0, dg-ry =2
Now, we have

0.D?f = (%c — qov)D%q + ¢.D*(qv) = £cD?q + 2¢.dv dg.
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We deduce the following formulae

0:D? fro @ ro = +¢(q2grr — 2qeGrqer + ¢Fee)
(:D? fro @ 1o = +¢(—qeGrr + (¢ + 44e)der — q4ree)
(:D? fre @ r3 = £¢(grr — 2qGer + ¢%Gee — 26°qe)-
We point out that for an ideal gas, meaning that ¢ = (v — 1)e/7 with v > 1 the

adiabatic constant, one has £1+D? fro ® ro = 0. If the restriction of £:D?f over ker £4
is going to be semi-definite, then we need also that

ce
(D fro@re = Fy(y — 1)2ﬁ

vanish, which is impossible. This shows that the ideal gas cannot be treated by our
method of relative entropy.

AppENDIX. PrOOF OF LEMMA 2.2

Since u € BViyc, for every Lipschitz function ¢ — h(t), we define for almost every
t>0:

Unmax(t) = max{Ve(u(t, h(t)—), Ve(u(t, h(t)+))},
Unin () = min{ Ve (u(t, h(t) =), Ve(u(t, h(t)+))}-
Consider the classic mollifier function defined on R for any positive integer m
Om () = mdy(mz),

where 07 is a smooth non-negative function, compactly supported in (0,1), with in-
tegral equal to 1. We define on RT x R

m(t, ) / Om u(t,x —y))dy.
The function U,, is Lipschitz in . We consider h,, the (unique) solution to the ODE:

hon = U (t, hn),
hm (0) = 0.

The function h,, is uniformly Lipschitz in time with respect to m. Hence there exists
a Lipschitz function ¢ — h.(¢) such that (up to a subsequence) h,, converges to h.
when m goes to infinity, in C°(0, T), for every T' > 0. Note that R, converges weakly-*
in L™ to h.. We consider Uyax and Uy, as above for this particular fixed function h..
We show that for almost every t > 0

B [ (t) — Umax ()] 4 = 0,

m—r oo

hIIl [Umin(t) — hm(t)]+ = O

m—r o0
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Both limits are proved the same way. Let us focus on the first one. We have

n(t) — Unae(®)] 5 — [ [ Vetuttson0) = )y~ Umax<t>]

+

- [ /R (Ve(u(t, b (t) = 4)) — Umax(£))6m (y) dy}

+

< / [Veult, hn(8) = 9)) = Unnax ()] 0 (9) dy

<ess sup  [(Ve(u(t, hin(t) = y)) = Unax (1)),
ye(0,1/m)

<ess sup  [Ve(u(t, he(t) — 2)) — Umax(t)]Jr ,

2€(—€m,€m)

where, for a given t > 0, €, — o0 is chosen such that h,, (t) —he(t) € (—€m, €m—1/m).
Since u € BV, for almost every t > 0, the last term above converges to 0 when
m — oo. This proves that for almost every ¢t > 0, he € I(Ve(u_), Ve(uy)).

To show that (u_,u4,h) is an admissible entropic discontinuity (or else u_ = uy ),
we consider

ono) = [ " Omy) = dm(=y)) dy.

Note that 1, is a nonnegative compactly supported function which converges to 0 in
L'(R) when m tends to infinity. Since u € L> N BV, and §,, is compactly supported
n (0, 1), for every continuous function g, and for almost every ¢

/R (@ — h ()g(ult,2)) da

converges, when m goes to infinity to g(u_) — g(u4 ). For any nonnegative compactly
supported smooth function ¢ we use

(t,2) — ¢(O)Ym(z — he(t))

as a test function for the equation (1). We get

_/¢,(t)w7rz($_he(t))u(tvz) d$dt+/ S, (w—he(t)) (he(t)ult, z)— f (u)) dz dt = 0.

The first integral converges to 0 when m goes to infinity. the second one converges to

T
/0 [f(us) = flu) — h(uy —u_)]pdt = 0.

A similar treatment of equation (2) gives

/0 l9ur) — gu) — hn(us) — n(u_))]é dt < 0.
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